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Nissim Francez



Preface

The symposium “Languages: From Formal to Natural,” celebrating the 65th
birthday of Nissim Francez, was held on May 24–25, 2009 at the Technion,
Haifa. The symposium consisted of two parts, a verification day and a language
day, and covered all areas of Nissim’s past and present research interests, areas
which he has inspiringly influenced and to which he has contributed so much.

This volume comprises several papers presented at the symposium, as well as
additional articles that were contributed by Nissim’s friends and colleagues who
were unable to attend the event. We thank the authors for their contributions.
We are also grateful to the reviewers for their dedicated and timely work.

Nissim Francez was born on January 19, 1944. In 1962 he started his mathe-
matical education at the Hebrew University. He received a BSc in Mathematics
in 1965, and, after four years of military service, started his MSc studies in
Computer Science at the Weizmann Institute of Science under the supervision
of Amir Pnueli.

After completing the MSc program in 1971, Nissim continued his studies
toward a PhD, again, at the Weizmann Institute of Science and, again, under
the supervision of Amir Pnueli. Nissim was awarded a PhD in Computer Science
in 1976.

During his graduate studies Nissim worked as a teaching instructor, first at
Ben-Gurion University and then at Tel Aviv University. During this period he
wrote his first book (along with Gideon Amir), a guide to Fortran, in Hebrew,
that became a standard text in Israel for many years. After receiving his PhD,
he spent one year at Queen’s University in Belfast working with Tony Hoare,
and then one more year at the University of Southern California.

In 1978 Nissim joined the Department of Computer Science at the Tech-
nion, where he became a professor in 1991. Since 2000 he has held the Bank
Leumi Chair in Computer Science. During this time he was also a Visiting Sci-
entist at MCC, Austin, Texas during 1989-1990 and at CWI, Amsterdam in 1992
and 1997, and held visiting positions at the Department of Computer Science,
University of Utrecht (1992), the Department of Computer Science, Manchester
University (1996-1997), and most recently at the School of Informatics, Univer-
sity of Edinburgh, in 2002.

Nissim’s academic career has been exceptionally productive. To date, he has
authored five books (three in English and two in Hebrew) and over 120 research
papers, and advised over 30 graduate students, many of whom are now univer-
sity professors in Israel and elsewhere. Nissim has given several invited talks at
international conferences and symposia, has been on the program committee of
numerous conferences, symposia, and workshops, reviewed submissions for 20
journals and is a member of the editorial board of two journals.
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Nissim’s scientific interests evolved significantly over time, but have always fo-
cused on fundamental questions, motivated by an insatiable thirst for knowledge
and limitless scientific curiosity. Nissim started his career in program verifica-
tion and the semantics of programming languages, especially for concurrent and
distributed programming, and later expanded his interest to new language con-
structs for that paradigm. He has also made contributions to logic programming
and the fundamentals of functional programming. His research monograph Fair-
ness became a standard reference for work on assumptions about the scheduling
of multiple processes that allow proving termination and other liveness proper-
ties. His book Interacting Processes (written with Ira Forman) presented original
and influential proposals on language constructs for concurrency, and his text-
book Program Verification summarized his approach to specifying and proving
the correctness of programs.

The year 1991 signified a change of paradigm in Nissim’s research career.
Following a life-long fascination with natural languages, he shifted his atten-
tion from formal programming or specification languages to natural ones, but
brought to computational linguistics his training and expertise from formal sys-
tems. In the nearly two decades that followed, Nissim contributed to diverse
areas of computational linguistics, including formal grammars (in particular,
unification grammars and more recently type-logical grammars), formal seman-
tics of natural languages, λ-calculus, and proof theory – the areas in which he
is active today. His contribution to computational linguistics is marked by rig-
orous, formal developments that are well-informed by actual natural language
data.

Nissim’s wide interests have also been reflected in his hobbies. He has col-
lected stamps all his life, and has also developed collections of coins, telephone
cards, and airline menus. He shares with his wife Tikva a love of literature–from
the Bible to modern detective novels.

The occasion of Nissim’s 65th birthday provided an excellent pretext to cel-
ebrate his accomplishments. We feel honored to have had a chance to know and
work with Nissim. Co-organizing the symposium and co-editing this Festschrift
allowed us on the one hand to acknowledge Nissim’s scientific contributions and,
on the other hand, to thank him for his advice, guidance, and friendship.

The response of Nissim’s students, collaborators, and friends to our initiative,
which was so critical for the success of this event, made the organization of
the symposium and the publication of this volume much easier. We wish to
thank them all. And one more time, Happy Birthday, Nissim, and many more
productive years!

March 2009 Orna Grumberg
Michael Kaminski

Shmuel Katz
Shuly Wintner
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Modular Verification of Recursive Programs

Krzysztof R. Apt1,2, Frank S. de Boer1,3, and Ernst-Rüdiger Olderog4

1 Centre for Mathematics and Computer Science (CWI), Amsterdam, The Netherlands
2 University of Amsterdam, Institute of Language, Logic and Computation, Amsterdam

3 Leiden Institute of Advanced Computer Science, University of Leiden, The Netherlands
4 Department of Computing Science, University of Oldenburg, Germany

Abstract. We argue that verification of recursive programs by means of the as-
sertional method of C.A.R. Hoare can be conceptually simplified using a modular
reasoning. In this approach some properties of the program are established first
and subsequently used to establish other program properties. We illustrate this
approach by providing a modular correctness proof of the Quicksort program.

1 Introduction

Program verification by means of the assertional method of Hoare (so-called Hoare’s
logic) is by now well-understood. One of its drawbacks is that it calls for a tedious
manipulation of assertions, which is error prone. The support offered by the available
by interactive proof checkers, such as PVS (Prototype Verification System), see [15], is
very limited.

One way to reduce the complexity of an assertional correctness proof is by organiz-
ing it into a series of simpler proofs. For example, to prove {p} S {q1 ∧ q2} we could
establish {p} S {q1} and {p} S {q2} separately (and independently). Such an obvious
approach is clearly of very limited use.

In this paper we propose a different approach that is appropriate for recursive pro-
grams. In this approach a simpler property, say {p1} S {q1}, is established first and
then used in the proof of another property, say {p2} S {q2}. This allows us to establish
{p1 ∧ p2} S {q1 ∧ q2} in a modular way. It is obvious how to generalize this approach
to an arbitrary sequence of program properties for which the earlier properties are used
in the proofs of the latter ones. So, in contrast to the simplistic approach mentioned
above, the proofs of the program properties are not independent but are arranged in-
stead into an acyclic directed graph.

We illustrate this approach by providing a modular correctness proof of the Quick-
sort program due to [10]. This yields a correctness proof that is better structured and
conceptually easier to understand than the original one, given in [7]. A minor point
is that we use different proof rules concerning procedure calls and also provide an
assertional proof of termination of the program, a property not considered in [7]. (It
should be noted that termination of recursive procedures with parameters within the
framework of the assertional method was considered only in the eighties, see, e.g., [2].
In these proofs some subtleties arise that necessitate a careful exposition, see [1].)

We should mention here two other references concerning formal verification of the
Quicksort program. In [6] the proof of Quicksort is certified using the interactive

O. Grumberg et al. (Eds.): Francez Festschrift, LNCS 5533, pp. 1–21, 2009.
c© Springer-Verlag Berlin Heidelberg 2009



2 K.R. Apt, F.S. de Boer, and E.-R. Olderog

theorem prover Coq, while in [13] a correctness proof of a non-recursive version of
Quicksort is given.

The paper is organized as follows. In the next section we introduce a small pro-
gramming language that involves recursive procedures with parameters called by value
and discuss its operational semantics. Then, in Section 3 we introduce a proof system
for proving partial and total correctness of these programs. The presentation in these
two sections is pretty standard except for the treatment of the call-by-value parameter
mechanism that avoids the use of substitution.

Next, in Section 4 we discuss how the correctness proofs, both of partial and of total
correctness, can be structured in a modular way. In Section 5 we illustrate this approach
by proving correctness of the Quicksort program while in Section 6 we discuss related
work and draw some conclusions. Finally, in the appendix we list the used axioms and
proof rules concerned with non-recursive programs. The soundness of the considered
proof systems is rigorously established in [3] using the operational semantics of [16,17].

2 A Small Programming Language

Syntax

We use simple variables and array variables. Simple variables are of a basic type (for
example integer or Boolean), while array variables are of a higher type (for example
integer × Boolean → integer). A subscripted variable derived from an array variable
a of type T1 × . . . × Tn → T is an expression of the form a[t1, . . ., tn], where each
expression ti is of type Ti.

In this section we introduce a class of recursive programs as an extension of the class
of while programs which are generated by the following grammar:

S ::= skip | u := t | x̄ := t̄ | S1; S2 | if B then S1 else S2 fi | while B do S1 od,

where S stands for a typical statement or program, u for a simple or subscripted vari-
able, t for an expression (of the same type as u), and B for a Boolean expression.
Further, x̄ := t̄ is a parallel assignment, with x̄ = x1, . . . , xn a non-empty list of
distinct simple variables and t̄ = t1, . . . , tn a list of expressions of the correspond-
ing types. The parallel assignment plays a crucial role in our modelling of the pa-
rameter passing. We do not discuss the types and only assume that the set of basic
types includes at least the types integer and Boolean. As an abbreviation we introduce
if B then S fi ≡ if B then S else skip fi.

Given an expression t, we denote by var(t) the set of all simple and array variables
that appear in t. Analogously, given a program S, we denote by var(S) the set of all
simple and array variables that appear in S, and by change(S) the set of all simple and
array variables that can be modified by S, i.e., the set of variables that appear on the
left-hand side of an assignment in S.

We arrive at recursive programs by adding recursive procedures with call-by-value
parameters. To distinguish between local and global variables, we first introduce a block
statement by the grammar rule

S ::= begin local x̄ := t̄; S1 end.
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A block statement introduces a non-empty sequence x̄ of simple local variables, all of
which are explicitly initialized by means of a parallel assignment x̄ := t̄, and provides
an explicit scope for these simple local variables. The precise explanation of a scope is
more complicated because the block statements can be nested.

Assuming x̄ = x1, . . ., xk and t̄ = t1, . . ., tk, each occurrence of a local variable xi

within the statement S1 and not within another block statement that is a subprogram
of S1 refers to the same variable. Each such variable xi is initialized to the expression
ti by means of the parallel assignment x̄ := t̄. Further, given a statement S′ such that
begin local x̄ := t̄; S1 end is a subprogram of S′, all occurrences of xi in S′ outside
this block statement refer to some other variable(s).

Procedure calls with parameters are introduced by the grammar rule

S ::= P (t1, . . . , tn),

where P is a procedure identifier and t1, . . . , tn, with n ≥ 0, are expressions called
actual parameters. The statement P (t1, . . . , tn) is called a procedure call. The resulting
class of programs is then called recursive programs.

Procedures are defined by declarations of the form

P (u1, . . . , un) :: S,

where u1, . . . , un are distinct simple variables, called formal parameters of the proce-
dure P and S is the body of the procedure P .

We assume a given set of procedure declarations D such that each procedure that
appears in D has a unique declaration in D. When considering recursive programs we
assume that all procedures whose calls appear in the considered recursive programs are
declared in D. Additionally, we assume that the procedure calls are well-typed, which
means that the numbers of formal and actual parameters agree and that for each param-
eter position the types of the corresponding actual and formal parameters coincide.

Given a recursive program S, we call a variable xi local if it appears within a sub-
program of D or S of the form begin local x̄ := t̄; S1 end with x̄ = x1, . . ., xk, and
global otherwise.

To avoid possible name clashes between local and global variables we assume that
given a set of procedure declarations D and a recursive program S, no local variable of
S occurs in D. So given the procedure declaration

P :: if x = 1 then b := true else b := false fi

the program
S ≡ begin local x := 1; P end

is not allowed. If it were, the semantics we are about to introduce would allow us to
conclude that {x = 0} S {b} holds. However, the customary semantics of the programs
in the presence of procedures prescribes that in this case {x = 0} S {¬b} should hold,
as the meaning of a program should not depend on the choice of the names of its local
variables. (This is a consequence of the so-called static scope of the variables that we
assume here.)
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This problem is trivially solved by just renaming the ‘offensive’ local variables to
avoid name clashes, so by considering here the program begin local y := 1; P end in-
stead of S. Once we limit ourselves to recursive programs no local variable of which
occurs in the considered set of procedure declarations, the semantics we introduce en-
sures that the names of local variables indeed do not matter. More precisely, the pro-
grams that only differ in the choice of the names of local variables and obey the above
syntactic restriction have then identical meaning. In what follows, when considering
a recursive program S in the context of a set of procedure declarations D we always
implicitly assume that the above syntactic restriction is satisfied.

The local and global variables play an analogous role to the bound and free variables
in first-order formulas or in λ-terms. In fact, the above syntactic restriction corresponds
to the ‘Variable Convention’ of [4, page 26] according to which “all bound variables
are chosen to be different from the free variables.”

Note that the above definition of programs puts no restrictions on the actual parame-
ters in procedure calls; in particular they can be formal parameters or global variables.

Semantics

For recursive programs we use a structural operational semantics in the sense of Plotkin
[17]. As usual, it is defined in terms of transitions between configurations. A configu-
ration C is a pair < S, σ > consisting a statement S that is to be executed and a state
σ that assigns a value to each variable (including local variables). A transition is writ-
ten as a step C → C′ between configurations. To express termination we use the empty
statement E; a configuration < E, σ > denotes termination in the state σ.

Transitions are specified by the transition axioms and rules which are defined in the
context of a set D of procedure declarations. The only transition axioms that are some-
what non-standard are the ones that deal with the block statement and the procedure
calls, in that they avoid the use of substitution thanks to the use of parallel assignment:

< begin local x̄ := t̄; S end, σ > → < x̄ := t̄; S; x̄ := σ(x̄), σ >,

< P (t̄); R, σ > → < begin local ū := t̄; S end; R, σ >,

where P (ū) :: S ∈ D.

The first axiom ensures that the local variables are initialized as prescribed by the
parallel assignment and that upon termination the global variables whose names coin-
cide with the local variables are restored to their initial values, held at the beginning of
the block statement. This is a way of implicitly modeling a stack discipline for (nested)
blocks. So the use of the block statement in the second transition axiom ensures that
prior to the execution of the procedure body the formal parameters are simultaneously
instantiated to the actual parameters and that upon termination of a procedure call the
formal parameters are restored to their initial values. Additionally, the block statement
limits the scope of the formal parameters so that they are not accessible upon termina-
tion of the procedure call. So the second transition axiom describes the call-by-value
parameter mechanism.
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Based on the transition relation → we consider two variants of input/output seman-
tics for recursive programs S refering to the set Σ of states σ, τ . The partial correctness
semantics is a mapping M[[S]] : Σ →P(Σ) defined by

M[[S]](σ) = {τ |< S, σ > →∗ < E, τ >}.

The total correctness semantics is a mapping Mtot [[S]] : Σ →P(Σ ∪ {⊥}) defined by

Mtot [[S]](σ) = M[[S]](σ) ∪ {⊥ | S can diverge from σ}.

Here ⊥ is an error state signalling divergence, i.e., an infinite sequence of transitions
starting in the configuration < S, σ >.

3 Proof Systems for Partial and Total Correctness

Program correctness is expressed by correctness formulas of the form {p} S {q}, where
S is a program and p and q are assertions. The assertion p is the precondition of the
correctness formula and q is the postcondition. A correctness formula {p} S {q} is
true in the sense of partial correctness if every terminating computation of S that starts
in a state satisfying p terminates in a state satisfying q. And {p} S {q} is true in the
sense of total correctness if every computation of S that starts in a state satisfying p
terminates and its final state satisfies q. Thus in the case of partial correctness, diverging
computations of S are not taken into account.

Using the semantics M and Mtot, we formalize these two interpretations of correct-
ness formulas uniformly as set theoretic inclusions as follows (cf. [3]). For an assertion
p let [[p]] denote the set of states satisfying p. Then we define:

(i) The correctness formula {p} S {q} is true in the sense of partial correctness, ab-
breviated by |= {p} S {q}, if M[[S]]([[p]]) ⊆ [[q]].

(ii) The correctness formula {p} S {q} is true in the sense of total correctness, abbre-
viated by |=tot {p} S {q}, if Mtot [[S]]([[p]]) ⊆ [[q]].

Since by definition ⊥ 
∈ [[q]], part (ii) indeed formalizes the above intuition about total
correctness.

Partial Correctness

Partial correctness of while programs is proven using the customary proof system PD
consisting of the group of axioms and rules 1–7 shown in the appendix. Consider now
partial correctness of recursive programs. First, we introduce the following rule that
deals with the block statement.

BLOCK {p} x̄ := t̄; S {q}
{p} begin local x̄ := t̄; S end {q}

where var(x̄) ∩ free(q) = ∅.
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By free(q) we denote here the set of all free simple and array variables that have a
free occurrence in the assertion q.

The main issue is how to deal with the procedure calls. To this end, we want to adjust
the proofs of ‘generic’ procedure calls to arbitrary ones. The definition of a generic call
and the conditions for the correctness of such an adjustment process refer to the assumed
set of procedure declarations D. By a generic call of a procedure P we mean a call of
the form P (x̄), where x̄ is a sequence of fresh (w.r.t. D) variables.

First, we extend the definition of change(S) to recursive programs and sets of pro-
cedure declarations as follows:

change(begin local x̄ := t̄; S end) = change(S) \ {x̄},
change(P (ū) :: S) = change(S) \ {ū},
change({P (ū) :: S} ∪ D) = change(P (ū) :: S) ∪ change(D),
change(P (t̄)) = ∅.

The adjustment of the generic procedure calls is then taken care of by the following
proof rule that refers to the set of procedure declarations D:

INSTANTIATION {p} P (x̄) {q}
{p[x̄ := t̄]} P (t̄) {q[x̄ := t̄]}

where var(x̄) ∩ var(D) = var(t̄) ∩ change(D) = ∅ and P (ū) :: S ∈ D for some S.

In the following rule for recursive procedures with parameters we use the provability
symbol 
 to refer to the proof system PD augmented with the auxiliary axiom and rules
A1–A6 defined in the appendix and the above two proof rules.

RECURSION

{p1} P1(x̄1) {q1}, . . . , {pn} Pn(x̄n) {qn} 
 {p} S {q},
{p1} P1(x̄1) {q1}, . . . , {pn} Pn(x̄n) {qn} 


{pi} begin local ūi := x̄i; Si end {qi}, i ∈ {1, . . ., n}
{p} S {q}

where D = P1(ū1) :: S1, . . . , Pn(ūn) :: Sn and var(x̄i) ∩ var(D) = ∅ for i ∈
{1, . . ., n}.

The intuition behind this rule is as follows. Say that a program S is (p, q)-correct if
{p} S {q} holds in the sense of partial correctness. The second premise of the rule states
that we can establish from the assumption of the (pi, qi)-correctness of the ‘generic’
procedure calls Pi(x̄i) for i ∈ {1, . . . , n}, the (pi, qi)-correctness of the procedure bod-
ies Si for i ∈ {1, . . . , n}, which are adjusted as in the transition axiom that deals with
the procedure calls. Then we can prove the (pi, qi)-correctness of the procedure calls
Pi(x̄i) unconditionally, and thanks to the first premise establish the (p, q)-correctness
of the recursive program S.

To prove partial correctness of recursive programs with parameters we use the proof
system PR that is obtained by extending the proof system PD by the block rule, the
instantiation rule, the recursion rule, and the auxiliary axiom and rules A1–A6.
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Note that when we deal only with one recursive procedure and use the procedure call
as the considered recursive program, this rule simplifies to

{p} P (x̄) {q} 
 {p} begin local ū := x̄; S end {q}
{p} P (x̄) {q}

where D = P (ū) :: S and var(x̄) ∩ var(D) = ∅.

Total Correctness

Total correctness of while programs is proven using the proof system TD consisting of
the group of axioms and rules 1–5, 7, and 8 shown in the appendix. For total correctness
of recursive programs we need a modification of the recursion rule. The provability
symbol 
 refers now to the proof system TD augmented with the auxiliary rules A2–
A6, the block rule and the instantiation rule. The proof rule is a minor variation of a
rule originally proposed in [1] and has the following form:

RECURSION II

{p1} P1(x̄1) {q1}, . . . , {pn} Pn(x̄n) {qn} 
 {p} S {q},
{p1 ∧ t < z} P1(x̄1) {q1}, . . . , {pn ∧ t < z} Pn(x̄n) {qn} 


{pi ∧ t = z} begin local ūi := x̄i; Si end {qi}, i ∈ {1, . . ., n}
{p} S {q}

where D = P1(ū1) :: S1, . . . , Pn(ūn) :: Sn, var(x̄i)∩var(D) = ∅ for i ∈ {1, . . ., n},
and z is an integer variable that does not occur in pi, t, qi and Si for i ∈ {1, . . ., n}
and is treated in the proofs as a constant, which means that in these proofs neither
the ∃-introduction rule A4 nor the substitution rule A6 defined in the appendix is
applied to z.

To prove total correctness of recursive programs with parameters we use the proof
system TR that is obtained by extending the proof system TD by the block rule, the
instantiation rule, the recursion rule II, and the auxiliary rules A2–A6.

As before, in the case of one recursive procedure this rule can be simplified to

{p ∧ t < z} P (x̄) {q} 
 {p ∧ t = z} begin local ū := x̄; S end {q},
p → t ≥ 0

{p} P (x̄) {q}
where D = P (ū) :: S, var(x̄) ∩ var(D) = ∅ and z is an integer variable that does not
occur in p, t, q and S and is treated in the proof as a constant.

4 Modularity

Proof system TR allows us to establish total correctness of recursive programs directly.
However, sometimes it is more convenient to decompose the proof of total correct-
ness into two separate proofs, one of partial correctness and one of termination. More
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specifically, given a correctness formula {p} S {q}, we first establish its partial correct-
ness, using proof system PR. Then, to show termination it suffices to prove the simpler
correctness formula {p} S {true} using proof system TR.

These two different proofs can be combined into one using the following general
proof rule for total correctness:

DECOMPOSITION

PR {p} S {q},

TR {p} S {true}
{p} S {q}

where 
PR and 
PR refer to the proofs in the proof systems PR and TR, respectively.

The decomposition rule and other auxiliary rules like A2 or A3 allow us to com-
bine two correctness formulas derived independently. In some situations it is helpful
to reason about procedure calls in a hierarchical way, by first deriving one correctness
formula and then using it in a proof of another correctness formula. The following mod-
ification of the above simplified version of the recursion rule illustrates this principle,
where we limit ourselves to a two-stage proof and one procedure:

MODULARITY

{p0} P (x̄) {q0} 
 {p0} begin local ū := x̄; S end {q0},
{p0} P (x̄) {q0}, {p} P (x̄) {q} 
 {p} begin local ū := x̄; S end {q}
{p} P (x̄) {q}

where D = P (ū) :: S and var(x̄) ∩ var(D) = ∅.

So first we derive an auxiliary property, {p0} P (x̄) {q0} that we subsequently use
in the proof of the ‘main’ property, {p} P (x̄) {q}. In general, more procedures may
be used and an arbitrary ‘chain’ of auxiliary properties may be constructed. In the next
section we show that such a modular approach can lead to better structured correctness
proofs.

5 Correctness Proof of the Quicksort Procedure

We now apply the modular proof method to verify total correctness of the Quicksort al-
gorithm, originally introduced in [10]. For a given array a of type integer→ integer
and integers x and y this algorithm sorts the section a[x : y] consisting of all elements
a[i] with x ≤ i ≤ y. Sorting is accomplished ‘in situ’, i.e., the elements of the initial
(unsorted) array section are permuted to achieve the sorting property. We consider here
the following version of Quicksort close to the one studied in [7]. It consists of a re-
cursive procedure Quicksort(m, n), where the formal parameters m, n and the local
variables v, w are all of type integer:
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Quicksort(m, n) ::
if m < n
then Partition(m, n);

begin
local v, w := ri, le;
Quicksort(m, v);
Quicksort(w, n)
end

fi

Quicksort calls a non-recursive procedure Partition(m, n) which partitions the array
a suitably, using global variables ri, le, pi of type integer standing for pivot, left, and
right elements:

Partition(m, n) ::
pi := a[m];
le, ri := m, n;
while le ≤ ri do

while a[le] < pi do le := le + 1 od;
while pi < a[ri] do ri := ri − 1 od;
if le ≤ ri then
swap(a[le], a[ri]);
le, ri := le + 1, ri − 1

fi
od

Here for two given simple or subscripted variables u and v the program swap(u, v)
is used to swap the values of u and v. So we stipulate that the following correctness
formula

{x = u ∧ y = v} swap(u, v) {x = v ∧ y = u}
holds in the sense of partial and total correctness, where x and y are fresh variables.

In the following D denotes the set of the above two procedure declarations and SQ

the body of the procedure Quicksort(m, n).

Formal Problem Specification

Correctness of Quicksort amounts to proving that upon termination of the procedure
call Quicksort(m, n) the array section a[m : n] is sorted and is a permutation of the
input section. To write the desired correctness formula we introduce some notation. The
assertion

sorted(a[x : y]) ≡ ∀i, j : (x ≤ i ≤ j ≤ y → a[i] ≤ a[j])

states that the integer array section a[x : y] is sorted. To express the permutation prop-
erty we use an auxiliary array a0 in the section a0[x : y] of which we record the initial
values of a[x : y]. The abbreviation

bij(f, x, y) ≡ f is a bijection on Z ∧ ∀ i 
∈ [x : y] : f(i) = i

states that f is a bijection on Z which is the identity outside the interval [x : y]. Hence
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perm(a, a0, [x : y]) ≡ ∃f : (bij(f, x, y) ∧ ∀i : a[i] = a0[f(i)])

specifies that the array section a[x : y] is a permutation of the array section a0[x : y]
and that a and a0 are the same elsewhere.

We can now express the correctness of Quicksort by means of the following cor-
rectness formula:

Q1 {a = a0} Quicksort(x, y) {perm(a, a0, [x : y]) ∧ sorted(a[x : y])}.

To prove correctness of Quicksort in the sense of partial correctness we proceed in
stages and follow the methodology explained in Section 4. In other words, we establish
some auxiliary correctness formulas first, using among others the recursion rule. Then
we use them as premises in order to derive other correctness formulas, also using the
recursion rule.

Properties of Partition

In the proofs we shall use a number of properties of the Partition procedure. This
procedure is non-recursive, so to verify them it suffices to prove the corresponding
properties of the procedure body using the proof systems PD and TD, a task we leave
to Nissim Francez.

More precisly, we assume the following properties of Partition in the sense of
partial correctness:

P1 {true} Partition(m, n) {ri ≤ n ∧ m ≤ le},
P2 {x′ ≤ m ∧ n ≤ y′ ∧ perm(a, a0, [x′ : y′])}

Partition(m, n)
{x′ ≤ m ∧ n ≤ y′ ∧ perm(a, a0, [x′ : y′])},

P3 {true}
Partition(m, n)
{ le > ri ∧
(∀ i ∈ [m : ri] : a[i] ≤ pi) ∧
(∀ i ∈ [ri + 1 : le − 1] : a[i] = pi) ∧
(∀ i ∈ [le : n] : pi ≤ a[i])},

and the following property in the sense of total correctness:

P4 {m < n}
Partition(m, n)
{ri − m < n − m ∧ n − le < n − m}.

Property P1 states the bounds for ri and le. We remark that le ≤ n and m ≤ ri need not
hold upon termination. Property P2 implies that the call Partition(n, k) permutes the
array section a[m : n] and leaves other elements of a intact, but actually is a stronger
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statement involving an interval [x′ : y′] that includes [m : n], so that we can carry
out the reasoning about the recursive calls of Quicksort. Finally, property P3 captures
the main effect of the call Partition(n, k): the elements of the section a[m : n] are
rearranged into three parts, those smaller than pi (namely a[m : ri]), those equal to pi
(namely a[ri + 1 : le − 1]), and those larger than pi (namely a[le : n]). Property P4 is
needed in the termination proof of the Quicksort procedure: it states that the subsec-
tions a[m : ri] and a[le : n] are strictly smaller than the section a[m : n].

Auxiliary proof: permutation property

In the remainder of this section we use the following abbreviation:

J ≡ m = x ∧ n = y.

We first extend the permutation property P2 to the procedure Quicksort:

Q2 {perm(a, a0, [x′ : y′]) ∧ x′ ≤ x ∧ y ≤ y′}
Quicksort(x, y)
{perm(a, a0, [x′ : y′])}

Until further notice the provability symbol 
 refers to the proof system PD augmented
with the the block rule, the instantiation rule and the auxiliary rules A2–A6.

The appropriate claim needed for the application of the recursion rule is:

Claim 1
P1, P2, Q2 
 {perm(a, a0, [x′ : y′]) ∧ x′ ≤ x < y ≤ y′}

begin local m, n := x, y; SQ end
{perm(a, a0, [x′ : y′])}.

Proof. In Figure 1 a proof outline is given that uses as assumptions the correctness
formulas P1, P2, and Q2. More specifically, the used correctness formula about the call
of Partition is derived from P1 and P2 by the conjunction rule. In turn, the correctness
formulas about the recursive calls of Quicksort are derived from Q2 by an application
of the instantiation rule and the invariance rule. This concludes the proof of Claim 1. �

We can now derive Q2 by the recursion rule. In summary, we proved

P1, P2 
 Q2.

Auxiliary proof: sorting property

We can now verify that the call Quicksort(x, y) sorts the array section a[x : y], so

Q3 {true} Quicksort(x, y) {sorted(a[x : y])}.

The appropriate claim needed for the application of the recursion rule is:

Claim 2

P3, Q2, Q3 
 {true} begin local m, n := x, y; SQ end {sorted(a[x : y])}.
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{perm(a, a0, [x′ : y′]) ∧ x′ ≤ x ∧ y ≤ y′}
begin local
{perm(a, a0, [x′ : y′]) ∧ x′ ≤ x ∧ y ≤ y′}
m, n := x, y;
{perm(a, a0, [x′ : y′]) ∧ x′ ≤ x ∧ y ≤ y′ ∧ J}
{perm(a, a0, [x′ : y′]) ∧ x′ ≤ m ∧ n ≤ y′}
if m < n then

{perm(a, a0, [x′ : y′]) ∧ x′ ≤ m ∧ n ≤ y′}
Partition(m, n);
{perm(a, a0, [x′ : y′]) ∧ x′ ≤ m ∧ n ≤ y′ ∧ ri ≤ n ∧ m ≤ le}
begin local
{perm(a, a0, [x′ : y′]) ∧ x′ ≤ m ∧ n ≤ y′ ∧ ri ≤ n ∧ m ≤ le}
v, w := ri, le;
{perm(a, a0, [x′ : y′]) ∧ x′ ≤ m ∧ n ≤ y′ ∧ v ≤ n ∧ m ≤ w}
{perm(a, a0, [x′ : y′]) ∧ x′ ≤ m ∧ v ≤ y′ ∧ x′ ≤ w ∧ n ≤ y′}
Quicksort(m, v);
{perm(a, a0, [x′ : y′]) ∧ x′ ≤ w ∧ n ≤ y′}
Quicksort(w, n)
{perm(a, a0, [x′ : y′])}
end
{perm(a, a0, [x′ : y′])}

fi
{perm(a, a0, [x′ : y′])}
end
{perm(a, a0, [x′ : y′])}

Fig. 1. Proof outline showing permutation property Q2

Proof. In Figure 2 a proof outline is given that uses as assumptions the correctness
formulas P3, Q2, and Q3. In the following we justify the correctness formulas about
Partition and the recursive calls of Quicksort used in this proof outline. In the post-
condition of Partition we use the following abbreviation:

K ≡ v < w ∧
(∀ i ∈ [m : v] : a[i] ≤ pi) ∧
(∀ i ∈ [v + 1 : w − 1] : a[i] = pi) ∧
(∀ i ∈ [w : n] : pi ≤ a[i]).

Observe that the correctness formula

{J} Partition(m, n) {J ∧ K[v, w := ri, le]}

is derived from P3 by the invariance rule. Next we verify the correctness formulas

{J ∧ K}Quicksort(m, v){sorted(a[m : v]) ∧ J ∧ K}, (1)
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{true}
begin local
{true}
m, n := x, y;
{J}
if m < n then

{J ∧ m < n}
Partition(m, n);
{J ∧ K[v, w := ri, le]}
begin local
{J ∧ K[v, w := ri, le]}
v, w := ri, le;
{J ∧ K}
Quicksort(m, v);
{sorted(a[m : v]) ∧ J ∧ K}
Quicksort(w, n)
{sorted(a[m : v] ∧ sorted(a[w : n] ∧ J ∧ K}
{sorted(a[x : v] ∧ sorted(a[w : y] ∧ K[m, n := x, y]}
{sorted(a[x : y])}
end
{sorted(a[x : y])}

fi
{sorted(a[x : y])}
end
{sorted(a[x : y])}

Fig. 2. Proof outline showing sorting property Q3

and
{sorted(a[m : v]) ∧ J ∧ K}
Quicksort(w, n)
{sorted(a[m : v] ∧ sorted(a[w : n] ∧ J ∧ K}.

(2)

about the recursive calls of Quicksort.

Proof of (1). By applying the instantiation rule to Q3, we obtain

A1 {true} Quicksort(m, v) {sorted(a[m : v])}.

Moreover, by the invariance axiom, we have

A2 {J} Quicksort(m, v) {J}.

By applying the instantiation rule to Q2, we then obtain

{perm(a, a0, [x′ : y′]) ∧ x′ ≤ m ∧ v ≤ y′}
Quicksort(m, v)
{perm(a, a0, [x′ : y′])}.
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Applying next the substitution rule with the substitution [x′, y′ := m, v] yields

{perm(a, a0, [m : v]) ∧ m ≤ m ∧ v ≤ v}
Quicksort(m, v)
{perm(a, a0, [m : v])}.

So by a trivial application of the consequence rule, we obtain

{a = a0} Quicksort(m, v) {perm(a, a0, [m : v])}.
We then obtain by an application of the invariance rule

{a = a0 ∧ K[a := a0]} Quicksort(m, v) {perm(a, a0, [m : v]) ∧ K[a := a0]}.
Note now the following implications:

K →∃a0 : (a = a0 ∧ K[a := a0]),
perm(a, a0, [m : v]) ∧ K[a := a0] → K.

So we conclude

A3 {K} Quicksort(m, v) {K}
by the ∃-introduction rule and the consequence rule. Combining the correctness formu-
las A1–A3 by the conjunction rule we get (1).

Proof of (2). In a similar way as above, we can prove the correctness formula

{a = a0} Quicksort(w, n) {perm(a, a0, [w : n])}.
By an application of the invariance rule we obtain

{a = a0 ∧ sorted(a0[m : v]) ∧ v < w}
Quicksort(w, n)
{perm(a, a0, [w : n]) ∧ sorted(a0[m : v]) ∧ v < w}.

Note now the following implications:

v < w ∧ sorted(a[m : v]) →∃a0 : (a = a0 ∧ sorted(a0[m : v]) ∧ v < w),
(perm(a, a0, [w : n]) ∧ sorted(a0[m : v]) ∧ v < w) → sorted(a[m : v]).

So we conclude

B1 {v < w ∧ sorted(a[m : v])} Quicksort(w, n) {sorted(a[m : v])}
by the ∃-introduction rule and the consequence rule. Further, by applying the instantia-
tion rule to Q3 we obtain

B2 {true} Quicksort(w, n) {sorted(a[w : n])}.

Next, by the invariance axiom we obtain
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B3 {J} Quicksort(w, m) {J}.

Further, using the implications

K →∃a0 : (a = a0 ∧ K[a := a0]),
perm(a, a0, [w : n]) ∧ K[a := a0] → K,

we can derive from Q2, in a similar manner as in the proof of A3,

B4 {K} Quicksort(w, n) {K}.

Combining the correctness formulas B1–B4 by the conjunction rule and observing that
K → v < w holds, we get (2).

The final application of the consequence rule in the proof outline given in Figure 2
is justified by the following crucial implication:

sorted(a[x : v]) ∧ sorted(a[w : y]) ∧ K[m, n := x, y] →
sorted(a[x : y]).

Also note that J ∧ m ≥ n → sorted(a[x : y]), so the implicit else branch is properly
taken care of. This concludes the proof of Claim 2. �

We can now derive Q3 by the recursion rule. In summary, we proved

P3, Q2 
 Q3.

The proof of partial correctness of Quicksort is now immediate: it suffices to combine
Q2 and Q3 by the conjunction rule. Then after applying the substitution rule with the
substitution [x′, y′ := x, y] and the consequence rule we obtain Q1, or more precisely

P1, P2, P3 
 Q1.

Total Correctness

To prove termination, by the decomposition rule discussed in Section 4, it suffices to
establish

Q4 {true} Quicksort(x, y) {true}
in the sense of total correctness. In the proof we rely on the property P4 of Partition:

{m < n} Partition(m, n) {ri − m < n − m ∧ n − le < n − m}.

The provability symbol 
 refers below to the proof system TD augmented with the
block rule, the instantiation rule and the the auxiliary rules A2–A6. For the termination
proof of the recursive procedure call Quicksort(x, y) we use

t ≡ max(y − x, 0)
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as the bound function. Since t ≥ 0 holds, the appropriate claim needed for the applica-
tion of the recursion rule II is:

Claim 3
P4, {t < z} Quicksort(x, y) {true} 

{t = z} begin local m, n := x, y; SQ end {true}.

Proof. In Figure 3 a proof outline for total correctness is given that uses as assumptions
the correctness formulas P4 and {t < z} Quicksort(x, y) {true}. In the following we

{t = z}
begin local
{max(y − x, 0) = z}
m, n := x, y;
{max(n − m, 0) = z}
if n < k then

{max(n − m, 0) = z ∧ m < n}
{n − m = z ∧ m < n}
Partition(m, n);
{n − m = z ∧ m < n ∧ ri − m < n − m ∧ n − le < n − m}
begin local
{n − m = z ∧ m < n ∧ ri − m < n − m ∧ n − le < n − m}
v, w := ri, le;
{n − m = z ∧ m < n ∧ v − m < n − m ∧ n − w < n − m}
{max(v − m, 0) < z ∧ max(n − w, 0) < z}
Quicksort(m, v);
{max(n − w, 0) < z}
Quicksort(w, n)
{true}
end
{true}

fi
{true}
end
{true}

Fig. 3. Proof outline establishing termination of the Quicksort procedure

justify the correctness formulas about Partition and the recursive calls of Quicksort
used in this proof outline. Since m, n, z 
∈ change(D), we deduce from P4 using the
invariance rule the correctness formula

{n − m = z ∧ m < n}
Partition(m, n)
{n − m = z ∧ ri − m < n − m ∧ n − le < n − m}.

(3)
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Consider now the assumption

{t < z} Quicksort(x, y) {true}.
Since n, w, z 
∈ change(D), the instantiation rule and the invariance rule yield

{max(v − m, 0) < z ∧ max(n − w, 0) < z}
Quicksort(m, v)
{max(n − w, 0) < z}

and
{max(n − w, 0) < z} Quicksort(w, n) {true}.

The application of the consequence rule preceding the first recursive call of Quicksort
is justified by the following two implications:

(n − m = z ∧ m < n ∧ v − m < n − m) → max(v − m, 0) < z,

(n − m = z ∧ m < n ∧ n − w < n − m) → max(n − w, 0) < z.

This completes the proof of Claim 3. �

Applying now the simplified version of the recursion rule II we derive Q4. In summary,
we proved

P4 
 Q4.

6 Conclusions

The issue of modularity has been by now well-understood in the area of program con-
struction. It also has been addressed in the program verification. Let us just mention
two references, an early one and a recent one: [8] focused on modular verification of
temporal properties of concurrent programs which were modelled as a set of modules
that interact by means of procedure calls. In turn, [19] considered modular verification
of heap manipulating programs, where the focus has been on the automatic extraction
and verification specifications.

However, to our knowledge no approach has been proposed to deal with correct-
ness of recursive programs in a modular fashion. When proving correctness of the
Quicksort program we found that the simple approach here proposed allowed us to
structure the proof better by establishing the ‘permutation property’ first and then using
it in the proof of the ‘sorting property’.

So in our approach we propose modularity at the level of proofs and not at the level
of programs. This should be of help when organizing a mechanically verified correct-
ness proof, by expressing the proofs of the subsidiary properties as subsidiary lemmas.
In general, modular correctness proofs of programs are proofs from assumptions about
subprograms, which can be considered as ‘black boxes’ of the given programs. Zwiers
[20] has investigated an appropriate notion of completeness for such proofs from as-
sumptions about black boxes, called modular completeness.

The first proof of partial correctness of Quicksort is given in [7]. That proof es-
tablishes the permutation and the sorting property simultaneously, in contrast to our
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approach. For dealing with recursive procedures, [7] use proof rules corresponding to
our rules for blocks, instantiation, and recursion (for the case of one recursive proce-
dure). They also use a so-called adaptation rule of [11] that allows one to adapt a given
correctness formula about a program to other pre- and postconditions. In our approach
we use several auxiliary rules which together have the same effect as the adaptation
rule. The expressive power of the adaptation rule has been analyzed in [14]. No proof
rule for the termination of recursive procedures is proposed in [7], only an informal
argument is given why Quicksort terminates. An informal proof of total correctness of
Partition is given in [12] as part of the program Find given in [9].

The recursion rule is modelled after the so-called Scott induction rule for fixed points
that appeared first in the unpublished manuscript Scott and De Bakker [18]. Recursion
rule II for total correctness is taken from America and De Boer [1], where also the
completeness of a proof system similar to TR is established. The modularity rule cor-
responds to a theorem due to Bekić [5] which states that for systems of monotonic
functions iterative fixed points coincide with simultaneous fixed points.
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Appendix

We list here the used axioms and proof rules that were not defined earlier in the text.
To establish correctness of while programs we rely on the following axioms and proof
rules. In the proofs of partial correctness the loop rule is used, while in the proofs of
total correctness the loop II rule is used.

AXIOM 1: SKIP
{p} skip {p}

AXIOM 2: ASSIGNMENT

{p[u := t]} u := t {p}

AXIOM 3: PARALLEL ASSIGNMENT

{p[x̄ := t̄]} x̄ := t̄ {p}

RULE 4: COMPOSITION

{p} S1 {r}, {r} S2 {q}
{p} S1; S2 {q}

RULE 5: CONDITIONAL

{p ∧ B} S1 {q}, {p ∧ ¬B} S2 {q}
{p} if B then S1 else S2 fi {q}
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RULE 6: LOOP
{p ∧ B} S {p}

{p} while B do S od {p ∧ ¬B}

RULE 7: CONSEQUENCE

p → p1, {p1} S {q1}, q1 → q

{p} S {q}

RULE 8: LOOP II
{p ∧ B} S {p},
{p ∧ B ∧ t = z} S {t < z},
p → t ≥ 0

{p} while B do S od {p ∧ ¬ B}
where t is an integer expression and z is an integer variable that does not appear in
p, B, t or S.

Additionally, we rely on the following auxiliary axioms and proof rules that occa-
sionally refer to the assumed set of procedure declarations D.

AXIOM A1: INVARIANCE
{p} S {p}

where free(p) ∩ (change(D) ∪ change(S)) = ∅.

RULE A2: DISJUNCTION

{p} S {q}, {r} S {q}
{p ∨ r} S {q}

RULE A3: CONJUNCTION

{p1} S {q1}, {p2} S {q2}
{p1 ∧ p2} S {q1 ∧ q2}

RULE A4: ∃-INTRODUCTION

{p} S {q}
{∃x : p} S {q}

where x 
∈ change(D) ∪ change(S) ∪ free(q).

RULE A5: INVARIANCE {r} S {q}
{p ∧ r} S {p ∧ q}
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where free(p) ∩ (change(D) ∪ change(S)) = ∅.

RULE A6: SUBSTITUTION

{p} S {q}
{p[z̄ := t̄]} S {q[z̄ := t̄]}

where (var(z̄) ∪ var(t̄)) ∩ (change(D) ∪ change(S)) = ∅.
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Abstract. Conversational dialogue systems cannot be evaluated in a
fully formal manner, because dialogue is heavily dependent on context
and current dialogue theory is not precise enough to specify a target out-
put ahead of time. Instead, we evaluate dialogue systems in a semi-formal
manner, using human judges to rate the coherence of a conversational
character and correlating these judgments with measures extracted from
within the system. We present a series of three evaluations of a sin-
gle conversational character over the course of a year, demonstrating
how this kind of evaluation helps bring about an improvement in overall
dialogue coherence.

1 Introduction

In the past two decades, the field of Computational Linguistics has placed an
increasing emphasis on formal evaluation of systems and system components;
typically, this involves creating a target reference (“gold standard”), and mea-
suring system performance against this reference. The availability of standard
targets – most notably the Penn Treebank [1] – has greatly facilitated the use
of machine learning for computational linguistic tasks, and formal system eval-
uation has opened up the field to competitions between systems working on a
shared task.

While formal system evaluation is responsible for much of the progress made in
Computational Linguistics in recent years, it has limitations. In order to conduct
a formal evaluation, the desired target performance needs to be defined prior to
the task, and this gets more difficult as we move from the surface of an utterance
to more abstract levels of representation. Thus it is fairly straightforward to
specify the desired output of a speech recognizer for a set of input utterances;
specifying the desired part-of-speech labels or syntactic parse is somewhat more
controversial, and defining a desired semantic representation or translation to
a different language is even more difficult. The present study is concerned with
dialogue systems, where the abstraction continues to climb with dialogue acts,
and reaches the most abstract level with response selection – the decision what
to say in response to a user utterance. For conversational characters this is
essentially an open-ended problem.

Even in the absence of a predefined target, some dialogue systems can be
evaluated formally. The performance of task-oriented systems can be measured
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by the task success rate, length of the dialogues (assuming it is desirable to
complete the task quickly), and other proxies for user satisfaction. Such measures
are useful not only for evaluation and comparison but also for machine learning
of dialogue strategies that optimize system performance according to the chosen
criteria [2,3]. In contrast, conversational characters are not designed to help a
user accomplish a specific goal; the criteria for successful dialogue are “soft” ones
such as user satisfaction and tutoring outcomes, and at present we do not have
proxies for these criteria that can be measured automatically.

We present a conversational character, Sergeant Star, who answers questions
about the U.S. Army. He appears at conventions and conferences together with
live exhibitors, and his purpose is to generate interest and engage the audience
rather than to conduct efficient dialogues aimed at achieving a specific task.
SGT Star’s components include a number of statistical subsystems such as a
speech recognizer and a response classifier; these components are formally trained
and evaluated using large sets of data mapping inputs to outputs. But we have
no way to formally evaluate the overall, end-to-end performance of SGT Star.
Instead, we use what we call a “semi-formal” approach: we get the “soft” per-
formance metrics by using human judges to rate the coherence of SGT Star’s
responses from actual field deployments, and then use these ratings together with
measures taken from within the system in order to gain a better understanding
of SGT Star’s performance. The combination of ratings with system data allows
us to see patterns in the overall behavior that would be difficult to detect in
a detailed item-by-item qualitative analysis, and this influences the continued
development of SGT Star.

We describe the SGT Star system in section 2 and our rating studies in sec-
tion 3. Results and analysis, correlating the ratings with system data, are in
sections 4 and 5. The conclusions in section 6 describe how the results are used
in the authoring process to improve SGT Star’s performance from one iteration
to the next.

2 Sergeant Star

Sergeant Star is a virtual question-answering character developed for the U.S.
Army Recruiting Command as a high-tech attraction and information source
about the Army. He is a life-size character built for demos in mobile exhibits,
who listens to human speech and responds with pre-recorded, animated voice
answers (Figure 1). SGT Star is based on technology similar to that used in pre-
vious efforts [4,5], which treats question-answering as an information retrieval
problem: given a natural-language question, the character should retrieve the
most appropriate response from a predefined list. An Automatic Speech Recog-
nition (ASR) module transforms the user’s question to text, and then a statistical
classifier trained on question-response pairs ranks possible responses according
to their similarity to a language model derived from the user’s utterance; the top-
ranked response is SGT Star’s best guess about the correct answer to the user’s
question. The size of SGT Star’s domain is about 200 responses, and the training
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Fig. 1. SGT Star

data contain a few hundred questions that link to the responses in a many-to-
many mapping. The classifier has a few simple dialogue management capabilities,
such as detecting when the best response has a low score (and thus might not
be appropriate), avoiding repetitive responses, and prompting the user to ask a
relevant question.

In a typical exhibit setting, SGT Star interacts with groups of attendees. Since
SGT Star can only talk to one person at a time, conversation with the group is
mediated by a human handler, who uses SGT Star to create a two-man show.
There is a small group of handlers who demonstrate SGT Star at various shows,
and acoustic models of the speech recognition component are tuned to their
voices in order to get the best recognition in noisy convention environments.

Evaluation of SGT Star is based on performance in three actual field deploy-
ments: the National Future Farmers of America Convention (Indianapolis, Octo-
ber 2007 and 2008) and the National Leadership and Skills Conference (Kansas
City, June 2008).1 The main advantage of a field test is that the interactions
being evaluated are real, rather than simulated interactions from the lab (Ai
et al. [8] show that dialogues with real users have different characteristics from
dialogues with lab subjects). The two main challenges presented by field evalu-
ation are the lack of experimental controls and the demands of interacting with
a live audience, which take precedence over experimental needs.

Initially, the field studies were intended as a general evaluation, but the results
quickly turned these into a detailed study of SGT Star’s “off-topic” responses.
SGT Star is a simple question-answering character who does not have a dia-
logue manager to keep track of the state of the dialogue, the commitments and
obligations of the various participants, his own goals and desires, and so on. In-
stead of a separate manager, dialogue management capabilities are incorporated

1 Evaluations of the October 2007 and June 2008 deployments were reported in [6,7].
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into the classifier. The most important capability is detecting when the best
response is not good enough: if the score of the top-ranked classifier output
falls below a specified threshold, SGT Star does not produce that output, but
instead chooses among a set of predefined “off-topic” responses (e.g. “Sorry, I
didn’t catch that. Could you say it again?”). The threshold is set automatically
during training in order to find an optimal balance between false positives (inap-
propriate responses above threshold) and false negatives (appropriate responses
below threshold). We should note that the labels “on-topic” and “off-topic” char-
acterize SGT Star’s responses, not the user’s questions: an in-domain question
can receive an off-topic response (e.g., if it was not properly recognized), and
such a response may well turn out to be coherent in the context of the dialogue;
an out-of-domain question can also receive an on-topic response, though this
usually indicates that SGT Star misunderstood the question and therefore the
response is typically not appropriate.

The off-topic strategy for dealing with classification failures has been success-
ful for other efforts such as SGT Blackwell, a general-domain question-answering
character who interacts with visitors in a museum setting [4,9]. The environment
in which SGT Star is deployed differs from that of SGT Blackwell in two im-
portant ways: speech input to SGT Star typically comes from trained handlers
rather than from the general public, and the handlers try to engage SGT Star
for a conversation consisting of a greeting phase, a few information exchanges,
and a closing routine. Since handlers are trained, few user utterances are genuine
out-of-domain questions, and most of SGT Star’s classifier failures are caused
by faulty speech recognition or insufficient training data. Since interactions are
fairly long (compared to SGT Blackwell), random off-topic interruptions are
very disruptive. Initial versions of SGT Star were very successful at providing
on-topic responses, but rather poor when an off-topic response was called for:
in the October 2007 study, the vast majority of the on-topic responses (80.7%)
received the maximum coherence rating of 5, whereas the majority of off-topic
responses (80.1%) were rated between 1 and 2. An individual analysis of the
off-topic responses showed that requests for repetition were usually ranked as
more coherent than other types of off-topic responses.

To improve the coherence of off-topic responses we re-authored many of the
responses, and implemented a new off-topic selection policy. We were not able to
use a separate classifier trained on out-of-domain questions [10], because very few
of the questions SGT Star gets are truly outside his domain. Instead, we designed
a strategy based on the knowledge that the vast majority of SGT Star’s off-topic
responses are triggered by speech recognition errors and classification failures. If
SGT Star fails to find an answer, then in all likelihood he either misheard the
user’s utterance or misunderstood it. We therefore authored off-topic responses
for SGT Star in the following four classes.

Clarify: Ask the user to repeat the question, for example:
Could you throw that at me again?
I didn’t copy that. Could you repeat that?
Sorry, I didn’t catch that. Could you say it again?
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Stall: Wait for user initiative, for example:
Aw this feels too much like school. I didn’t study last night.
Sometimes I think you’re just testing me.
You know, sometimes you ask a lot of questions.

Move on: Decline to answer, for example:
Can we talk about what I want to talk about?
Uh, next question.
You can get answers at GoArmy dot com.

Prompt: Direct the user to a new topic, for example:
Ask me how I can see in the dark.
Hey why don’t you ask me about my badges?
Why don’t you ask me about becoming an MP in the army?

The off-topic response classes were designed to fit into a simple strategy: the first
off-topic response after a successful dialogue is always of the “clarify” type; if the
following user utterance is also not understood, SGT Star produces a “stall” ut-
terance, and if a third successive off-topic response is needed, SGT Star produces
a “move on” utterance followed immediately by a prompt. The rationale behind
this strategy is to ensure that the majority of SGT Star’s off-topic responses are
requests for clarification (which have been shown to be more coherent), while
avoiding repetitiveness and progressively encouraging the user to move the con-
versation to a new and more fruitful direction. Due to an unrelated installation
problem, we were not able to use the off-topic selection policy in the June 2008
study, and we had to revert to a version of the software which selects off-topic
responses at random. This gave us an unintended experimental control, since
we had the re-authored off-topic response classes, but without the policy. The
October 2008 study used the same off-topic responses as the June 2008 study,
with the full selection policy implemented.

3 Coherence Rating and Reliability

In the absence of a predetermined target performance, we used a post-hoc rating
of SGT Star’s responses. Raters were asked to rate the coherence (appropriate-
ness) of SGT Star’s responses rather than their correctness. The idea is that
the more coherent a character is, the better he can engage the audience. An
appropriate response to a question does not have to be a direct answer: a ques-
tion or off-topic comment may sometimes be more appropriate, and SGT Star’s
off-topic responses were designed to allow him to hold a coherent conversation
when he does not have a straight answer.

Following each field deployment, we transcribed all the user utterances from
the recordings, and then created full transcripts of the dialogues from the tran-
scribed user utterances and the character’s responses obtained from system logs.
These transcripts were presented as web pages on which judges rated each of
SGT Star’s responses, in the context of the immediately preceding dialogue, on
a scale of 1 to 5 (Figure 2). In order to reduce the burden on the judges, we auto-
matically identified the cases where the transcribed user utterance was identical
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Fig. 2. The rating interface

Table 1. Number of responses

Total Perfect match Rated

(On-topic) On-topic Off-topic Prompt

N % N % N % N %

October 2007 3216 703 22 1283 40 1230 38 —
June 2008 2095 578 28 704 34 632 30 181 9
October 2008 1321 282 21 705 53 281 21 51 4

to a training question and the response was linked to that question in the train-
ing data, and these were automatically rated as 5; the remaining responses were
rated by the judges. Table 1 gives the number of responses rated in each study.

To ensure the ratings were meaningful we calculated inter-rater reliability
using Krippendorff’s α [11].2 Four raters participated in each reliability study:
the first author participated in all studies, the third author in the October 2008
and November 2008 studies, and the remaining judges were student annotators
(one of whom had also transcribed the utterances). In each study, at least 2 of
the raters marked all of the responses while the remaining raters only marked a
portion for calculating reliability. The results of the reliability studies are shown
in Table 2.
2 Krippendorff’s α is a chance-corrected agreement coefficient, similar to the more

familiar K statistic [12]. Like K, α ranges from −1 to 1, where 1 signifies perfect
agreement, 0 obtains when agreement is at chance level, and negative values show
systematic disagreement. The main difference between α and K is that α takes into
account the magnitudes of the individual disagreements, whereas K treats all dis-
agreements as equivalent; α is more appropriate for our study because the ratings are
numerical, and the disagreement between ratings of 2 and 3, for example, is clearly
lower than between 2 and 5. For additional background, definitions and discussion
of agreement coefficients, see [13].
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Table 2. Reliability of rater judgments (Krippendorff’s α)

All responses On-topic Off-topic Prompt

All Excluding
Rangea All All All

Raters Outlier Raters Raters Raters

October 2007 0.786 0.886 0.676–0.901 0.794 0.097 —

June 2008 0.583 0.655 0.351–0.680 0.842 0.017 0.080b

October 2008 0.699 0.757 0.614–0.763 0.841 0.219 0.155

a Reliability for the most discordant and most concordant pairs of coders.
b Value reported for the two main judges only, because of the small number of prompts

rated by the control judges.

Reliability of ratings for on-topic responses was α = 0.8 or above in all stud-
ies, demonstrating that the coders share an understanding of the task and are
able to apply it consistently. In contrast, reliability for off-topic responses and
prompts was essentially at chance level for the October 2007 and June 2008
studies, and only slightly above chance for the October 2008 study; this reflects
the fact that evaluating the coherence of an off-topic response is much more diffi-
cult than evaluating the coherence of an on-topic response. The improvement in
reliability for off-topic and prompt ratings in the October 2008 study is statisti-
cally significant, and may be attributed to improved instructions, or to improved
system performance which makes the off-topic responses better overall, allowing
for better discrimination among coherent and incoherent ones (in other words,
the fact that the character’s overall coherence has improved makes it easier to
rate his coherence).

Overall reliability decreased from the October 2007 to the June 2008 study.
The reason for the drop in reliability is the improvement in the actual ratings of
off-topic responses. In both studies the raters showed little ability to agree with
each other on the ratings of individual off-topic responses, but in the October
2007 study these ratings were all very low (80.1% of the off-topic responses were
rated between 1 and 2) and thus had little effect on the overall reliability; in
the June 2008 study, off-topic responses were not ranked so low, making them
less distinct from the on-topic ratings and therefore reducing overall reliability.
Overall reliability improved with the October 2008 study despite the fact that
an additional improvement in the off-topic ratings made them even more similar
to on-topic ratings. This improvement in overall reliability is probably due to
the improvement in the reliability of off-topic ratings.

We also calculated confidence intervals for α following a bootstrapping method
similar to that of [14]; however, we found that variation in reliability among
different subsets of raters was typically larger than the 95% confidence interval
for a specific set of raters. We therefore report in Table 2 only the variation
among subsets of raters (the range of reliability scores displayed by different
rater subsets). We also note that in each study, removing one outlying rater
bumps up reliability by 6 to 10 percentage points (the outlier was not always
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the same person). Since overall reliability was close to acceptable in all studies,
and since we do not have reason to believe that the outlying raters are less
correct than the others, we continued our analysis using the mean rating for
each response (mean of all available scores in October 2007 and October 2008,
mean of the two main raters but not the controls in June 2008).

4 Response Ratings

A straightforward way to measure system performance is to look at the coherence
ratings. The overall mean is not very telling, because the distribution is far from
normal. Instead, Figure 3 shows histograms of all the response ratings (including
those that were automatically rated as 5). The three studies show a similar
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Fig. 3. Individual response ratings

pattern for on-topic response ratings. There is a very strong concentration of
responses that are rated very high – in each of the studies, more than 80%
of the on-topic responses received a mean rating of 4.5 or above; this means
that when SGT Star’s response score is above threshold, the response is usually
very appropriate. There is also a discernible (though much smaller) bump at the
lower end of the scale, which shows that when SGT Star chooses a wrong on-topic
response, it is usually very inappropriate. In contrast to the stable on-topic rating
pattern, the off-topic response ratings show a consistent improvement – the
improvement from October 2007 to June 2008 is due to rewriting the responses
in the three off-topic classes, and the improvement from June 2008 to October
2008 is due to the implementation of the off-topic selection policy.

We gain additional insight by looking at the individual response types, com-
paring their ratings with the frequency in which they occur in the dialogues
(Figure 4). Again, the pattern for on-topic responses is the same in all studies:
the frequent responses are more highly rated. The likely explanation, as we pro-
posed in [6], is that the handlers are aware of which responses are easy to elicit,
and target their questions to elicit these responses. The pattern thus demon-
strates an interplay between the inherent capabilities of the system and the hu-
man handlers who are working to maximize its performance in a live show. The



30 R. Artstein et al.

●●● ●●

●

●

● ●

●

●

●

●●
●

●

●

●

●
● ●

●
●

●

● ●●

●

●

●

● ●

●

●

● ●

●

●

●
●

●

●

●

●

●
●

●

●● ●
●

●

●
●

●

● ●

●

●●
●

●

●

●

● ●

●

●
●

●

●
●

●

● ●

●

● ●

●
●

●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●

●

1 2 3 4 5

0
50

10
0

15
0

20
0

Mean rating

N
um

be
r 

of
 o

cc
ur

re
nc

es

● On−topic (N = 98)
Off−topic (N = 22)

October 2007

●

●

●
●

●
●

● ●

●
●

●

●

●

●

●
●

●
●

●
●

●

●

●

●

●

●●
●

●

●

●

●
●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●●

●

●

●●
●

●

●

●

●● ●●

●
●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

● ●
●

●

●
●

●

●●

●

●

●

●

●●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

1 2 3 4 5

0
10

20
30

40
50

60

Mean rating
N

um
be

r 
of

 o
cc

ur
re

nc
es

● On−topic (N = 122)
Off−topic (N = 30)
Prompt (N = 7)

June 2008

●

●

●

●●

●

●●

●

●●
● ●

●
●●●●

●

●● ●

●

●

●

●

●

●

●

●

●
●

●
●

●●

●

●
●

●

●
●

●
●

●
●

●

●

●●

●

●
●●

●
● ●●

●

●

●

●
● ●●

●

●

●
●

●●

● ●●
●

●●

●

●
● ●

●
●

●●

●

●

●
●

●

●●
●

●

●● ●● ●

●

●

●

●●

●
●

●

●

●

●
●

●
●

●
●

●

● ●

●

●

●●

●●

●
●

●

●●

●

●
●

●

●

●

●●●● ● ●

●

1 2 3 4 5

0
20

40
60

Mean rating

N
um

be
r 

of
 o

cc
ur

re
nc

es

● On−topic (N = 142)
Off−topic (N = 30)
Prompt (N = 10)

October 2008

Fig. 4. Rating and frequency of response types

off-topic pattern, on the other hand, shows substantial variation. The October
2007 study shows a negative correlation between response rating and frequency
(r = −0.55, p < 0.01, df = 20). The reason for this, as we argued in [6], is that
some off-topic responses were linked to out-of-domain questions in the training
data – for example, the question “so do you have a girlfriend?” was linked to the
response “ha ha, you’re a bad man”. This boosted the frequency of the linked re-
sponses, but these turned out to be lower rated than clarification requests like “I
didn’t hear that, could you repeat the question?”, which were typically not linked
to any question. This observation led to reauthoring the off-topic responses, di-
viding them into classes, and unlinking all of them in the training data. The
result in the June 2008 study is the absence of a significant correlation between
rating and frequency for off-topics (r = 0.35, p = 0.06, df = 28), since they all
appear with similar frequency. Finally, the implementation of the off-topic selec-
tion policy in the October 2008 study resulted in a positive correlation between
rating and frequency (r = 0.53, p < 0.005, df = 28), reflecting the fact that the
more coherent clarification requests are now also the most frequent, due to the
fact that the off-topic policy chooses them as the first response. The last panel
of Figure 4 shows that in the October 2008 study, the off-topic responses fall
into the same pattern as on-topic responses with respect to the rating-frequency
relation, and no longer stand out as a distinct cluster.

The question remains, whether the improvement in the scores of the frequent
off-topic responses is due only to the fact that the new policy ensures that
clarification requests are more frequent, or whether part of the improvement can
be attributed to the actual sequencing. In other words: would placing clarification
requests as the second and third responses in a sequence of off-topics improve
coherence or degrade it? The data do not provide a clear answer. Figure 5 is a
rating-frequency plot like Figure 4, highlighting the separate off-topic response
classes. The different response classes have similar frequencies in the June 2008
study but different frequencies in the October 2008 study – this is a direct
result of implementing the off-topic selection policy. In both studies, clarification
questions are rated as the most coherent, though the difference between “clarify”
and “move on” is not significant in the June 2008 study. Note that the October
2008 study had fewer data points overall, which makes reaching significance more
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Fig. 5. Rating and frequency of off-topic responses

difficult, especially for the less frequent classes. We do not have an explanation
for the overall increase in ratings for all classes of off-topics from June 2008 to
October 2008; the responses were identical in the two studies, the only difference
being the selection policy. It would be nice to attribute the increase in coherence
to the implementation of the policy, though another possibility is that the raters
may have interpreted the task differently, perhaps due to an emphasis shift in
the instructions (these were revised between the two studies). The ratings for the
October 2008 study are probably more trustworthy, since inter-rater reliability
was somewhat higher.

5 Speech Recognition and Classifier Scores

Automatic speech recognition (ASR) affects performance [4]: if what SGT Star
hears doesn’t match what the user said, then SGT Star’s response is more likely
to be inappropriate. We computed the word error rate for each user utterance
by comparing the ASR output with the transcribed speech.3 Mean word error
rate was 0.469 in October 2007, 0.365 in June 2008, and 0.428 in October 2008;
the results are not directly comparable because the language models were re-
trained for each study, and the acoustic environments differed. Figure 6 shows
the distribution of utterance word error rates.

In all three studies we found a highly significant negative correlation (ranging
from r = −40 to r = −0.47) between the rating of SGT Star’s on-topic responses

3 Word error rate is the number of substitutions, deletions and insertions needed to
transform one string into the other, divided by the number of words in the actual
(transcribed) speech; values above 1 were recorded as 1.
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Fig. 6. Word error rates and the responses they triggered
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Fig. 7. Word error rates and ratings: the lines show the mean rating for each WER
band

and the word error rate of the immediately preceding user utterances; off-topic
responses and prompts typically did not exhibit such a correlation (Figure 7).
The negative correlation between rating and word error rate for on-topic re-
sponses is expected: the less SGT Star understands the spoken utterance, the
less likely he is to come up with a suitable on-topic response, so if an on-topic
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Fig. 8. Relation between speech recognition, classifier confidence and rating

response is selected it is more likely to be inappropriate. Off-topic responses and
prompts are not expected to degrade with the mismatch between actual and
recognized user utterance.

Our final measures concern the classifier confidence. We mentioned above
that the decision whether to utter an on-topic or off-topic response depends
on the classifier’s confidence in the adequacy of the top-ranked response: if the
confidence exceeds a specified threshold (determined during training), SGT Star
utters that response, otherwise he gives an off-topic. With the rating study we
can check how effective this strategy is. Figure 8 plots the word error rate of each
user utterance against the classifier’s confidence in the top-ranked response for
that utterance, and the classifier’s confidence against the rating (we only have
data for the on-topic responses for the October 2008 study). The results are what
we expect. Classifier confidence shows a negative correlation with word error rate,
because noisy input is less similar to the input on which the classifier is trained.
Confidence is positively correlated with coherence, meaning that the measure
the classifier uses – similarity between language models – is similar to human
judgment of the appropriateness of the responses. To evaluate the suitability
of the threshold chosen by the system we will need to collect additional data,
namely confidence and ratings for top-ranked responses that fall below the off-
topic threshold.

6 Conclusion

We choose to call our method of evaluation “semi-formal” because it combines
“hard” numbers taken from within the system with the “soft” numbers of the
human rating study. The analysis is quantitative, but the conclusions are qual-
itative: The numbers are used to identify which classes of responses work in
different dialogue contexts, and eventually which individual responses are good
and which need to be improved upon. We believe that this sort of analysis allows
better insight into the operation of SGT Star than a simple qualitative analysis
of the dialogues, because the numbers reveal patterns such as the relative success
of the various off-topic response classes, or the rating-frequency correlation for
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on-topic responses which exposes the effect that the handlers have on steering
SGT Star towards his more popular (and more successful) responses. Addition-
ally, the ratings can be used to evaluate aggregations of specific responses from
different contexts, which is an important tool for improved authoring.

In a system where responses are selected from a fixed pool rather than gener-
ated on the fly, authoring plays an important role: the improvement of off-topic
responses from October 2007 to June 2008 is due mainly to the re-authoring of
these responses, since the selection policy was not implemented until October
2008. But authoring appropriate responses for an interactive system that can
respond to any user input is a difficult task. SGT Star’s ability to respond ap-
propriately depends on his training data – a list of questions, a list of responses,
and links between the two. Developing the training corpus is an iterative process,
whereby new questions are added based on actual user data, responses get added
as the character’s domain expands and are modified based on their acceptance by
the audience, and links keep getting tweaked in order to improve the character’s
performance. The information from the semi-formal analysis is helpful at the
level of the individual response, but more importantly it exposes global patterns
in SGT Star’s performance which influence the directions of future character
development.
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Abstract. When two quantifiers Q1 and Q2 satisfy the scheme
Q1x Q2y φ → Q2y Q1x φ, we say that Q1 is scopally dominant over Q2.
This relation is central in analyzing and computing entailment relations
between different readings of ambiguous sentences in natural language.
This paper reviews the known results on scope dominance and mentions
some open problems.

1 Basic Definitions

An arbitrary generalized quantifier of signature 〈n1, ..., nk〉 over a non-empty
domain E is a relation f ⊆ ℘(En1) × ... × ℘(Enk), where k ≥ 1, and ni ≥ 1 for
all i ≤ k (e.g. Peters and Westerst̊aaahl , 2006, p.65). In short, we say that f
is a quantifier when it is of signature 〈1〉, a determiner (relation) when it is of
signature 〈1, 1〉, and a dyadic quantifier when it is of signature 〈2〉. When R is
a binary relation over some domain E (not necessarily E), we denote for every
X ,Y ∈ E :

(1) a. RX = {Y ∈ E : R(X ,Y)}
b. RY = {X ∈ E : R(X ,Y)}

In theories of natural language semantics, determiner relations are useful in
describing the meaning of determiner expressions as in (2).

(2) every: every = {〈A, B〉 ⊆ E2 : A ⊆ B}
some: some = {〈A, B〉 ⊆ E2 : A ∩ B 	= ∅}
more than half: mth = {〈A, B〉 ⊆ E2 : |A ∩ B| > |A ∩ B|}

It is well-known (Peters and Westerst̊aaahl , 2006, p.469) that meanings of natu-
ral language determiners – e.g. of the expression more than half – may be beyond
what is expressible in first order logic.

We assume that nouns denote sets A ⊆ E. Noun phrase meanings are then
described as in (3) using a quantifier DA, where the noun denotation is the left
argument of the determiner relation D (cf. (1a)).

(3) every student: everyS = {B ⊆ E : S ⊆ B}
some teacher: someT = {B ⊆ E : T ∩ B 	= ∅}
more than half of the students: mthS = {B ⊆ E : |S ∩ B| > |S ∩ B|}

Truth values of simple sentences with intransitive verbs are derived as in (4),
using the membership statement that the set denotation of the verb is in the
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quantifier denotation of the subject, or, equivalently, that the pair of sets denoted
by the noun and the verb are in the determiner relation.

(4) every student smiled: SM ∈ everyS ⇔ 〈S, SM〉 ∈ every ⇔
S ⊆ SM

some teacher cried: C ∈ someT ⇔ 〈T, C〉 ∈ some ⇔
T ∩ C 	= ∅

The iteration of two quantifiers Q1 and Q2 is the dyadic quantifier Q1−Q2

defined in (5). Iteration is used as in (6b) for describing meanings of simple
sentences like (6a), with transitive verbs that denote binary relations.

(5) Q1−Q2
def
= {R ⊆ E2 : {x ∈ E : Rx ∈ Q2} ∈ Q1}

(6) a. some teacher praised every student
b. P ∈ someT−everyS ⇔

{x ∈ E : Px ∈ everyS} ∈ someT ⇔
T ∩ {x ∈ E : S ⊆ Px} 	= ∅

The statement in (6b) is equivalent to the predicate calculus formula (7a). How-
ever, a well-known problem in linguistics (Ruys and Winter, 2008) is that tran-
sitive sentences like (6a) also have an “inverse scope” reading (7b).

(7) a. ∃x[T (x) ∧ ∀y[S(y) → P (x, y)]]
b. ∀y[S(y) → ∃x[T (x) ∧ P (x, y)]]

A way to use (generalized) quantifiers Q1 and Q2 for deriving the meaning
of formula (7b), is to define an operator ‘∼’ of inverse iteration. The dyadic
quantifier Q1 ∼Q2 defined in (8) is used in (9b) for obtaining an alternative
analysis of (9a) (=(6a)).

(8) Q1∼Q2
def
= {R−1 : R ∈ Q2−Q1}

= {R ⊆ E2 : {y ∈ E : Ry ∈ Q1} ∈ Q2}
(9) a. some teacher praised every student

b. P ∈ someT∼everyS ⇔
{y ∈ E : P y ∈ someT } ∈ everyS ⇔
S ⊆ {y ∈ E : T ∩ P y 	= ∅}

A trivial fact of first order logic is the entailment (7a)⇒(7b). In natural lan-
guage semantics, this is reflected in the logical relation between the two readings
of sentences like (9a). To describe the general phenomenon, we define a notion
of scope dominance (in short, “dominance”) between quantifiers.

Definition 1. A quantifier Q1 is scopally dominant over a quantifier Q2, if
Q1−Q2 ⊆ Q1∼Q2.

In cases of determiners D, D′, where the quantifier DA is dominant over D′
B

for any two sets A and B, we say that D is dominant over D′. For example,
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the classical entailment (7a)⇒(7b) amounts to the fact that for all S, T ⊆ E,
the quantifier someS is dominant over everyT . In short: some is dominant
over every. Furthermore, as can be easily verified, some is also dominant over
mth, where the latter quantifier is not first-order definable. The latter scope
dominance is reflected in the relation between the two readings of sentence (10).

(10) A guard is standing in front of more than half of the churches.

The likely reading of sentence (10), in which more than half of the churches have
a guard in front of them (potentially different guards), entails the less likely
reading, in which more than half of the churches are associated with the same
guard.

To describe such cases of scope dominance in natural languages, the general
task is:

Characterize the quantifiers Q1, Q2 such that Q1 is dominant over Q2.

In this paper we give a review of previous results about this question, and point
to some open problems.

2 Results on Scope Dominance

2.1 Scope Dominance and Duality

The complement Q of a quantifier Q is the set ℘(E) \ Q, whereas Q’s postcom-

plement is the set Q− def
= {A ⊆ E : E \A ∈ Q}. The dual Qd of a quantifier Q

is the complement of Q’s postcomplement:

Qd def
= (Q−) = (Q)− = {A ⊆ E : E \ A /∈ Q}.

Obviously, these three relations between quantifiers are symmetric, and (Q)d =
Q−. This is naturally described using figure 1, which generalizes the Aristotelian
square of opposition.

Whenever two determiner relations D and D′ form complement (postcomple-
ment, dual) quantifiers DA and D′

A on every set A, we say that the determiners
are each other’s complements (postcomplements, duals) and write that D′ = D
(D′ = D−, D′ = Dd, respectively). The classical square of opposition is between
the four determiner expressions every, some, no and not every. More generally,
the opposition holds between the following determiners, which form the classical
square in the special case n = 0.

(11) D = all but at most n = {〈A, B〉 ⊆ E2 : |A \ B| ≤ n}
Dd = more than n = {〈A, B〉 ⊆ E2 : |A ∩ B| > n}
D− = at most n = {〈A, B〉 ⊆ E2 : |A ∩ B| ≤ n}
D = not(all but at most n) = {〈A, B〉 ⊆ E2 : |A \ B| > n}

The relation between quantifier duality and scope dominance is described in
the following fact (Westerst̊ahl, 1986, p.278).
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Fig. 1. The Square of Opposition

Fact 1 For all quantifiers Q1 and Q2: Q1 is scopally dominant over Q2 iff Qd
2

is dominant over Qd
1.

For instance, just like some (=more than 0) is dominant over more than 3,
so is all but at most 3 dominant over every (=all but at most 0).

2.2 Special Cases of Scope Dominance

Two different special cases of scope dominance were studied by Zimmermann
(1993) and Westerst̊ahl (1996). Zimmermann characterizes the class of scopeless
quantifiers: those quantifiers Q that satisfy for all Q1 ⊆ ℘(E): Q−Q1 = Q∼Q1. He
shows that the scopeless quantifiers over E are precisely the principal ultrafilters
over E: the quantifiers {B ⊆ E : a ∈ B} for some arbitrary a ∈ E.1 Westerst̊ahl
(1996) characterizes the class of self-commuting quantifiers: those quantifiers Q
that satisfy Q−Q = Q∼Q. He shows that Q is self-commuting iff Q is either a
union or an intersection of principal ultrafilters, or a finite symmetric difference
of principal ultrafilters, or a complement of such a symmetric difference.

Clearly, the notion of scope dominance is more general than scopelessness
or self-commutativity: a quantifier Q is scopeless iff Q and Qd are both domi-
nant over any quantifier, while Q is self-commuting iff it is dominant over itself.
However, it should be noted that the results on scope dominance that we sur-
vey below do not fully subsume these results by Zimmermann and Westerst̊ahl,
which hold irrespectively of quantifier monotonicity and the cardinality of the
domain.
1 Zimmermann characterizes scopelessness in a more general case, where Q and Q1

are not necessarily defined over the same domain. The property we mention here is
a direct result of his characterization.
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2.3 Characterizing Scope Dominance

A quantifier Q over E is called upward (downward) monotone if A ⊆ B ⊆ E
implies that B ∈ Q if (only if) A ∈ Q. A determiner D over E is upward
(downward) monotone if DA is upward (downward) monotone for all A ⊆ E.

Westerst̊ahl (1986) characterizes the pairs D1 and D2 of upward monotone
determiners for which D1 is dominant over D2. He shows that over finite domains
these are precisely the cases where D1 is some or D2 is every. Westerst̊ahl’s
characterization is stated in a more general form in the following theorem.2

Theorem 2. Let Q1 and Q2 be two nontrivial upward monotone quantifiers
over a finite domain E. Then Q1 is scopally dominant over Q2 iff Q1 = someA

or Q2 = everyA for some A ⊆ E.

In general, however, this characterization is too narrow for infinite domains.
For instance, the quantifier Q1 = {X ⊆ N : {1, 2} ⊆ X} is dominant over the
quantifier Q2 = {X ⊆ N : |Y \ X | ∈ N}. This is reflected in the logical relation
between the two readings of sentence (12). But there is no A ⊆ N such that
Q1 = someA or Q2 = everyA.

(12) Both item 1 and item 2 cover all but finitely many cases.

Altman et al. (2005) extend Westerst̊ahl’s result for upward monotone quan-
tifiers over countable domains.3 For the formulation of the characterization,
they define a property of quantifiers called the Descending Chain Condition
(DCC). A quantifier Q is said to satisfy (DCC) if for every descending sequence
A1 ⊇ A2 ⊇ · · ·An ⊇ · · · in Q, the intersection

⋂
i Ai is in Q as well. For instance,

any quantifier of the form everyA satisfies (DCC), while a quantifier someA sat-
isfies (DCC) if and only if A is finite. The following theorem by Altman et al. is
a generalization of Theorem 2 to countable domains.

Theorem 3. Let Q1 and Q2 be upward monotone quantifiers over a countable
domain E. Then Q1 is scopally dominant over Q2 iff all of the following require-
ments hold:

(i) Qd
1 or Q2 are closed under finite intersections;

(ii) Qd
1 or Q2 satisfy (DCC);

(iii) Qd
1 or Q2 are not empty.

Note that, on finite domains, an upward monotone quantifier Q is closed under
intersections if and only if it is of the form everyA. Furthermore, over finite
domains, (ii) is a trivial consequence of (i). So this is indeed a generalization of
Theorem 2.
2 In fact, Westerst̊ahl’s result is restricted to “global” determiner functors (abstracting

over the domain E), which are furthermore logical, i.e. satisfy the familiar restrictions
of conservativity, permutation invariance and extension.

3 See Altman et al. (2001) for an earlier, and more restricted, characterization of scope
dominance for the same class of quantifiers.



Scope Dominance with Generalized Quantifiers 41

If we consider not only upward but also downward monotone quantifiers, then
also on finite domains there are instances of scope dominance that do not involve
quantifiers of the form everyA or someA. For instance, the logical relation be-
tween the two readings of sentence (13) is a manifestation of the scope dominance
relation between mth (cf. (2)) and no = at most 0 (cf. (11)).

(13) More than half of the teachers praised no student.

Theorem 4 below from Ben-Avi and Winter (2004), together with its dual,
provide a characterization over finite domains of scope dominance between quan-
tifiers of “opposite” (upward/downward) monotonicities. In this theorem we use
the notion of a minimal set in a quantifier. Standardly, we say that a set X ∈ Q
is minimal in Q if Y � X implies Y /∈ Q.

Theorem 4. Let Q1 and Q2 be two (non-trivial) quantifiers over a finite domain
E, s.t. Q1 is upward monotone and Q2 is downward monotone. Let

n
def
= max{|X | : X is minimal in Q2}

Then Q1 is scopally dominant over Q2 iff every Q ⊆ Q1 with |Q| ≤ n + 1 has a
nonempty intersection (i.e.,

⋂
Q 	= ∅).

Theorem 4 captures the dominance in (13). For more examples of this sort see
Ben-Avi and Winter (2004).

2.4 Inverse Linking Constructions

One of the puzzling structures for theories of quantifier scope in natural language
involves sentences like the following, which are sometimes referred to as inverse
linking constructions.

(14) Some student from every city participated.

In Predicate Calculus notation, the prominent reading of (14) is (15b), whereas
a possible but less plausible reading is (15a).

(15) a. ∃x[S(x) ∧ ∀y[C(y) → F (x, y)] ∧ P (x)]
(“there exists a student who is from every city, and that student par-
ticipated”)

b. ∀y[C(y) → ∃x[S(x) ∧ F (x, y) ∧ P (x)]]
(“for every city y, there exists a student who is from y and who partic-
ipated”)

As a matter of syntactic structure, inverse linking sentences involve a noun
phrase that appears within the left argument of a determiner expression, where
this argument is further restricted by a noun. In the case of sentence (14), the
noun phrase every city is in the left argument of the determiner expression some,
restricted by the noun student. To capture the effect we call “restriction”, we
adopt the following notation for any determiner over E and a set X ⊆ E.
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(16) a. D:X = {〈A, B〉 : 〈A ∩ X, B〉 ∈ D}
b. D:X = {〈A, B〉 : 〈A, B ∩ X〉 ∈ D}

The denotations in inverse linking sentences like (14) involve two determiners
D and D′, three sets A, B and P , and a binary relation R. In the example,
the determiners correspond to some and every, the sets correspond to student,
city and participated, and the binary relation corresponds to from. Using the
“restriction” notation in (16), the two readings of inverse linking constructions
are expressed as follows.

(17) a. R ∈ DP
:A−D′

B

b. R ∈ DP
:A∼D′

B

It is easy to verify that the two predicate logic formulae in (15) are equivalent
to the following claims.

(18) a. F ∈ someP
:S−everyC

b. F ∈ someP
:S∼everyC

The intersectivity (cf. Peters and Westerst̊aaahl , 2006, p.210) of the determiner
some implies that someP

:S = someS∩P . As a result, the familiar dominance of
some over every accounts for the dominance of someP

:S over everyC , or the
entailment from (18a) (=(15a)) to (18b) (=(15b)).

Matters get more involved when the first determiner in the inverse linking
construction is not intersective. Consider sentence (19) and its two analyses in
(19a-b).

(19) Every student from some city participated.
a. F ∈ everyP

:S−someC

b. F ∈ everyP
:S∼someC

Two facts should be noted about the quantifier Q = everyP
:S in these analyses.

First, the effect of supplying the right argument P of the determiner every is
that in general Q is not an upward monotone quantifier. Second, for any sets
S and P , the quantifier Q is furthermore downward monotone, as a result of
the simple fact Q = everyP

:A = everyP∪A, and the downward monotonicity of
every in its left argument.4 Consequently, we can use Theorem 4 to show that
everyP

:S is dominant over someC , unless C = ∅. In fact, the dual of someC ,
everyC , is upward monotone, and

⋂
everyC 	= ∅, unless C = ∅. By Theorem 4,

everyC is dominant over any downward monotone quantifier;5 specifically, it is
dominant over the dual of everyP

:S. By Fact 1, everyP
:S is dominant over someC .

4 More generally, the presentation DP
:A = DP∪A follows for any co-intersective deter-

miner D. Co-intersectivity requires that if A\B = A′\B′, then B ∈ DA ⇔ B′ ∈ DA′ .
(Keenan, 2006)

5 It should be noted that Theorem 4 as stated here does not cover trivial quantifiers.
However, C �= ∅ implies that everyC is not trivial, in which case it is easy to verify
that it is dominant over any trivial quantifier.



Scope Dominance with Generalized Quantifiers 43

We conclude that the scheme in (17) allows us to use the theorems above,
which are stated in terms of quantifiers, for characterizing at least some of the
entailments between readings of inverse linking constructions, which are initially
stated in terms of determiners. Further study of the way to characterize such
entailments must wait for further research.

2.5 Open Questions

In addition to the characterization of entailments between readings, results about
scope dominance itself can be extended and generalized in some directions. This
includes a full characterization of scope dominance between arbitrary quantifiers,
and over domains with arbitrary cardinality. At present there are no such general
results known to us.

3 Discussion

Nissim Francez (p.c.) has expressed some doubts about the importance of scope
dominance for theoretical and computational semantics of natural language. As
always, we are happy to differ. Although it is a “purely” combinatorial prob-
lem, it seems clear that a full characterization of scope dominance would deepen
our understanding of ambiguity in natural language. It is a fact that some sen-
tences show intricate logical relations between readings that grammarians find
necessary to assume. This fact has led to considerable confusion in the theo-
retical linguistic literature (Ruys, 2002). Having sound rules of thumb for the
situations in which such relations may appear could undoubtedly help to pre-
vent further descriptive inadequacies. Furthermore, some works (Chaves, 2003;
Altman and Winter, 2005) have started to explore the possibilities of comput-
ing scope dominance with natural language sentences. As Francez has argued, at
this point it is too early to know if such algorithms can be useful for reasoning
under ambiguity (e.g. Reyle, 1995; Van Deemter, 1996; Van Eijck and Jaspars,
1996). However, this is one domain where non-trivial problems about inference in
natural language seem tractable. We therefore believe that scope dominance in-
troduces an interesting challenge for a realm in which Francez (Fyodorov et al.,
2003; Zamansky et al., 2006; Francez and Dyckhoff, 2007) has continuously con-
tributed.
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Abstract. We study Nonassociative Lambek Calculus with additives
∧,∨, satisfying the distributive law (Distributive Full Nonassociative
Lambek Calculus DFNL). We prove that categorial grammars based
on DFNL, also enriched with assumptions, generate context-free lan-
guages. The proof uses proof-theoretic tools (interpolation) and a con-
struction of a finite model, earlier employed in [11] in the proof of Finite
Embeddability Property (FEP) of DFNL; our paper is self-contained,
since we provide a simplified version of the latter proof. We obtain anal-
ogous results for different variants of DFNL, e.g. BFNL, which admits
negation ¬ such that ∧,∨,¬ satisfy the laws of boolean algebra, and
HFNL, corresponding to Heyting algebras with an additional residua-
tion structure. Our proof also yields Finite Embeddability Property of
boolean-ordered and Heyting-ordered residuated groupoids. The paper
joins proof-theoretic and model-theoretic techniques of modern logic with
standard tools of mathematical linguistics.

1 Introduction

Nonassociative Lambek Calculus NL proves the order formulas α ≤ β, valid in
residuated groupoids, i.e. ordered algebras (M, ·, \, /,≤) such that (M,≤) is a
poset, and ·, \, / are binary operations on M , satisfying the residuation law:

a · b ≤ c iff b ≤ a\c iff a ≤ c/b , (1)

for all a, b, c ∈ M . As an easy consequence of (1), we obtain:

a(a\b) ≤ b , (a/b)b ≤ a , (2)

if a ≤ b then ca ≤ cb , ac ≤ bc , c\a ≤ c\b , a/c ≤ b/c , b\c ≤ a\c , c/b ≤ c/a , (3)

for all a, b, c ∈ M . Hence every residuated groupoid is a partially ordered
groupoid, if one forgets residuals \, / (we refer to · as product).

NL was introduced by Lambek [19] as a variant of Syntactic Calculus [18],
now called Associative Lambek Calculus L, which yields the order formulas
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valid in residuated semigroups (· is associative). Both are standard type logics
for categorial grammars [3,8,21,22]. While L is appropriate for expressions in the
form of strings, NL corresponds to tree structures. The cut-elimination theorem
holds for NL and L, and it yields the decidability of these systems [18,19].

NL and L are examples of substructural logics, i.e. non-classical logics whose
sequent systems lack some structural rules (Weakening, Contraction, Exchange).
Besides multiplicatives ·, \, /, substructural logics usually admit additives ∧,∨.
The related algebras are residuated lattices (M,∧,∨, ·, \, /, 1): here (M,∧,∨) is
a lattice, (M, ·, 1) is a monoid (i.e. a semigroup with 1), and (1) holds. For the
nonassociative case, monoids are replaced by groupoids or unital groupoids (i.e.
groupoids with 1); the resulting algebras are called lattice-ordered residuated
(unital) groupoids. An algebra of that kind is said to be distributive, if its lattice
reduct is distributive. The complete logic for residuated lattices is Full Lambek
Calculus FL; it admits cut-elimination and is decidable [13]. FL amounts to the
*-free fragment of Pratt’s action logic [10].

Full Nonassociative Lambek Calculus FNL is the complete logic of lattice-
ordered residuated groupoids. We present it in the form of a sequent system.
The cut-elimination theorem holds for this system [13]. It is not useful for our
purposes, since we consider the consequence relation of FNL which requires the
cut rule to be complete with respect to algebraic models. Furthermore, our main
issue is DFNL in which the distributive law is affixed as a new axiom; the cut
rule is necessary in DFNL.

Categorial grammars based on NL generate precisely the ε−free context-free
languages [7,17,15]. Pentus [24] proves the same for L. Using FL, even without
∨, one can generate languages which are not context-free, i.e. meets of two
context-free languages [16]. This also holds for FL with distribution, since it
is conservative over its ∨−free fragment. The provability problem for L is NP-
complete [25]; for FL, the upper bound is P-SPACE. Categorial grammars with
(partial) commutation can generate non-context-free languages [6,12].

We prove that (in opposition to FL) categorial grammars based on DFNL
generate context-free languages, and it remains true if one adds an arbitrary fi-
nite set of assumptions to DFNL. For NL, an analogous result has been proved
in [9]. The latter paper also proves the polynomial time decidability of the con-
sequence relation of NL (extending a result of [14] for pure NL), but it does
not hold in the presence of additives. The consequence relation of DFNL is
decidable; this follows from FEP. It is known that the consequence relation for
L is undecidable [9].

The construction of a finite model, used in the proof of FEP for DFNL in [11],
will also be employed here (in a modified form) in order to prove the subformula
property (of logics with cut) and, consequently, an interpolation lemma in an
unrestricted version (see section 3).

Our methods can be extended to multi-modal variants of DFNL which admit
several ‘product’ operations (of arbitrary arity) and the corresponding residual
operations. Without additives, this multi-modal framework was presented in
[8,9]. It is also naturally related to multi-modal extensions of Lambek Calculus,
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studied in e.g. [21,22]. This leads us to the proof of FEP for BFNL, which is the
complete logic of boolean-ordered residuated groupoids, and the context-freeness
of the corresponding grammars. Similar results are obtained for HFNL, which is
the complete logic of Heyting-ordered residuated groupoids. Our results cannot
directly be adapted for systems describing non-distributive lattices.

(External) consequence relations for substructural logics have been studied in
different contexts; see e.g. [1,5,13]. Put it differently, one studies logics enriched
with (finitely many) assumptions. Assumptions are sequents (not closed under
substitution) added to axioms of the system (with the cut rule). Categorial
grammars are usually required to be lexical in the sense that the logic is common
for all languages and all information on the particular language is contained in
the type lexicon. But, there are approaches allowing non-lexical assumptions,
which results in a more efficient description of the language and an increase of
generative power [8,20]. Let us emphasize that our results on context-freeness
are new even for pure logics DFNL, BFNL and HFNL, and assumptions do
not change anything essential in proofs.

Categorial grammars with additives are not popular in the linguistic literature.
There are, nonetheless, good reasons for studying them. As it has been mentioned
above, additives are standard operations in linear logics and other substructural
logics [13]. The syntactic category of type α is usually understood as the set of all
strings (or: trees; this seems more natural for the nonassociative case) which are
assigned type α by the grammar. Then, it is natural to consider basic boolean
operations on sets and to explicitely represent them in the grammar formalism.
In general, they can result in a refinement of language description.

Types with ∧ were used already in Lambek [19] in order to change a finite type
assignment a �→ αi, i = 1, . . . , n, into a rigid type assignment a �→ α1 ∧ · · · ∧ αn

in the type lexicon of a categorial grammar (see section 4 for a definition of a
categorial grammar). Standard basic categories, e.g. ‘s’ (sentence), ‘np’ (noun
phrase), ‘pro’ (pronoun), are not sufficient for a really effective description of
natural language. One can divide them in subcategories. Lambek [20] considers
three types of sentence: s1 (sentence in the present tense), s2 (sentence in the past
tense), and s (sentence when the tense is not relevant) and four types of personal
pronouns: π1, π2, π3 for first, second and third person pronoun, respectively, and
π when the person is irrelevant. This naturally leads to non-lexical assumptions,
like si ⇒ s, πi ⇒ π, added to the basic logic. An alternative solution is to
define s = s1 ∨ s2, π = π1 ∨ π2 ∨ π3 which introduces ∨ on the scene. Kanazawa
[16] proposes feature decomposition of basic categories; ‘walks’ is assigned type
(np ∧ sing)\s, ‘walk’ type (np ∧ pl)\s, ‘walked’ type np \s, ‘John’ type np ∧
sing, ‘the Beatles’ type np ∧ pl, and ‘became’ type (np \s)/(np∨ ap), where ‘ap’
stands for ‘adjective phrase’. Types with negation can be employed to represent
a negative information; for instance, John �→ ¬s means that ‘John’ is not a
sentence. It is well-known that negative information makes learning algorithms
for formal grammars more efficient. It opens an interesting area of application
for grammars with negation.
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2 Restricted Interpolation

We admit a denumerable set of variables p, q, r, . . .. Formulas are built from
variables by means of ·, \, /,∧,∨. Formula structures (shortly: structures) are
built from formulas according to the rules: (1) every formula is a structure, (2)
if X, Y are structures then (X, Y ) is a structure. We denote arbitrary formulas
by α, β, γ, . . . and structures by X, Y, Z. A context is a structure X [◦] containing
a single occurrence of a special substructure ◦ (a place for substitution); X [Y ]
denotes the result of substitution of Y for ◦ in X [◦].

Sequents are of the form X ⇒ α. FNL assumes the following axioms and
inference rules:

(Id) α ⇒ α ,

(·L)
X [(α, β)] ⇒ γ

X [α · β] ⇒ γ
, (·R)

X ⇒ α; Y ⇒ β

(X, Y ) ⇒ α · β ,

(\L)
X [β] ⇒ γ; Y ⇒ α

X [(Y, α\β)] ⇒ γ
, (\R)

(α, X) ⇒ β

X ⇒ α\β ,

(/L)
X [β] ⇒ γ; Y ⇒ α

X [(β/α, Y )] ⇒ γ
, (/R)

(X, α) ⇒ β

X ⇒ β/α
,

(∧L)
X [αi] ⇒ β

X [α1 ∧ α2] ⇒ β
, (∧R)

X ⇒ α; X ⇒ β

X ⇒ α ∧ β
,

(∨L)
X [α] ⇒ γ; X [β] ⇒ γ

X [α ∨ β] ⇒ γ
, (∨R)

X ⇒ αi

X ⇒ α1 ∨ α2
,

(CUT)
X [α] ⇒ β; Y ⇒ α

X [Y ] ⇒ β
.

In (∧L) and (∨R), the subscript i equals 1 or 2. The latter rules and (·L),
(\R), (/R) have one premise; the remaining rules have two premises, separated
by semicolon. DFNL admits the additional axiom scheme:

(D) α ∧ (β ∨ γ) ⇒ (α ∧ β) ∨ (α ∧ γ) .

Notice that the converse sequent is provable in FNL. (CUT) can be eliminated
from FNL but not from DFNL. For instance, α ∧ (β ∨ (γ ∨ δ)) ⇒ (α ∧ β) ∨
((α ∧ γ) ∨ (α ∧ δ)) cannot be proved without (CUT).

Let Φ be a set of sequents. We write Φ 
 X ⇒ α if X ⇒ α is deducible
from Φ in DFNL. By F (X) we denote the formula arising from X after one has
replaced each comma by ·. By (·L) and (Id), (·R), (CUT), X ⇒ α and F (X) ⇒ α
are mutually deducible. Consequently, without loss of generality we can assume
that Φ consists of sequents of the form α ⇒ β (simple sequents). In models,
⇒ is interpreted as ≤ and, by definition, an assignment f satisfies X ⇒ α iff
f(F (X)) ≤ f(α).

In what follows, we always assume that Φ is a finite set of simple sequents.
T denotes a set of formulas. By a T−sequent we mean a sequent such that all



Nonassociative Lambek Calculus with Additives 49

formulas occurring in it belong to T . We write X ⇒Φ,T α if X ⇒ α has a
deduction from Φ in DFNL which consists of T−sequents only (then, X ⇒ α
must be a T−sequent). In proofs we write ⇒T for ⇒Φ,T . The following lemma
is proved for DFNL but the same proof works for FNL.

Lemma 1. Let T be closed under ∧,∨. Let X [Y ] ⇒Φ,T γ. Then, there exists
δ ∈ T such that X [δ] ⇒Φ,T γ and Y ⇒Φ,T δ.

Proof. δ is called an interpolant of Y in X [Y ] ⇒ γ. The proof proceeds by
induction on T−deductions of X [Y ] ⇒ γ from Φ.

The case of axioms and assumptions is easy; they are simple sequents α ⇒ γ,
so Y = α and δ = α.

Let X [Y ] ⇒ γ be the conclusion of a rule. (CUT) is easy. If Y comes from one
premise of (CUT), then we take an interpolant from this premise. Otherwise Y
must contain Z, where the premises are X [α] ⇒ γ, Z ⇒ α. So, Y = U [Z], and
it comes from U [α] in the first premise. Then, an interpolant δ of U [α] in this
premise is also an interpolant of Y in the conclusion, by (CUT).

Let us consider other rules. First, we assume that Y does not contain the
formula, introduced by the rule (the active formula). If Y comes from exactly
one premise of the rule, then one takes an interpolant from this premise. Let us
consider (∧R). The premises are X [Y ] ⇒ α, X [Y ] ⇒ β, and the conclusion is
X [Y ] ⇒ α∧ β. By the induction hypothesis, there are interpolants δ of Y in the
first premise and δ′ of Y in the second one. We have X [δ] ⇒T α, X [δ′] ⇒T β,
Y ⇒T δ, Y ⇒T δ′. Then, δ∧δ′ is an interpolant of Y in the conclusion, by (∧L),
(∧R). Let us consider (∨L). The premises are X [α][Y ] ⇒ γ, X [β][Y ] ⇒ γ, and
the conclusion is X [α ∨ β][Y ] ⇒ γ, where Y does not contain α ∨ β. As above,
there are interpolants δ, δ′ of Y in the premises. Again δ ∧ δ′ is an interpolant
of Y in the conclusion, by (∧L), (∨L) and (∧R). For (·R) with premises U ⇒ α,
V ⇒ β and conclusion (U, V ) ⇒ α · β, if Y = (U, V ), then we take δ = α · β.

Second, we assume that Y contains the active formula (so, the rule must be
an L-rule). If Y is a single formula, then we take δ = Y . Assume that Y is not a
formula. For (·L), (∧L), we take an interpolant of Y ′ in the premise, where Y ′ is
the natural source of Y . For (\L) with premises X [β] ⇒ γ, Z ⇒ α and conclusion
X [(Z, α\β)] ⇒ γ, we consider the source Y ′ of Y (Y ′ occurs in X [β] and contains
β). Then, Y arises from Y ′ by substituting (Z, α\β) for β. Hence, an interpolant
of Y ′ in the first premise is also an interpolant of Y in the conclusion, by (\L).
The case of (/L) is similar. The final case is (∨L) with premises Z[U [α]] ⇒ γ,
Z[U [β]] ⇒ γ and conclusion Z[U [α ∨ β]] ⇒ γ, where Y = U [α ∨ β]. Let δ be
an interpolant of U [α] in the first premise and δ′ be an interpolant of U [β] in the
second premise. Then, δ∨δ′ is an interpolant of Y in the conclusion, by (∨L),(∨R).

��

3 Finite Models and Interpolation

We prove an (extended) subformula property and an interpolation lemma for the
deducibility relation 
 in DFNL. We need some constructions of lattice-ordered
residuated groupoids.
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Let (M, ·) be a groupoid. On the powerset P (M) one defines operations:
U · V = {ab : a ∈ U, b ∈ V }, U\V = {c ∈ M : U · {c} ⊆ V }, U/V = {c ∈ M :
{c} · V ⊆ U}, U ∨ V = U ∪ V , U ∧ V = U ∩ V . P (M) with these operations is a
distributive lattice-ordered groupoid (it is a complete lattice). The order is ⊆.

An operator C : P (M) �→ P (M) is called a closure operator (or: a nucleus)
on (M, ·), if it satisfies the following conditions: (C1) U ⊆ C(U), (C2) if U ⊆ V
then C(U) ⊆ C(V ), (C3) C(C(U)) ⊆ C(U), (C4) C(U) · C(V ) ⊆ C(U · V ),
for all U, V ⊆ M [13]. A set U ⊆ M is said to be closed, if C(U) = U . By
C(M, ·) we denote the family of all closed subsets of M . Operations on C(M, ·)
are defined as follows: U ⊗ V = C(U · V ), U\V , U/V and U ∧ V as above,
U ∨V = C(U ∪V ). (The product operation in C(M, ·) is denoted by ⊗ to avoid
collision with · in P (M).) It is known that C(M, ·) with these operations is a
complete lattice-ordered residuated groupoid [13]; it need not be distributive.
The order is ⊆.

(C4) is essential in the proof that C(M, ·) is closed under \, /. Actually, if
U is closed, then V \U and U/V are closed, for any V ⊆ M . Let us consider
U/V . Since (2) hold in P (M), then (U/V ) · V ⊆ U . We get C(U/V ) · V ⊆
C(U/V )·C(V ) ⊆ C((U/V )·V ) ⊆ C(U) = U , and consequently, C(U/V ) ⊆ U/V ,
by (1) for P (M). The reader is invited to prove that (1) holds in C(M, ·) and
C(U ∪ V ) is the join of U, V in C(M, ·).

Let T be a nonempty set of formulas. By T ∗ we denote the set of all structures
formed out of formulas from T . T ∗[◦] denotes the set of all contexts X [◦] whose
all atomic substructures different from ◦ belong to T .

T ∗ is a (free) groupoid with the operation X · Y = (X, Y ). Hence P (T ∗)
is a lattice-ordered residuated groupoid with operations defined as above. For
Z[◦] ∈ T ∗[◦] and α ∈ T , we define a set:

[Z[◦], α] = {X ∈ T ∗ : Z[X ] ⇒Φ,T α}. (4)

The family of all sets [Z[◦], α], defined in this way, is denoted B(T ). An
operator CT : P (T ∗) �→ P (T ∗) is defined as follows:

CT (U) =
⋂

{[Z[◦], α] ∈ B(T ) : U ⊆ [Z[◦], α]} , (5)

for U ⊆ T ∗. It is easy to see that CT satisfies (C1), (C2), (C3). We prove (C4).
Let U, V ⊆ T ∗ and X ∈ CT (U), Y ∈ CT (V ). We show (X, Y ) ∈ CT (U · V ).
Let [Z[◦], α] ∈ B(T ) be such that U · V ⊆ [Z[◦], α]. For any X ′ ∈ U , Y ′ ∈ V ,
(X ′, Y ′) ∈ [Z[◦], α], whence Z[(X ′, Y ′)] ⇒T α. So, U ⊆ [Z[(◦, Y ′)], α], whence
CT (U) ⊆ [Z[(◦, Y ′)], α], by (5), and the latter holds for any Y ′ ∈ V . Then,
Z[(X, Y ′)] ⇒T α, for any Y ′ ∈ V . We get V ⊆ [Z[(X, ◦)], α], which yields
CT (V ) ⊆ [Z[(X, ◦)], α], by (5). Consequently, Z[(X, Y )] ⇒T α, whence (X, Y ) ∈
[Z[◦], α] (see [23,2,13,11] for similar arguments).

We have shown that CT is a closure operator on (T ∗, ·). We consider the
algebra CT (T ∗, ·), further denoted by M(T, Φ). Clearly, all sets in B(T ) are
closed under CT . We define:

[α] = [◦, α] = {X ∈ T ∗; X ⇒Φ,T α} . (6)
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For α ∈ T , [α] ∈ B(T ). The following equations are true in M(T, Φ) provided
that all formulas appearing in them belong to T .

[α] ⊗ [β] = [α · β], [α]\[β] = [α\β], [α]/[β] = [α/β] , (7)

[α] ∨ [β] = [α ∨ β], [α] ∧ [β] = [α ∧ β] . (8)

We prove the first equation (7). If X ⇒T α and Y ⇒T β then (X, Y ) ⇒T α·β,
by (·R). Consequently, [α] · [β] ⊆ [α · β]. Then [α] ⊗ [β] = CT ([α] · [β]) ⊆ [α · β],
by (C2), (C3). We prove the converse inclusion. Let [Z[◦], γ] ∈ B(T ) be such
that [α] · [β] ⊆ [Z[◦], γ]. By (Id), α ∈ [α], β ∈ [β], whence Z[(α, β)] ⇒T γ. Then,
Z[α · β] ⇒T γ, by (·R). Hence, if X ∈ [α · β] then Z[X ] ⇒T γ, by (CUT), which
yields X ∈ [Z[◦], γ]. We have shown [α · β] ⊆ CT ([α] · [β]).

We prove the second equation (7). Let X ∈ [α]\[β]. Since α ∈ [α], then
(α, X) ∈ [β]. Hence (α, X) ⇒T β, which yields X ⇒T α\β, by (\R). We have
shown ⊆. To prove the converse inclusion it suffices to show [α] · [α\β] ⊆ [β]. If
X ⇒T α and Y ⇒T α\β, then (X, Y ) ⇒T β, since (α, α\β) ⇒T β, by (Id), (\L),
and one applies (CUT). The proof of the third equation (7) is similar. Proofs of
(8) are left to the reader.

We say that formulas α, β ∈ T are T−equivalent, if α ⇒T β and β ⇒T α.
By (Id), (CUT), T−equivalence is an equivalence relation. By T we denote the
smallest set of formulas which contains all formulas from T and is closed under
subformulas and ∧,∨. If T is closed under subformulas, then T is the closure
of T under ∧,∨. The following lemma is a syntactic variant of the well-known
fact that distributive lattices are locally finite (it means: every finitely generated
distributive lattice is finite).

Lemma 2. If T is a finite set of formulas, then T is finite up to T−equivalence.

Proof. If T is finite, then the set T ′ of subformulas of formulas from T is also
finite. T is the closure of T ′ under ∧,∨. The converse of (D) (α∧β)∨ (α∧ γ) ⇒
α∧ (β ∨ γ) is provable in FNL (it is valid in all lattices); if α, β, γ ∈ T , then the
proof uses T−sequents only. Consequently, for α, β, γ ∈ T , both sides of (D) are
T−equivalent. It follows that every formula from T is T−equivalent to a finite
disjunction of finite conjunctions of formulas from T ′. If one omits repetitions,
then there are only finitely many formulas of the latter form. ��

Recall that an assignment in a model M is a homomorphism from the formula
algebra into M .

Lemma 3. Let T be a nonempty, finite set of formulas. Then, M(T , Φ) is a
finite distributive lattice-ordered residuated groupoid. For any assignment f in
M(T , Φ) such that f(p) = [p], for any p ∈ T , and any T−sequent X ⇒ α, f
satisfies X ⇒ α in M(T , Φ) if and only if X ⇒T α.

Proof. As shown above, M(T , Φ) is a lattice-ordered residuated groupoid. We
prove the second part of the lemma. Let f satisfy f(p) = [p], for any
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variable p ∈ T . Using (7), (8), one proves f(α) = [α], for all α ∈ T , by easy
formula induction.

Assume that f satisfies the T−sequent X ⇒ α. For any formula β appearing
in X , we have β ∈ [β] = f(β), whence X ∈ f(F (X)). Since f(F (X)) ⊆ f(α),
then X ∈ f(α) = [α]. Thus X ⇒T α. Assume X ⇒T α. Then, there exists
a T−deduction of X ⇒ α from Φ in DFNL. By induction on this deduction,
we prove that f satisfies X ⇒ α in M(T , Φ). f obviously satisfies axioms (Id).
Assumptions from Φ and instances of (D), restricted to T−sequents, are of the
form β ⇒ γ, where β, γ ∈ T . Since β ⇒T γ, then [β] ⊆ [γ], by (CUT), which
yields f(β) ⊆ f(γ). The rules of FNL are sound for any assignment in a lattice-
ordered residuated groupoid, which finishes this part of proof.

Let R be a selector of the family of equivalence classes of T−equivalence (R
chooses one formula from each equivalence class). By Lemma 2, R is a nonempty
finite subset of T . We show that every nontrivial (i.e. nonempty and not total)
closed subset of T

∗
equals [α], for some α ∈ R. Let U be nontrivial and closed..

Let X ∈ U . There exists a set [Z[◦], β] ∈ B(T ) such that U ⊆ [Z[◦], β]. So,
Z[X ] ⇒T β. By Lemma 1, there exists δ ∈ T such that Z[δ] ⇒T β and X ⇒T δ.
We get X ∈ [δ] and [δ] ⊆ [Z[◦], β], by (CUT). Clearly we can take δ ∈ R. We can
find such a formula δ ∈ R, for any set [Z[◦], β] ∈ B(T ) such that U ⊆ [Z[◦], β].
Let γX be the conjunction of all formulas δ, fulfilling the above. By (8), (C3)
and (6), X ∈ [γX ] and [γX ] ⊆ U . We can replace γX by a T−equivalent formula
from R. So, we stipulate γX ∈ R. Let α be the disjunction of all formulas γX ,
for X ∈ U . By (8), [α] ⊆ U and, evidently, U ⊆ [α]. We can assume α ∈ R.

It follows that M(T, Φ) is finite. We prove that it is distributive. It suffices to
prove U∧(V ∨W ) ⊆ (U∧V )∨(U∧W ), for any closed sets U, V, W . This inclusion
is true, if at least one of the sets U, V, W is empty or total, since M(T , Φ) is a
lattice. So, assume U, V, W be nontrivial. By the above paragraph, U = [α],
V = [β], W = [γ], for some α, β, γ ∈ R. Then, the inclusion follows from (8) and
the fact that [α ∧ (β ∨ γ)] ⊆ [(α ∧ β) ∨ (α ∧ γ)]. ��

We are ready to prove an extended subformula property and an interpolation
lemma for DFNL.

Lemma 4. Let T be a finite set of formulas, containing all formulas appearing
in X ⇒ α and Φ. If Φ 
 X ⇒ α then X ⇒Φ,T α.

Proof. Let f be an asignment in M(T , Φ), satisfying f(p) = [p], for any variable
p ∈ T . Let β ⇒ γ be a sequent from Φ. Then β ⇒T γ, which yields f(β) ⊆ f(γ),
by Lemma 3. So, f satisfies all sequents from Φ.

Assume Φ 
 X ⇒ α. Since DFNL is strongly sound with respect to distribu-
tive lattice-ordered residuated groupoids, then f satisfies X ⇒ α. Consequently,
X ⇒T α, by Lemma 3. ��

Lemma 5. Let T be a finite set of formulas, containing all formulas appearing
in X [Y ] ⇒ α and Φ. If Φ 
 X [Y ] ⇒ α then there exists δ ∈ T such that
Φ 
 X [δ] ⇒ α and Φ 
 Y ⇒ δ.
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Proof. Assume Φ 
 X [Y ] ⇒ α. By Lemma 4, X [Y ] ⇒T α. Apply Lemma 1. ��
Lemma 3 except for the finiteness and distributivity of M(T , Φ) and Lemmas 4
and 5 also hold for FNL. For NL, Lemma 4 and Lemma 5 hold with T defined
as the closure of T under subformulas [9] (for pure NL, a weaker form of the
latter lemma was proved in [15]).

This yields Strong Finite Model Property (SFMP) of DFNL: if Φ 
 X ⇒ α
does not hold in DFNL, then there exist a finite distributive lattice-ordered
residuated groupoid M and an assignment f such that all sequents from Φ
are true under f , but X ⇒ α is not (take T as in Lemma 4 and use Lemma 3).
Equivalently, every Horn formula which is not valid in distributive lattice-ordered
residuated groupoids is falsified in a finite model. If a class of algebras K is closed
under (finite) products, then SFMP for K is equivalent to FEP for K: every finite
partial subalgebra of an algebra from K is embeddable into a finite algebra from
K [13]. (The latter is equivalent to FMP of the universal theory of K.) Then, FEP
holds for the class of distributive lattice-ordered residuated groupoids (proved
in [11] in collaboration with the first author; the present proof is simplified).

4 Categorial Grammars Based on DFNL

A categorial grammar based on a logic L (presented as a sequent system) is
defined as a tuple G = (Σ, I, α0, Φ) such that Σ is a finite alphabet, I is a
nonempty finite relation between elements of Σ and formulas of L, α0 is a formula
of L, and Φ is a finite set of sequents of L. Elements of Σ are usually interpreted
as words from the lexicon of a language and strings on Σ as phrases. Formulas
of L are called types. I assigns finitely many types to each word from Σ. If I is
fixed, then one often writes a �→ β for (a, β) ∈ I. α0 is a designated type; often
one takes a designated variable s (the type of sentences). L is the logic of type
change and composition. Φ is a finite set of assumptions added to L.

Our logic L is DFNL. Let G = (Σ, I, α0, Φ) be a categorial grammar. By
T (G) we denote the set of all types appearing in the range of I. Let T be the
smallest set containing T (G), all types from Φ and α0. For any type β, we define
L(G, β) = {X ∈ T

∗
: Φ 
 X ⇒ β}. Elements of T

∗
can be seen as finite

binary trees whose leaves are labeled by types from T . The tree language of
G, denoted by Lt(G), consists of all trees which can be obtained from trees in
L(G, α0) ∩ T (G)∗ by replacing each type γ by some a ∈ Σ such that (a, γ) ∈ I.
The language of G, denoted by L(G), is the yield of Lt(G).

Theorem 1. L(G) is a context-free language, for any categorial grammar G
based on DFNL.

Proof. Fix G = (Σ, I, α0, Φ). We define a context-free grammar G′ such that
L(G′) = L(G). Let T be defined as above. By Lemma 2, T is finite up to
T−equivalence. We choose a set R ⊆ T which contains one formula from each
equivalence class. For β ∈ T , by r(β) we denote the unique type from R which
is T−equivalent to β.
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G′ is defined as follows. The terminal alphabet is Σ. The nonterminal alphabet
is R. Production rules are: (R1) β �→ γ, for β, γ ∈ R such that Φ 
 γ ⇒ β, (R2)
β �→ γδ, for β, γ, δ ∈ R such that Φ 
 (γ, δ) ⇒ β, (R3) r(β) �→ a, for β ∈ T (G),
a ∈ Σ such that (a, β) ∈ I. The initial symbol is r(α0).

Every derivation tree in G′ can be treated as a deduction from Φ in DFNL
which is based on deducible sequents appearing in (R1), (R2) and (CUT). Then,
L(G′) ⊆ L(G). The converse inclusion follows from Lemma 5. Let x ∈ L(G).
Then, x is the yield of some Y ∈ Lt(G). There exists X ∈ L(G, α0) such that Y
is obtained from X in the way described above. Let r(X) denote the tree resulting
from X after one has replaced each type β by r(β). Clearly, if X ∈ L(G, γ), then
r(X) ∈ L(G, r(γ)). It suffices to prove that, for any γ ∈ T and any X ∈ L(G, γ),
there exists a derivation of r(X) from r(γ) (as a derivation tree) in G′. We
proceed by induction on the number of commas in X . Let X ∈ L(G, γ) be a
single type, say, X = β. Then, Φ 
 β ⇒ γ, whence Φ 
 r(β) ⇒ r(γ). Then,
r(X) = r(β) is derivable from r(γ), by (R1). Let X ∈ L(G, γ) contain a comma.
Then, X must contain a substructure of the form (δ1, δ2), where δi ∈ T . We
write X = Z[(δ1, δ2)]. By Lemma 5, there exists δ ∈ T such that Φ 
 Z[δ] ⇒ γ
and (δ1, δ2) ⇒ δ. By the induction hypothesis, r(Z[δ]) can be derived from r(γ)
in G′. Then, r(X) can be derived from r(γ), by (R2). ��

It has been shown in [7,17] that every ε−free context-free language can be gener-
ated by a categorial grammar based on NL which uses very restricted types only:
p, p\q, p\(q\r), where p, q, r are variables; the designated type is also a variable
s. Now, we use the fact that DFNL is conservative over NL, since every resid-
uated groupoid can be embedded into a powerset algebra over a groupoid [8].
Accordingly, every ε−free context-free language is generated by some categorial
grammar based on DFNL.

The tree language Lt(G) is regular, for any grammar G based on DFNL.
It follows from the above theorem (and its proof), since Lt(G) equals the tree
language determined by derivation trees of G′. A direct proof uses the well-known
fact that a tree language L ⊆ T ∗ is regular if and only if there exists a congruence
of finite index on T ∗ which is compatible with L (it means: L is the join of some
family of equivalence classes of ∼). For X, Y ∈ T (G)∗, define X ∼ Y iff, for all
α ∈ T , Φ 
 X ⇒ α iff Φ 
 Y ⇒ α. One can replace ‘for all α ∈ T ’ by ‘for all
α ∈ R’, and consequently, there are at most 2n equivalence classes of ∼, where
n is the cardinality of R. So, ∼ is of finite index. Clearly ∼ is compatible with
L(G, α0). We prove that ∼ is a congruence on T (G)∗. Assume X ∼ Y . We show
(Z, X) ∼ (Z, Y ), for any Z ∈ T (G)∗. Assume Φ 
 (Z, X) ⇒ α, α ∈ T . By Lemma
5, there exists δ ∈ T such that Φ 
 (Z, δ) ⇒ α and Φ 
 X ⇒ δ. Then, Φ 
 Y ⇒ δ,
whence Φ 
 (Z, Y ) ⇒ α, by (CUT). We have shown that Φ 
 (Z, X) ⇒ α
implies Φ 
 (Z, Y ) ⇒ α. The converse implication has a similar proof. Therefore
(Z, X) ∼ (Z, Y ). Similarly (X, Z) ⇒ (Y, Z). Consequently L(G, α0) ∩ T (G)∗ is
regular. By the construction of Lt(G), the latter tree language is also regular.

The proof of Theorem 1 provides a construction of a context-free grammar
equivalent to a given categorial grammar based on DFNL, since 
 for DFNL is
decidable (it follows from FEP), and R can effectively be constructed. Actually
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we can construct a set R′ such that R ⊆ R′. For T , defined as above, let T ′

denote the set of all subformulas of formulas from T . Then, T is the closure
of T ′ under ∧,∨. Let α1, . . . , αk be all formulas from T ′. We form all finite
conjunctions αi1 ∧ · · · ∧ αil

such that 1 ≤ i1 < · · · < il ≤ k and arrange them in
a list β1, . . . , β2k−1. We define R′ as the set of all finite disjunctions βi1 ∨· · ·∨βil

such that 1 ≤ i1 < · · · < il ≤ 2k − 1. Clearly every formula from T is equivalent
to some formula from R′. Using a decision method for DFNL, one can extract
R from R′.

A syntactic decision method for DFNL can be designed like the one for NL
in [9]. One can assume that R′ is closed under ∧,∨ up to T−equivalence. More
precisely, for α, β ∈ R′, one defines α ∧′ β as the formula from R′ which results
from a natural reduction of α ∧ β to a formula from R′. α ∨′ β is defined in a
similar way. Sequents of the form α ⇒ β and (α, β) ⇒ γ such that α, β, γ ∈ R′

are called basic sequents. As in [9], one proves that a basic sequent is deducible
from Φ if and only if there exists a deduction of this sequent from Φ which
consists of basic sequents only (in rules for ∧,∨, these connectives are replaced
by ∧′ and ∨′, respectively). This yields a doubly exponential decision method
for DFNL and a construction of G′ of the same complexity. (In [9], it yields a
polynomial time decision procedure for 
 in NL.)

Analogous results can be obtained for the ∨−free fragment of FNL (with
assumptions). In the proof of Lemma 3, ∨ cannot be used; the finiteness of
the model follows from the fact that every closed set is the join of a family of
equivalence classes of ∼ (see above). The construction of G′ requires exponential
time.

5 Variants

The methods of this paper cannot be applied to associative systems L, FL, DFL.
Consequence relations for these systems are undecidable; see [9,13]. Analogues
of Theorem 1 are false (see Introduction).

They can be applied to several other nonassociative systems. The first example
is DFNLe, i.e. DFNL with the exchange rule:

(EXC)
X [(Y, Z)] ⇒ α

X [(Z, Y )] ⇒ α
.

DFNLe is complete with respect to distributive lattice-ordered commutative
residuated groupoids (ab = ba, for all elements a, b). Then, a\b = b/a, and one
considers one residual only, denoted a → b. All results from sections 2, 3 and 4
can be proved for DFNLe, and proofs are similar as above. Exception: not every
ε−free context-free language can be generated by a categorial grammar based
on DFNLe.

One can add the multiplicative constant 1, interpreted as the unit in unital
groupoids. We need the axiom (1R): ⇒ 1, and the rules:

(1Ll)
X [Y ] ⇒ α

X [(1, Y )] ⇒ α
, (1Lr)

X [Y ] ⇒ α

X [(Y, 1)] ⇒ α
.
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The empty antecedent is understood as the empty structure Λ, and one admits
(Λ, X) = X , (X, Λ) = X in metatheory. Again, there are no problems with
adapting our results for DFNL with 1 and DFNLe with 1. Caution: T contains
1, for any set T , and T ∗ contains Λ.

Additive constants ⊥ and � can also be added, with axioms:

(⊥L) X [⊥] ⇒ α , (�R) X ⇒ � .

They are interpreted as the lower bound and the upper bound, respectively, of
the lattice. T must contain these constants. In the proof of (an analogue of)
Lemma 1, one must consider new cases: X [Y ] ⇒ α is an axiom (⊥L) or (�R).
For the first case, if Y contains ⊥ then ⊥ is an interpolant of Y ; otherwise, � is
an interpolant of Y . For the second case, � is an interpolant of Y . In the proof
of Lemma 3, M(T , Φ) interprets ⊥ as CT (∅) and � as T

∗
. Now, every closed set

equals α, for some α ∈ T .
Instead of one binary product · one may admit a finite number of operations

o, o′, . . . of arbitrary arity: unary, binary, ternary and so on. Each n−ary oper-
ation o is associated with n residual operations oi, for i = 1, . . . , n. In models,
one assumes the (generalized) residuation law:

o(a1, . . . , an) ≤ b iff ai ≤ oi(a1, . . . , b, . . . , an) , (9)

for all i = 1, . . . , n (on the right-hand side, b is the i−th argument of oi). The
corresponding formal system, called Generalized Lambek Calculus GLC, was
presented in [8,9]. To each n−ary operation o one attributes a structure con-
structor (X1, . . . , Xn)o, and formula structures can contain different structure
constructors. Unary operations can be identified with (different) unary modali-
ties. GLC represents a multi-modal variant of NL. The introduction rules for o
and oi look as follows:

X [(α1, . . . , αn)o] ⇒ β

X [o(α1, . . . , αn)] ⇒ β
,

X1 ⇒ α1; . . . ; Xn ⇒ αn

(X1, . . . , Xn)o ⇒ o(α1, . . . , αn)
,

X [αi] ⇒ β; Yj ⇒ αj , for all j �= i

X [(Y1, . . . , oi(α1, . . . , αn), . . . , Yn)o] ⇒ β
,

(α1, . . . , X, . . . , αn)o ⇒ αi

X ⇒ oi(α1, . . . , αn)
.

The consequence relation of GLC is polytime, and the corresponding catego-
rial grammars generate ε−free context-free languages [9]. All results of this paper
can easily be adapted for GLC with ∧,∨ and distribution (and, possibly, (EXC)
for some binary operations, multiplicative units for them, and ⊥,�). In powerset
algebras, one defines o(U1, . . . , Un) as the set of all elements o(a1, . . . , an) such
that ai ∈ Ui, for i = 1, . . . , n; o admits n residual operations oi, i = 1, . . . , n:
oi(U1, . . . , Un) = {a ∈ M : o(U1, . . . , {a}, . . . , Un) ⊆ Ui}. (C4) takes the form:
o(C(U1), . . . , C(Un)) ⊆ C(o(U1, . . . , Un)). Each operation o in the powerset al-
gebra induces an operation on closed sets: oC(U1, . . . , Un) = C(o(U1, . . . , Un)).

At the end, we consider DFNL with ⊥,� and negation ¬, satisfying the laws
of boolean algebra. To axioms for ⊥ and � we add:

(¬1) α ∧ ¬α ⇒ ⊥ , (¬2) � ⇒ α ∨ ¬α .
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The resulting system, denoted BFNL, is strongly complete with respect to
lattice-ordered residuated groupoids whose underlying lattice is a boolean
algebra.

All results of this paper can be proved for BFNL. We consider an auxiliary
system S which is DFNL with �,⊥ and an additional product connective &
with residual → (so, it is a GLC-like system). We assume (EXC) for the struc-
ture constructor of &, whence & is commutative. We define ¬α = α → ⊥ and
admit axioms (¬1), (¬2). It is easy to show that S is a conservative extension of
BFNL (every model of the latter can be expanded to a model of the former, by
identifying & with ∧ and → with boolean implication). Now, for S we proceed
as for GLC with additives. T must contain �,⊥ and be closed under ∧,∨,¬;
then, Lemma 2 remains true, since boolean algebras are locally finite.

If we replace in S axioms (¬1), (¬2) by axioms α ∧ β ⇒ α&β and α&β ⇒
α ∧ β, then we obtain HFNL: a complete logic of Heyting-ordered residuated
groupoids. Now, T must be closed under ∧,∨, &, but Lemma 2 is still true. All
results of this paper can be proved for HFNL as well.

Theorem 2. Categorial grammars based on BFNL, HFNL generate context-
free languages. FEP holds for the classes of boolean-ordered and Heyting-ordered
residuated groupoids (algebras).
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On Lazy Commutation
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Abstract. We investigate combinatorial commutation properties for re-
ordering a sequence of two kinds of steps, and for separating well-
foundedness of unions of relations. To that end, we develop the notion
of a constricting sequence. These results can be applied, for example, to
generic path orderings used in termination proofs.

“Loop” as a train destination means that
the train enters the Loop elevated structure in downtown Chicago,

does a complete circle, and then returns the way it came.
Red Line and Blue Line trains serve the Loop area of Chicago. . . .

– Paul Inast (wikipedia.org)

1 Introduction

Imagine a city that has two coöperating bus companies, a Red line and a Blue
line. An unusual condition of Doornbos, Backhouse, and van der Woude [13]
guarantees that if a circular excursion is possible, then there is one traveling
solely on one of the lines. This condition, denominated here “lazy commuta-
tion”, states that if you can get somewhere by first taking a Red bus and then
transferring to a Blue one, then – unless the Red line can take you directly to
your destination – the Blue line will be able take you someplace whence you can
also get to your destination by some combination of segments.

We demonstrate that lazy commutation implies that there is no need for the
Red line to ever issue transfers to Blue routes, provided there are no circular
trips that are purely Red or purely Blue. Bear in mind that the fact that one bus
line operates from point X to point Y does not mean that it – or its competitor –
necessarily operates in the opposite direction, from Y to X.

One of the earlier works on using commutation properties in termination
proofs, especially of complicated forms of rewriting, was by Porat and Francez
[29]. That same avenue is explored here.

Lazy commutation turns out to be a very meaningful concept. It has three
important consequences regarding sequences of Red and Blue steps:
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1. It implies “finite separation”, in the above sense, namely that Blue steps
followed by Red steps will get one to any destination – unless there is an
infinite monochromatic (single-step or multiple-step) excursion.

2. It implies “infinite separation”, in that if there is an infinite combined Red-
Blue excursion, then there must be an infinite monochromatic excursion as
well, as was shown in [13].

3. If there is an endless combined excursion, but no endless purely Blue ones,
then there is also an endless Red excursion from which a transfer at any
point to the Blue line precludes wandering the lines forever.

After fixing notations and some terminology in the next section, we collect
some new and old observations on separability in Sect. 3. Then, in Sect. 4, we
consider conditions that ensure that a positive number of steps separates into
a likewise nonempty sequence. This is followed by a definition, in Sect. 5, of
“constricting” sequences, expanding on a notion of Plaisted’s [28].

A weaker notion than laziness, dubbed “selection” and defined in Sect. 6,
suffices to prove the main separation results in Sects. 7 and 8. Section 9 discusses
the “lifting” of termination of one color to that of the other in the presence of
separation.

We close with some thoughts on the implications that lazy commutation has
for proofs of well-foundedness of orderings, such as the path orderings commonly
used in proofs of termination (strong normalization) of rewriting.

2 Notions and Notations

All relations in this paper are binary. We use juxtaposition for composition of
relations, represent union by +, and denote the inverse, n-fold composition,
transitive closure, reflexive closure and reflexive-transitive closure of relation E
by E−, En, E+, Eε and E∗, respectively. Let I be the identity relation.

A relation E on a finite or infinite set of elements V may be viewed as a
directed graph with vertices V and edges E. So, there is a (directed) path from
s to t, for s, t ∈ V , if, and only if, s E∗ t.

The immortal elements of a set V equipped with a relation E are those t ∈ V
that initiate infinite E-chains of (not necessarily distinct) elements of V ,

t E t′ E t′′ E · · · .

We will also say that a step t E t′ is immortalizing if t′ is immortal. Define

E∞ = {〈u, v〉 | u, v ∈ V, u is immortal for E} ,

relating immortal elements to all vertices, as is commonly done in relational
program semantics (e.g. [13]). Thus,

E∞C ⊆ E∞ , (1)

for any relation C.
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· · ·

· · ·• • • • •

• • • • •

Fig. 1. Mortal (black) nodes on bottom and immortal (green) nodes on top

· · ·• • • • •

Fig. 2. Mortal in each alone (dashed Azure or solid Bordeaux), but immortal in
their union

In Fig. 1, all the nodes on the upper row are immortal, while all those on the
lower row are mortal. Taking a “wrong” turn can precipitate mortality, but, in
contrast, once mortal, always mortal.

We compose relations, using notation like s BA t to mean that there is two-
step path from s to t, taking B followed by A. Similarly, s ∈ AB∞ means
that s has an A-neighbor that is immortal for B. We say that a relation E
is well-founded (regardless of whether E is transitive) if it admits no cases of
immortality, that is, if E∞ = ∅.

This paper explores properties of the (non-disjoint) union E = A + B of two
relations, A and B. Throughout, we will regularly use E, without elaboration,
to denote the union A + B.

In Fig. 2, the individual relations A (think Azure in the illustrations) and B
(Bordeaux) do not engender immortality, but their union does.

The following two main properties will claim our attention:

Definition 1 (Finite Separation). Two relations A and B are finitely sepa-
rable if

(A + B)∗ = A∗B∗ .

Definition 2 (Infinite Separation). Two relations A and B are infinitely
separable if

(A + B)∞ = (A + B)∗(A∞ + B∞) . (2)

Nota bene. Finite separation is not a symmetric property: we want the A’s before
the B’s. Infinite separation, on the other hand, is symmetric.

Any two points in the graph depicted in Fig. 3 can be connected by A’s
followed by B’s, so the graph is finitely separable. Furthermore, every node is
immortal in B alone, so it is infinitely separable, as well.

In terms of the bus routes (for which there are no simple [non-looping] infinite
paths), infinite separability means that at least one company must provide a
circular excursion, whenever it is possible to go in circles using both companies.
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Fig. 3. The two relations are both finitely and infinitely separable

It is easy to see [33, Ex. 1.3.5(ii)] that finite separability (called “postpone-
ment” in [33]) is equivalent to the (global) “commutation” property

B∗A∗ ⊆ A∗B∗ . (3)

Note 3. This is analogous to the equivalence of the Church-Rosser and global
confluence properties of abstract rewriting [27].

Another trivial induction also shows that (3) is equivalent to an even simpler
property:

Proposition 4 ([30]). Two relations A and B are finitely separable if, and only
if,

B+A ⊆ A∗B∗ .

The point of infinite separability is that it ensures that the union E = A + B is
well-founded if each of A and B is, even without finite separability.

Example 5. An easy example of finite, but not infinite, separability is s A t B s.

s t

Example 6. A simple example of infinite, but not finite, separability is s A s BA
t.

s • t

Definition 7 (Full Separation). Two relations A and B are fully (infinitely)
separable if

(A + B)∞ = A∗B∗(A∞ + B∞)
= A∗B∗A∞ + A∗B∞ .
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Table 1. Types of separation (“coefficients” of right-hand side terms)

⊆ A∗B∗ B∗ A∞ B∞

Weak (Def. 44)
E∗ I

A∗B∗ A∗

Finite (Def. 1)

Productive (Def. 28) E+ A B

Infinite (Def. 2)

E∞
E∗ E∗

Nice (Def. 9)

A∗Full (Def. 7) A∗B∗

Neat (Def. 8) I

With finite separability, infinite separability (2) is equivalent to full separability.
A pleasant special case is the following:

Definition 8 (Neat Separation). Two relations A and B are neatly (in-
finitely) separable if

(A + B)∞ = A∞ + A∗B∞ .

A nice in-between (asymmetric) notion of separability is the following:

Definition 9 (Nice Separation). Two relations A and B are nicely (infinitely)
separable if

(A + B)∞ = (A + B)∗A∞ + A∗B∞ .

Clearly, then, If relations A and B are nicely, or fully, separable, and A is well-
founded, then

E∞ = A∗B∞ .

Table 1 summarizes the various types of separability we will be using, from
weaker down to stronger. For example, the penultimate row defines a relatively
strong form of infinite separability (see Definition 7) and should be read as

E∞ ⊆ A∗B∗A∞ + A∗B∞ .

It implies nice separation, and, a fortiori, (plain) infinite separation, but not neat
separation.

3 Warmup

We begin with relatively simple cases of separability. We are looking for local
conditions on double-steps BA that help establish separability, finite or infinite.
The point is that these local conditions suggest how to eliminate BA patterns,
which are exactly what are prohibited in separated sequences.
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3.1 Finite Separation

Note that CBε = CB + C, and recall the following:

Proposition 10 ([20]). If, for relations A and B,

BA ⊆ A∗Bε (4)

then A and B are finitely separable.

Note 11. When B is the inverse A− of A, Eq. (4) becomes (one half of) Huet’s
[18] strong-confluence condition.

Proof. Repeatedly rewriting the last occurrence of BA in an E-chain with in-
stances of A∗Bε must terminate in a sequence without any instance of BA, since
either the number of B’s decreases, or else the rightmost B moves rightward. ��
By symmetry (of A and B and left and right):

Proposition 12. If, for relations A and B,

BA ⊆ AεB∗ , (5)

then A and B are finitely separable.

Proof. An alternate proof to that of the previous proposition proceeds as follows:
First, an easy induction shows that (5) implies that BnA ⊆ AεB∗, for all n:

BnBA ⊆ BnAεB∗ = BnB∗ + BnAB∗ = B∗ + AεB∗ = AεB∗ .

Then, an application of Proposition 4, on account of B∗A ⊆ AεB∗, gives finite
separation. ��
As an aside, in direct analogy to Newman’s Lemma [27], we have the following:

Proposition 13. If, for relations A and B, A + B− is well-founded and

BA ⊆ A∗B∗ , (6)

then A and B are finitely separable.

This means that local (weak) commutation (6) implies separability, but only with
a strong side condition of well-foundedness.

Proposition 14 ([17,5]). If relation A is well-founded and

BA ⊆ A+B∗ , (7)

for relation B, then A and B are finitely separable.

Note 15. The necessity of either well-foundedness of A + B− or the limiting
right-hand sides of inclusions (4) and (5) can be seen from the following example
(adapted from [27]): s B t B u A v, and t A u. Pictorially:



On Lazy Commutation 65

s t u v

Note that the edge t E u in this graph belongs to both relations, A and B.

More generally, we have the following definition and result:

Definition 16 (Quasi-commutation [2]). Relation A quasi-commutes over
relation B when

BA ⊆ A(A + B)∗ . (8)

The right-hand side A(A + B)∗ is equivalent to (AB∗)+.
Obviously (by induction):

Lemma 17. Relation A quasi-commutes over relation B if, and only if,

B+A ⊆ A(A + B)∗ .

Theorem 18. If relation A quasi-commutes over relation B, then

(A + B)∗ ⊆ A∗B∗ + A∞ . (9)

(Compare Definition 44 below.)

Proof. Consider any sequence E∗ = A∗(B∗A)∗. Using the above lemma, repeat-
edly replace the first occurrence of B+A with AE∗. If this process continues
forever, then the initial A-segment grows ever larger. Otherwise, we are left with
a sequence A∗B∗ sans occurrences of BA. ��
Corollary 19. If relation A is well-founded, then quasi-commutation of A over
a relation B implies their finite separability.

Since A is well-founded, one may assume that a property in question holds for
every t such that s A t, in an inductive proof that it holds for s. This suggests
the following alternative proof of this corollary:

Proof. We show that every sequence E∗ that is not in the separated form A∗B∗

can be rearranged to be “more separated”. By quasi-commutation (Eq. 8),

E∗ \ A∗B∗ = A∗BAE∗ ⊆ A∗AE∗ ,

and by induction on A
A∗AE∗ ⊆ A+B∗ .

So, in all cases, E∗ ⊆ A∗B∗. ��
Note 20. Quasi-commutation applies to combinatory logic and to orthogonal
(left-linear non-overlapping) term-rewriting systems, where A is a leftmost (out-
ermost) step and B is anything but. This means that leftmost steps may pre-
cede all non-leftmost ones. Combined with the fact that A−B ⊆ B∗A−, this
gives standardization (leftmost rewriting suffices for computing normal forms).
See [23].
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3.2 Infinite Separation

We start with some obvious aspects of infinite chains:

Proposition 21. For all relations A and B,

(A + B)∞ = (B∗A)∗B∞ + (B∗A)∞ (10)
= (A∗B)∗A∞ + (A∗B)∞ .

It follows from (10) that if infinitely many interspersed A-steps are precluded,
then A + B is well-founded if, and only if, B is:

Corollary 22. If relation B is well-founded, then

(A + B)∞ = (B∗A)∞ . (11)

for any relation A.

In other words, in any E-chain, there are either infinitely many A’s, in which
case E∞ must be an infinite sequence of segments of the form B∗A, or else from
some point on, there are only B’s, and B is not well-founded. Cf. [2, Lemma 1]
and [6, Lemma 12B].

The simplest local condition guaranteeing infinite separability is quasi-
commutation (8). We have the following analogue of Theorem 18, based on the
proof of infinite separation in [2]:

Theorem 23. If relation A quasi-commutes over relation B, that is, if

BA ⊆ A(A + B)∗ ,

then A and B are neatly separable, that is,

(A + B)∞ = A∞ + A∗B∞ .

The proof is also analogous to that of that earlier proposition:

Proof. Consider any E-chain, E∞ = E∗B∞ + A∗(B∗A)∞, as decomposed in
(10). In the first instance (E∗B∞), apply Theorem 18 to E∗ and get E∞ ⊆
E∗B∞ ⊆ (A∗B∗ + A∞)B∞ ⊆ A∗B∞ + A∞. Otherwise, repeatedly replace the
first occurrence of B∗A in An(B∗A)∞ with AE∗, giving An+1E∗(B∗A)∞ =
An+1(B∗A)∞. This process continues forever, there being an infinite supply of
A’s, and the initial A-segment grows ever larger, yielding A∞. ��

Note 24. This form of separability was used to show that “forward closure”
termination suffices for orthogonal term rewriting, where B are “residual” steps
(at redexes already appearing below the top in the initial term) and A are at
“created” redexes (generated by earlier rewrites). See [7].
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Theorem 25. If, for relations A and B,

BA ⊆ A∗B , (12)

then A and B are fully separable, that is,

(A + B)∞ = A∗B∗A∞ + A∗B∞ .

In what follows (Theorem 72), this condition, equivalent to BA ⊆ A+B +B, will
be weakened to laziness, the condition that BA ⊆ AE∗ + B (Definition 52), to
give separation. That way, each occurrence of BA need not always leave a B, as
in this theorem, nor always an A, as in the previous, but might sometimes leave
one and sometimes the other.

Proof. If the number of A’s or B’s in an infinite E-chain is finite, then by virtue of
Proposition 10, we have either A∗B∗A∞ or A∗B∞. In any case, easy inductions
show that BA∗ ⊆ A∗B and that BnA∗ ⊆ A∗Bn, for all n. Thus, a sequence
AmBnA∗BE∞ turns into either Am+kBn+1E∞, k > 0, in which case the number
of initial A’s increases, or else into AmBn+1E∞, in which case the number of
following B’s increases. In the final analysis, one gets either A∞, or else A∗B∞.

��
Note 26. This form of separability was used to show that “forward closure”
termination suffices for right-linear term rewriting, where B are “created” steps
and A are “residual” ones. See [7].

Note 27. When B is the subterm relation, condition (12) is a form of quasi-
monotonicity (weak monotonicity) of A. Compare [8,1].

4 Productive Separation

With finite separability, a non-empty looping sequence (as in Example 5) can
be “reordered” to give an empty one. To preclude an empty reordering, one can
use the following notions:

Definition 28 (Productive Separation). Relations A and B are (finitely)
productively separable if

(A + B)+ = A+B∗ + B+ ,

or, expressed more symmetrically, if

(A + B)+ = A+B∗ + A∗B+ .

Note 29. If, for example, there is no “mixed” loop, that is, if

(A + B)+ ∩ I ⊆ A+ + B+ ,

then finite separation implies productive separation.
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Theorem 30. If relation A quasi-commutes over relation B and A is well-
founded, then A and B are productively separable.

Proof. By Corollary 19, the relations are finitely separable. So, we have:

E+ = AE∗ + BE∗ ⊆ AE∗ + BA∗B∗ = AE∗ + B+ + BAE∗

⊆ AE∗ + B+ + AE∗E∗ ⊆ A+B∗ + B+ . ��

Definition 31 (Promotion). Relation B promotes relation A if

BA ⊆ AB∗ + B+ , (13)

or, expressed more symmetrically, if

BA ⊆ (A + B)B∗ .

Note 32. One can have productivity without promotion: s A t A u with s B t.

s t u

An easy induction shows the following:

Lemma 33. Relation B promotes relation A if, and only if,

B+A ⊆ AB∗ + B+ .

Theorem 34. If relation B promotes relation A, then A and B are productively
separable.

Note 35. Obviously, promotion (13) cannot be weakened to allow the erasure of
both the A and B (cf. 5), as can easily be seen from t BA t (Example 5), which
is finitely, but not productively, separable.

Proof. By Proposition 12, promotion (13) gives finite separability, E∗ = A∗B∗.
By the previous lemma, B∗A ⊆ AB∗ + B+, whence the proposition follows:

E+ = E∗(A + B) = A∗B∗A + A∗B∗B = A+B∗ + A∗B+ . ��
In symmetry with promotion, we also have the following:

Proposition 36. If, for relations A and B,

BA ⊆ A∗B + A+ ,

or, equivalently,
BA∗ ⊆ A∗B + A+ ,

then A and B are productively separable.
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5 Constriction

Let V and E be the vertices and edges of a graph, respectively, and let U = V 2

be all pairs of vertices, so E ⊆ U . For any relation R ⊆ U and property P ⊆ V ,
RP = {v ∈ V | v R w, for some w ∈ P} are all the vertices from which R takes
one to a vertex satisfying P . The kinds of properties P we are interested are:

– a specific goal vertex;
– a set of vertices along some path; and
– the set of immortal vertices.

The point is to consider the impact of a preference for edges A ⊆ E over
others en route to P .

Given some property P , it will be convenient throughout this section to re-
strict E to only those edges allowing one to get to P . Let V = E∗P be those
vertices from which P is reachable, let U = V 2, and let R = R ∩ U be the
restriction of any relation R to vertices leading to P .

For any B ⊆ E, let
B� = B \ AU ,

that is, a useful B-step at a point such that no useful A-step can lead to P . Such
B�-steps will be called constricting.

Example 37. Fair termination of E = A + B with respect to A, à la the work
of Porat and Francez [29], means that the union E is well-founded, except for
the possibility of an infinite sequence that “unfairly” avoids taking an A-step
infinitely often. So, the only way E can diverge is if from some point on A-steps
were possible infinitely many times, but were never taken. This property can be
expressed as

(B∗A)∞ = B∞
� = ∅ ,

where the property P that defines B� is always satisfied. It means that there are
no infinite sequences with infinitely many A’s (which certainly are fair), nor are
there infinite sequences of B’s, at every point of which no A-step was possible
(these are the B�).

Accordingly:

Definition 38 (Constricting Chains). An E-chain t0 E t1 E · · · is con-
stricting in A with respect to P if its non-A steps are constricting, in the sense
that there is no case of ti AE∗P , for any ti (E \ A) ti+1.

This means that the steps are all in A + B�. Our notion generalizes the “con-
stricting” sequences of [28].

For any property, one can always build a constricting sequence. The idea is
to ignore B-steps whenever an A-step is available:
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Theorem 39. For any relations A and B and property P ,

(A + B)∗ ⊆ (A + B�)∗ + (A + B�)∞

= (A + B�)∗ + (A + B�)∗A∞ + (A∗B�)∞ ,

where A and B are A and B steps, respectively, from which P is reachable and
B� is a B-step from whose origin there is no outgoing A.

Proof. Just take an A-step whenever possible, that is, whenever there is one that
leads to P . Only take B if there is no choice, so the B-steps are constricting.
Then, every A-step is actually A and every B-step is B� (as well as B). This
process either terminates, or else goes on forever, with either infinitely many B
steps, or finitely many. ��
Note 40. If there is an infinite A-path, then preferring A can be a bad idea.
Witness: s A s B t, that is,

s t

Note 41. Even if the sole infinite path involves both relations, A’s can preclude
reaching the goal, as in t A s B t B u:

s t u

6 The Selection Property

In this section we deal with non-local properties for which constriction yields
separation.

Definition 42 (Selection). We say that relation B selects relation A if

BA+ ⊆ A(A + B)∗ + B+ . (14)

Definition 43 (Weak Selection). We say that relation B weakly selects re-
lation A if

BA+ ⊆ A(A + B)∗ + B∗ + A∗B∗(A∞ + B∞) . (15)

Clearly, weak selection is weaker than selection.
Quasi-commutation gave a special case (Eq. 9) of the following property:

Definition 44 (Weak Separation). Two relations A and B are weakly
(finitely) separable if

(A + B)∗ ⊆ A∗B∗ + A∗B∗A∞ + A∗B∞

= A∗B∗(I + A∞ + B∞) .

It is straightforward to see that
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Proposition 45. Infinite separability plus weak separability give full separability.

Restricting attention to constricting sequences teaches the following:

Theorem 46. If relation B weakly selects relation A, then A and B are weakly
separable.

Proof. Suppose s E∗ t and let P (x) hold only for x = t. The premise (15) means
that

B�A
∗ ⊆ B∗ + B∗(A∞ + B∞) = B∗(I + A∞ + B∞) ,

since there can be no (relevant) outgoing A-step where there is a constricting
B-step. Theorem 39 asserts the (algebraic) equivalent of

E∗ ⊆ A∗(B�A
∗)∗ + A∗(B�A

∗)∞ + A∗(B�A
∗)A∞ ,

and, replacing B�A
∗ as reasoned above,

E∗ ⊆ A∗B∗[(I + A∞ + B∞) + (I + A∞ + B∞)∞ + (I + A∞ + B∞)A∞]
⊆ A∗B∗(I + A∞ + B∞) . ��

Note 47. An alternative weak version of selection,

BA+ ⊆ A(A + B)∗ + B∗ + (A + B)∗(A∞ + B∞) ,

does not yield weak separability. For example, s BA t A t is not weakly separable,
though BA+ ⊆ B∗A∞:

s • t

Theorem 48. If relation B selects relation A and both are well-founded, then
A and B are productively separable.

Proof. Selection implies weak selection, which, per the previous theorem, gives
weak separation, which, with well-foundedness, is finite separation. So selection,
itself, becomes

BA+ ⊆ AE∗ + B+ ⊆ A+B∗ + B+ ,

as required by Definition 28. ��

Note 49. Without well-foundedness of A, one does not have separation, as may
be seen from the following selecting, but unseparable example: s A s BA t.
That is,
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s • t

Note 50. Well-foundedness of B is also needed. To wit:

• • • •

A somewhat analogous way of obtaining a “productive” version of weak sep-
arability, similar in flavor to promotion as used in Theorem 34, is the following:

Theorem 51. If, for relations A and B,

B+A ⊆ A(A + B)∗ + B+ + A∗B∗A∞ , (16)

then

(A + B)+ ⊆ A+ + A∗B+ + A∗B∗A∞ .

Proof. If a nonempty E-chain is not of the form A∗B∗, then it must be of
the form AmB+AEn (m, n ≥ 0). The premise (16) is then used to replace the
segment B+A. The situation devolves into one of three possibilities:

1. We get AmAE∗, in which case the initial run of A’s grows by at least one,
and the process may be repeated.

2. We get AmB+En, in which case the AE∗-tail shrinks to length less than
n + 1, and the process is repeated.

3. We get AmA∗B∗A∞, in which case we are done.

So, either the process continues ad infinitum and infinitely many A’s get pushed
frontwards, giving A∞, or else eventually the process ends happily. It can end
either in immortality, when the third case transpires, or else in separation – with
no subsequences B+A to power the process. ��

7 Lazy Commutation

In [13,14], the following local property is defined and examined:

Definition 52 (Lazy Commutation). Relation A commutes lazily over rela-
tion B if

BA ⊆ A(A + B)∗ + B . (17)

Figure 3 has lazily commuting relations; Fig. 2 does not.
Back to busses: Lazy commutation means that a Red-Blue trip can be sub-

stituted by a single ride on Red or by a junket beginning with a Blue segment.
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Example 53. The relations s B t A t commute lazily:

s t

Note 54. Lazy commutation is noticeably weaker than quasi-commutation (8),
which was shown in [2] to separate well-foundedness of the union into well-
foundedness of each. (See [31] for an automated proof using Kleene algebras.)
Corollary 76 below is stronger.

Note 55. As pointed out in [13], lazy commutation is also much weaker than
transitivity of the union, which – by a direct invocation of a very simple case of
the infinite version of Ramsey’s Theorem – gives separation. (See [17,4] for some
of the history of this idea.)

Note 56. Note that replacing BA with AABB is a process that can continue
unabated: BBA, BAABB, AABBABB, AABAABBBB, . . . , with infinitely
many paths through the graph.

The following is known:

Proposition 57 ([14, Eq. 4.5]). If A commutes lazily over B, then

BA∗ ⊆ A(A + B)∗ + B , (18)

and – in particular – B selects A.

In short, laziness is stronger than selection.

Note 58. An example of selection without laziness is s B t B u with t A u, the
graph of which looks like this:

s t u

It is convenient to make use of the following notion:

Definition 59. Relation X absorbs relation A if

XA ⊆ X .

For example, A∗, E∗, B∞, and ∅ all absorb A. (Recall Eq. 1.) Obviously, if X
absorbs A, then it absorbs any number of A’s, and CX absorbs A whenever X
does.
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Proposition 60. If
CA ⊆ C + X

for a relation X that absorbs A, then

CA∗ ⊆ C + X .

Proof. By induction on n,
CAn ⊆ C + X ,

since, trivially, C ⊆ C + X , while, by the inductive hypothesis and absorption,

CAAn ⊆ (C + X)An = CAn + XAn ⊆ C + X + X = C + X . ��

Proposition 57 is a corollary, with C = B and X = AE∗:

BA+ ⊆ B + AE∗ ⊆ B+ + AE∗ .

A weaker version of laziness, which allows for infinite exceptions, is the
following:

Definition 61 (Lackadaisical Commutation). Relation A commutes lack-
adaisically over relation B if

BA ⊆ A(A + B)∗ + B + A∗B∗(A∞ + B∞) . (19)

Theorem 62. If relation A commutes lackadaisically over relation B, then B
selects A weakly.

Proof. Applying the previous proposition (E∗, A∞, and B∞ each absorb A), the
premise (19) implies

BA+ ⊆ AE∗ + B + A∗B∗(A∞ + B∞) ,

which is more than weak selection. ��
Now, by Theorem 46:

Theorem 63. If relation A commutes lackadaisically over relation B, and – in
particular – if A commutes lazily over B, then A and B are weakly separable.

Note 64. That an infinite A-chain cannot be ruled out can be seen from s B t A
t BA u:

s t • u

So lackadaisicalness gives only weak separability, rather than finite separability.
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With well-foundedness, weak separation turns into finite separation and lack-
adaisical commutation into lazy commutation.

Corollary 65. If relation A commutes lazily over relation B, and both are well-
founded, then in fact

BA ⊆ A+B∗ + B .

Proof. Since laziness with well-foundedness gives finite separation,

BA ⊆ AE∗ + B ⊆ AA∗B∗ + B . ��

Moreover, we have productive separability (Definition 28):

Theorem 66. If relation A commutes lazily over relation B, and both are well-
founded, then A and B are productively separable.

Proof. A simple induction – using the previous lemma – yields

BA+ ⊆ A+B∗ + B .

Thus, using finite separation,

E+ = EA∗B∗ = A+B∗ + BA+B∗ + B+ ⊆ A+B∗ + B+ . ��

Note 67. Well-foundedness of A and of B are necessary, even in the presence of
lazy commutation. Refer to the examples in Notes 49 and 50.

Note 68. Lazy commutation cannot be weakened to

BA ⊆ AE∗ + B+ .

Even
BA ⊆ AA + BB

causes trouble, as can be seen from the non-separable example in Note 15.

Note 69. Lazy commutation also cannot be weakened to

BA ⊆ AE∗ + Bε ,

as can be seen from the following non-separable graph:

• • • •
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8 Endless Commutation

We will see below that selection (Definition 42) suffices for the main consequences
of lazy commutation, namely finite and infinite separation. But, first, observe
the following:

Lemma 70. If

BA+ ⊆ A(A + B)∗ + B+ + (A + B)∗(A∞ + B∞) , (20)

for relations A and B, then they are infinitely separable.

This will be our main tool for separation.

Note 71. The condition (20) clearly does not suffice for full separation. See the
example in Note 47.

Proof. We use constriction (Sect. 5), letting P (x) hold for immortal x. The
premise (20) implies that

B�A
∗ = B+ + E∗(A∞ + B∞) ,

since B� precludes there being an initial immortalizing A-step. By Theorem 39:

E∗ ⊆ A∗(B�A
∗)∗ + A∗(B�A

∗)∞ + A∗(B�A
∗)∗A∞ .

Infinite composition of this means that either the first possibility, A∗(B�A
∗)∗,

repeats forever, or else it repeats finitely often and then one of the two infinite
cases takes over:

E∞ = (A∗(B�A
∗)∗)∞

+ (A∗(B�A
∗)∗)∗A∗(B�A

∗)∞ + (A∗(B�A
∗)∗)∗A∗(B�A

∗)∗A∞

= A∗(B�A
∗)∞ + A∗(B�A

∗)∞ + A∗(B�A
∗)∗A∞ .

By the premise, this is

A∗B∞ + A∗B∗A∞ + E∗(A∞ + B∞) = E∗(A∞ + B∞) ,

as desired. ��
The net result is that

Theorem 72. If relation B selects relation A, and – in particular – if A com-
mutes lazily over B, then A and B are fully separable.

Proof. Selection (14) implies the condition (20) of the previous lemma, giving
infinite separation. Theorem 46 gives weak separation; Proposition 45 gives full
separation; Proposition 57 gives the particular, lazy case. ��
The fact that laziness implies infinite separability is the main result of [13].
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Example 73. The graph s AB t A t is lazily commuting, since BA ⊆ B, and in
fact s ABA∞, as can be seen in the following diagram:

s • t

So, the relations are fully separable, but not neatly separable.

Note 74. Obviously, sans lazy commutation, immortality cannot necessarily be
separated. For example, with s AB s, only in the union is s immortal. See
Example 5.

Note 75. Lazy commutation cannot be weakened to include BA ⊆ AA + BB.
To see that, wrap the counterexample of Note 68 around itself, as follows:

• • •

Combining this theorem with Theorem 48, we can summarize by saying the
following:

Corollary 76. If relations A and B are both well-founded, and, furthermore, B
selects A, or – in particular – A commutes lazily over B, then the union A + B
is also well-founded and A and B are (finitely) productively separable.

When the relations are finite, as for the bus companies of the introduction, any
infinite tours are circular.

Corollary 77. If relation B promotes relation A, then A and B are fully (in-
finitely) separable, as well as (finitely) productively separable.

Proof. By Lemma 33, B+A ⊆ AB∗+B+, so A commutes lazily over B+. Clearly,
E∞ = (A + B+)∞. The result follows from Theorems 72 and 34. ��
Note 78. Promotion (Eq. 13) cannot be weakened to allow the erasure of both
the A and B, as can be seen from t BA t, which only cycles in the union.
Compare Note 35.

Actually:

Theorem 79. Whenever relations A and B are (finitely) productively separable,
they are also fully (infinitely) separable.

Proof. Productive separability (E+ ⊆ A+B∗ + B+) implies that A+ commutes
lazily over B+ (i.e. that B+A+ ⊆ A+E∗ + B+) which means, thanks to The-
orem 72, that A+ and B+ are fully separable, which is the same as A and B
themselves being fully separable, since

E∞ = (A+ + B+)∞ = (A+)∗(B+)∗(A+)∞ + (A+)∗(B+)∞ = A∗B∗A∞ + A∗B∞ .

��Alternatively, one could have agreed directly from constriction.
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9 Lifting Relations

For various applications of commutation arguments, the well-foundedness of one
relation is dependent on that of the other.

First, note the following:

Proposition 80. If, for relations A, B, and C, one has

B ⊆ A+B + C ,

then
B ⊆ A∞ + A∗C .

Proof. By unending application of the premise, we get (the greatest pre-fixpoint)
A∞ + A∗C (for B). ��

In particular, if B∞ ⊆ A+B∞ + A∞, then B∞ ⊆ A∞, meaning that B is well-
founded if A is.

Theorem 81. If relations A and B are infinitely separable and if

B∞ ⊆ A+B∞ + (A + B)∗A∞ ,

then
(A + B)∞ = (A + B)∗A∞ .

Proof. By the premise and the above proposition,

B∞ ⊆ E∗A∞ .

By infinite separation,

E∞ = E∗A∞ + E∗B∞ ⊆ E∗A∞ + E∗E∗A∞ = E∗A∞ . ��

Definition 82 (Lifting). Relation A lifts to relation B if

B∞ ⊆ A(A + B)∞ . (21)

Regarding lifting (21), see [22,16,19]. It implies that if there is an infinite E-chain,
then there is one with infinitely many interspersed A-steps. That is:

Lemma 83. If relation A lifts to relation B, then

(A + B)∞ = (B∗A)∞ .

Compare Eq. (11).
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Proof. By Proposition 21 and lifting,

E∞ = (B∗A)∗B∞ + (B∗A)∞

⊆ (B∗A)∗AE∞ + (B∗A)∞ = (B∗A)+E∞ + (B∗A)∞ .

By the previous proposition, we obtain the following:

E∞ ⊆ (B∗A)∞ + (B∗A)∗(B∗A)∞ = (B∗A)∞ . ��

Moreover, B steps need only be taken when no A step leads to immortality.

Lemma 84. If relations A and B are nicely separable and A lifts to B, then

(A + B)∞ = (A + B)∗A∞ .

Proof. Combining niceness and lifting, we have that

E∞ ⊆ E∗A∞ + A∗B∞ ⊆ A+E∞ + E∗A∞ .

By Proposition 80, E∞ gives either A∞ or else A∗E∗A∞. ��
In other words:

Theorem 85. If relations A and B are nicely separable and A lifts to B, then
A + B is well-founded if (and only if) A is.

Finally, we have the following:

Theorem 86. If relation A commutes lazily over relation B and A lifts to B,
then A + B is well-founded if, and only if, A is.

Proof. Use Theorems 72 and 85, bearing in mind that full separation is more
than just nice separation. ��

10 Discussion

Table 2 summarizes many of the more significant dependencies derived in the
preceding sections.

The claims of Sects. 3 and 4 are amenable to automated proofs [32]. More
work is needed, however, to automate the more advanced results of Sects. 6–8.
This interest of ours in mechanization is why we have indulged in alternative
proofs of some results.

In future work, we plan to use the ideas developed herein to show how laziness
and constriction can contribute to proving well-foundedness of an abstract path
ordering – in the style of [19,6] – which includes the nested multiset ordering
[12], multiset path ordering [8], lexicographic path ordering [22], and recursive
path ordering [24,9] as special cases. We seem to need a weaker alternative to
lifting [16,19], in which lifting need only take place eventually.
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Table 2. Implication graph (Legend: Definition; Note; Proposition; Theorem)

Quasi-
Commutation

=⇒
T23

Neat
Separation Promotion

⇓N54 ⇓D8 ⇓T34

Lazy
Commutation

=⇒
P57

Selection =⇒
T72

Full
Separation

⇐=
T79

Productive
Separation

⇓D61 ⇓D43 ⇓D28

Lackadaisical
Commutation

=⇒
T62

Weak
Selection

=⇒
D44

Weak
Separation

⇐=
T46

Finite
Separation

As pointed out in [10], there is an analogy between the use of reducibility pred-
icates and the use of constricting derivations in proofs of well-foundedness. We
are optimistic that the commutation-based approach taken here will likewise help
for advanced path orderings, like the general path ordering [11] and higher-order
recursive-path-ordering [15,21,3], without recourse to reducibility/computability
predicates.

We plan to analyze minimal bad sequence arguments for well-quasi-orderings
(pioneered in [26]) in a similar fashion. See [25]; compare [19]. We also hope to
apply the results of the previous sections to analyze the dependency-pair method
of proving termination. See [1]; compare [10].
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The approach taken here is based on two completely independent areas of 
research The first is the CCL – Communication Closed Layers; a formal system 
for developing, maintaining, and verifying distributed programs [EF82] and the 
second is the aspect oriented software development [AOSD, CACM] that en-
ables simplification and automation of CCL implementations. Aspect-oriented 
approach provides a natural framework to address inter-processes cooperation. 
The essence of aspect oriented software developments is the localization of 
crosscutting concerns. Under CCL constrains cooperative global properties can 
be considered as a special case of crosscutting concerns. (Note that this is not 
true in general; layers closeness, as defined in the following, is a necessary con-
dition for the validity of cooperative global virtual assertions). 

Both CCL and AOSD are software development methodologies; their syn-
ergy for distributed systems development and runtime verification of system 
virtual global assertions is a promising match to handle the complexities of 
global system cooperation and consistencies. Both are centered on the notion of 
crosscutting concerns; CCL captures the semantics whereas AOSD provides the 
expressive tools. Together, it enables a design-by-contract discipline [M93] to 
be applicable to a wider range of distributed programs. 

There is still ongoing research to use the WEAVR , an aspect oriented model 
driven engineering [tool developed by Motorola, to automate code generation 
from precise behavioral models to express layers and global assertions. [CE1, 
CE2, CVE1, CVE2, CVE3]. 

Abstract. Given an initial decomposition of a distributed program into proc-
esses we are faced with two classes of properties that are tightly bounded. One 
is the class of intra- process properties; these are relationships and requirements 
over a local state of a process. The second class is inter-processes properties; 
these are relationships and requirements over different processes local states 
that depict the consistencies and cooperation among a collection of cooperative 
processes that might be tightly bounded to achieve a certain collective goal. 
Both classes of system properties are crucial for system development and veri-
fication. The intra-process properties are relatively easier to define and carry on 
through system development life cycle. This paper concentrates on the chal-
lenges of expressing and imposing inter-processes properties during a distrib-
uted execution.  
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1   Introduction 

The Tyranny of Distributed Programs Processes Composition 

Decomposition of a distributed system into processes provides only a syntactic repre-
sentation of one dimension; the vertical dimension, no syntactic representation is 
available for the decomposition of the systems into its logical phases in terms of sys-
tem’s goals. For example, it is not syntactically visible when the system as a whole 
has achieved its first sub goal and is ready to launch into the second sub goal. At any 
given time different processes might be executing at different sub goals. The tyranny 
of system decomposition into processes overlooks the logical structure of the system 
as a whole.  

A first attempt to break this tyranny of process decomposition is to impose a com-
plementary horizontal decomposition. Artificial barriers may be introduced to gather 
and hold processes together at a certain point before allowing them to continue execu-
tion. When all processes have reached their respective local halting points the whole 
system halts, a global relationship among the different processes states is verified for 
consistency. Only if the system is on “the correct” milestone step it allows to con-
tinue. Artificial barriers allow both the sequential decomposition and the distributed 
composition to be syntactically visible. Global invariants could be inserted and the 
complementary structure of the system as a sequence of sub goals is observable. The 
huge benefit from such capabilities can be majored by their use in sequential, non-
distributed systems, pre/post conditions and use of assertions and invariants during 
sequential life cycle process. 

Obviously, this approach is far from practical. Artificial barriers result with over 
synchronization which slows the system performance more then necessary. In many 
cases just the process of detecting that distributed possesses have all reached a halting 
point is, in best case, a hazard and in many cases just impossible.  

Breaking the tyranny of processes composition requires a more sophisticated ap-
proach. The idea behind the CCL is to find a reasonable set of restrictions under 
which processes do not have to “really” halt at their local halting points and yet the 
semantics of the program as a whole is as if they do. The horizontal decomposition of 
the system into its logical phases is observable and yet non-imposing in terms of exe-
cution. The proof of such semantic equivalence is given in [EF82, J94] 

In [EBN96] we presented a synergy of object-oriented distributed programming 
and CCL called CHESSBOARD. CESSBOARD enables “ design by contract” for 
distributed applications where processes are tightly bounded to achieve a unique 
common goal. The idea is that object orientation provides encapsulation of the com-
munication among processes and hence enables a syntactic identification of a local 
process unit that collaborates with similar units in other processes. CCL enables the 
syntactic identification of such cooperation. The actual implementation of layers 
boundaries is inserted into each process code. This result with the well known tan-
gling code phenomena of crosscutting concerns and here is where aspect orientation 
can provide a natural solution. 

The integration between CCL and aspect orientation for distributed software de-
velopment is simple; local halting points for each process would be realized by aspect 
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oriented joint points. Pointcut designators will filter out a subset of all the join points 
in different processes for the identification of a virtual global state that represents the 
logic behind the horizontal structure of the program.  

The Communication Closed Layer is a language independent methodology, it is 
represented only in terms of the semantics constraints among its components. Simi-
larly, we choose to present CCL realization independent of any particular aspect ori-
ented technology hence, we only use the common terminology of aspect orientation 
like cut point, pointcut, advice, aspects etc.  

The paper is organized as follows. Section 2 is an overview of CCL – communi-
cation Closed Layers. Section 3 is an overview of basic concepts and terminology of 
AOSD – Aspect Oriented Software Development. Section 4 explains how to express 
layers boundaries using aspects. Section 5 illustrates the approach through a well 
known example of Two-Phase Commit Protocol by using aspects to capture the as-
sertions at layers boundaries. Section 6 lists potential applications of AOSD and 
CCL synergy. The conclusion summarizes and evaluates the synergy and points to 
future work.  

2   CCL - Communication Closed Layered 

The notion of CCL is language independent. A complete formal definition and proof 
system can be found in [EF82, J94]. More work on CCL can be found in [EBN96, 
E84, EK90, EK91, EK93, PFZ93, GS96, JZ92, JPXZ94, PZ92, SdR87, JZ93, 
ZHLdR95, ZJ93, Moo]. Here we present only a general, more intuitive definition us-
ing CSP notation.  

Let [P1⎢⎢P2⎢⎢…Pn] be a distributed program P composed of n processes P1 to Pn. 

Now assume each of these processes is decomposed into its logical local segments. 
Each Pi is refined into: begin Si1;Si2 …Sik end. Sij is the j’s segment of process i. 

The distributed program can be expressed as: 

begin S11;S12 …S1k end 
            ⎢⎢ 
begin S21;S22 …S2k end 
            ⎢⎢ 
 
begin Sn1;Sn2 …Snk end 

Not that this representation reflects the tyranny of processes decomposition. Now 
assume that all the j segments are communicating to achieve the overall system j’s 
sub goal. We would like this fact to be syntactically represented. 

[S1j ⎢⎢S2j⎢⎢…Snj] is called the j’s layer of the system. Lj :: [S1j ⎢⎢S2j⎢⎢…Snj] 
Now we would like to use layers representation to compose the whole system back. 
There are two different composition rules.  

The SCR – Sequential Composition Rule 
Let L1 and L2 be two distributed program layers. The composition L1+L2 is defined 
as the distributed program [S11⎢⎢S21] ; [S21⎢⎢S22]. This is, basically, the semantics 
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of our first attempt to make the logical structure of the whole distributed program 
syntactically visible. All processes must halt at layer boundaries and only when eve-
ryone has reached this synchronization point the second segment may start.  

The DCR- Distributed Composition Rule 
Let L1 and L2 be two distributed program layers. The composition L1*L2 is defined 
as the distributed program [S11;S12 ⎢⎢S21;S22] . This is, basically, the semantics 
which result from ignoring layer boundaries at execution time. DCR and SCR for 
more than two layers are defined inductively. 

With respect to the example above, the Distributed Composition Rule; L1*L2* 
…*Lk yields the distributed program in figure A1 Whereas the Sequential Composi-
tion Rule;  

L1+L2+ …+Lk, yields the distributed program in figure A2. 
 

 

 

  

 

 

                      Fig. A1. The DCR                                             Fig. A2. The SCR 

   Distributed Composition Rule        Sequential Composition Rule 

Ideally, we would like to use the SCR though the software life cycle but use the 
DCR at runtime. The problem is that these two compositions, in general, do NOT 
result with the same semantics. The SCR program exhibits only a subset of all possi-
ble computation paths that can occur in the DCR program. This means that, in gen-
eral, the transformation from SCR to DCR at runtime does not necessarily preserve 
the program semantics. 

Communication- Closed Layer: A distributed layer Lj is called communication 
closed if for every communication both parties are taken from the j’s segments. In 
other words, it is semantically impossible that a communication occurs across layers.  

The Communication- Closed Layers Safety Theorem: Let L1 and L2 be two com-
munication closed layers then the distributed programs L1+L2 and L1*L2 are seman-
tically equivalent. A complete proof of the theorem can be found in [EF82] and also 
in [J94]. 

Using the CCL safety theorem we can safely use the SCR during software life cy-
cle. Since under layer closeness transformation to the DCR preserves the distributed 
program semantics, the executable distributed program can be the DCR one. Layer 
closeness must be either verified or imposed. In the application section of this paper 

[S11 ⎢⎢S21⎢⎢…Sn1] 
            ; 
[S12 ⎢⎢S22⎢⎢…Sn2] 
 ; 

           ; 
[S1k ⎢⎢S2k⎢⎢…Snk] 

begin S11;S12 …S1k end 
                ⎢⎢ 

begin S21;S22 …S2k end 
              ⎢⎢ 

 

begin Sn1;Sn2 …Snk end 
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we will show how layer closeness could be imposed using aspect orientation. The 
DCR emphasizes processes composition whereas the SCR emphasizes the composi-
tion of logical sub goals.  

3   Aspect Oriented Software Development 

The core issue behind AOP, Aspect Oriented Programming, is to expand our ability to 
capture each concern as a modular software unit. The better we keep the representa-
tion of concerns separated throughout the software life cycle the more flexible and 
reusable our software becomes. AOSD, Aspect Oriented Software Development, re-
fers to the refinement of software according to the aspect orientation process. 

SoC, Separation of Concerns, is a core principle in software engineering with well 
established benefits. Yet the problem of applying this principle is at the heart of the 
ongoing software crisis. Ideally, we would first like to have heuristics criteria on how 
to separate concerns and second, software mechanisms to capture these concerns as 
modular units throughout the software refinement process. AOSD is a step in achiev-
ing these goals. 

The object oriented approach focuses first on the data items that are being manipu-
lated. The data items are characterized as active entities, objects which perform opera-
tions on and for them. System behavior is implemented through the interaction of 
objects. Such objects abstract together behavior and data into a single conceptual and 
physical entity. This methodology works well for software systems where most of the 
concerns could be modularized using the dominant decomposition of object orienta-
tion. Experience has showed that for more complex systems, especially concurrent 
and distributed systems, preservation of modularity is not possible for all concerns.  

Crosscutting concerns - One special case where a program can fail to preserve modu-
larity is when the implementation of a specific concern cuts across the modular repre-
sentation of other concerns. A good example of such a concern is logging. A program 
code to implement logging may be scattered across different, otherwise modular com-
ponents. Synchronization, scheduling, fault tolerance and security are concerns that are 
notoriously crosscutting. Under a dominant decomposition of core functionality, im-
plementation of these concerns can not be modularized but rather must be scattered 
across various program components. To better understand crosscutting concerns we 
use the example taken from the introduction to the AspectJ language at aspectj.org. 
(Also appears in “Discussing Aspects of AOP” in the special section on aspect oriented 
programming in the Communication of the ACM October 2001 issue [CACM]).  

Consider the UML for a simple figure editor, in which there are two concrete 
classes of figure elements, points and lines. These classes manifest good modularity, 
in that the source code in each class is closely related (cohesion) and each class has a 
clear and well-defined interface. But consider the concern that the screen manager 
should be notified whenever a figure element moves.  This requires every method that 
moves a figure element to do the notification.  

The Move Tracking box in the figure is drawn around every method that must im-
plement this concern, just as the Point and Line boxes are drawn around every method 
that implements those concerns.  Notice that the box for Move Tracking fits neither 
inside of nor around the other boxes in the picture - instead it cuts across the other 
boxes in the picture.  
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aspects crosscut classes

aspect modularity cuts across 
class modularity
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Display
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setP2(Point)

Figure *

2

MoveTracking

 

Code tangling – An implementation of crosscutting concerns, using current pro-
gramming languages, results in what is called code tangling. Ideally, software engi-
neering principles instruct us to modularize our system software in such a way that (1) 
each module is cohesive in terms of the concerns it implements and (2) interface be-
tween modules is simple. Complying with these principles contributes to software that 
has many desirable outcomes; it is easier to produce, it can be naturally distributed 
among different programmers, it is easier to verify and to test, it is easier to maintain 
and reuse and it is more agreeable with the need for future adaptability. Now consider 
the impact of implementing a crosscutting concern, like logging, whose implementa-
tion is not modularized. Logging code is inserted into a variety of modules that each 
implements an activity that needs to be logged. (1) Cohesiveness is lost and (2) mod-
ule interface is complicated. Violating the above software engineering principles 
bears the natural consequences; it is harder to produce, it can no longer be naturally 
distributed among different programmers, it is harder to verify and to test, it is harder 
to maintain and reuse and it is less agreeable with needs for future adaptability. Now 
continue to add on other crosscutting concerns such as security, scheduling, synchro-
nization, fault tolerance etc. and eventually a software crisis is inevitable.  

Progress in programming languages and design methods have always been driven 
by the discovery of a new design structure which can provide modularity where exist-
ing approaches fail. How does AOP fit within this paradigm? AOP introduces a new 
linguistic mechanism to modularize the implementation of crosscutting concerns. For 
example, logging code would no longer be scattered among different modules inter-
fering with their cohesiveness but rather localized in one place called the logging as-
pect. This solves the problems above but now it introduces a new challenge; how to 
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put Humpty Dumpy back together again? The logging code still needs to be inserted 
in the right places at runtime. Here is where different AOP approaches provide differ-
ent solutions. To explain the different methods to achieve composition of core func-
tionality and aspects we will first introduce AOP terminology.  

Weaving - The process of composing core functionality modules with aspects is 
called weaving. Weaving can be done statically, at compile time or dynamically at 
runtime.  

Join Points – are well-defined points, hooks in the execution flow of the program. 
A Join Point indicates where an aspect code can interface. A join point model pro-
vides the common frame of reference to enable the definition of the structure of as-
pects. Common join points are method calls. Each method call is one join point, the 
point in the flow when that method is called and when that method call returns. 

Pointcut – A set of join points described by a pointcut designator. A pointcut expres-
sion filters out a subset of join points. This is an important feature of AOP because it 
provides a quantification mechanism. A programmer may designate all the join points 
in a program where, for example, a security code should be invoked. This eliminates 
the need to refer to each join point explicitly and hence reduces the likelihood that any 
aspect code would be incorrectly invoked. A Pointcut might also be specified in terms 
of properties of methods rather than their names. 

Advice – advice declarations are used to define the aspect code that runs at join points. 
This, for example, might be the security code itself that runs at every join point that is 
filtered out by the security pointcut expression. For a method call-join points there are 
three kinds of advice: a before advice - advice code which runs at the moment before 
the method begins running. An after advice- advice code which runs at the moment 
control returns after the method is completed. An around advice - advice code which 
runs when the join point is reached and it can check for conditions that may control the 
selection of advice code. Advice is a method-like mechanism except that there is no 
explicit call to it at the point where it is executed.  

Aspects – an aspect is a modular unit designed to implement crosscutting concerns. 
An aspect definition may contain some advice and the instructions on where, when 
and how to invoke them. It can be defined like a class and it can contain all intelli-
gent information regarding aspect deployment. An aspect declaration may name the 
aspect, use pointcut designators to quantify all the possible places where the aspect 
advices should be invoked and defines the advice that should run at the designated 
join points. 

4   Aspect Orientation for Expressing Communication-Closed 
Layers 

We use the familiar aspect oriented semantics [KHHKPG] to provide a common 
frame of reference that makes it possible to define CCL join points. CCL pointcut 
designators, CCL advice and CC aspect. 
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CCL local join points: Join points are certain well-defined points in the execution 
flow of a program. CCL joint points are defined at the beginning and end of each pro-
gram segment Sij. 

CCL distributed join points: The collection of all CCL local joint points at the be-
ginning and end of each layer Lj. 

CCL distributed Pointcut designators: Pointcut designators identify particular join 
points by filtering out a subset of the entire join points in the program flow. CCL 
pointcut designators are filtering out the joint points at each layer boundaries. Point-
cut layer-j filters out all CCL join points Sij for i=1..n. CCL distributed pointcut des-
ignator is a mapping into CCL distributed join points. CCL pointcut designators  
allows us to define distributed virtual global states 

CCL distributed advice: Advice declarations are used to define additional code that 
runs at CCL distributed join points.  

CCL distributed Aspect: An aspect is a modular unit of crosscutting implementation. 
CCL aspects are assertions over virtual global states that are verified at runtime. Since 
a global state is a collection of local states its realization is a crosscutting concern. 

For sequential programs current research has already established the use of aspects 
in verifying and imposing pre-and post-conditions and use of “design by contract” 
[M93]. Aspects make it possible to implement pre- and post-conditions in a modular 
form. Also a consistent behavior across a large number of operations could be imple-
mented in a much simpler way because of the localization of crosscutting concerns. 
The contribution of this paper is the extension of the class of properties that can be 
verified and imposed using aspect orientation approach. The “virtual global state” as 
defined in [EBN96] is the distributed programming equivalence to the simple state in 
sequential programming over which assertions are defined. 

To best explain the use of aspect orientation in breaking the tyranny of process 
composition in distributed programs we use the well known two-phase commit proto-
col. A complete formal CCL development of this protocol is given in [J94].  

5   An Aspect Oriented implementation of Two-Phase Commit 
Protocol 

The two-phase commit protocol is an example used in distributed databases to guar-
antee consistency of the database. A coordinator process receives a request to initiate 
a voting, it should return, “COMMIT” if all processes participating in the voting 
process vote “yes” and “FAIL” otherwise. The voting process is a distributed program 
called COORDINATION (we are using uppercase for distributed programs and  
lowercase for sequential programs). CORDINATION can be farther decomposed into 
four layers that reflect the logical structure of the program into its sequential  
sub goals. 

REQUEST – A vote-req message is passed between the coordinator and each of 
the participants.  

VOTE – Each process, based on its local state deliberates a yes/no reply.  
DECIDE – The coordinator collects the votes and computes the collective consensus.  
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EFFECTUATE – The final decision is passed back to all participants that act  
accordingly.  

Note that this decomposition is orthogonal to the processes decomposition. 
The process decomposition is assigning every voting participant process(i) a roll in 

each of these layers. 

∀i∈(1..n) Process(i) :: BEGIN request-i; vote-i; decide-i; effectuate-i END 
The two-phase commit protocol decomposition into layers is given in Figure B. 

 

Fig. B. SCR of the two phases commit protocol 

 

Fig. C. Virtual global assertions for the two phases commit protocol 

The communication-closed layers safety theorem applied to this example states 
that if each of the four layers is communication-closed - communications are allowed 
only between request segments, between vote segments, between decide segments 
and between effectuate segments but never between a request segment and a vote 
segment - then the two compositions are semantically equivalent. This means that we 
can use the SCR during software life cycle and the DCR for the actual execution. 

The following is a formal specification in terms of pre-and post- conditions that re-
flects the “design by contract” of the two-phase commit protocol SCR. What we like 

 
REQUEST layer is [request-1⎢⎢request-2⎢⎢…⎢⎢request-n] 
VOTE layer is [vote-1⎢⎢vote-2⎢⎢… ⎢⎢vote-n] 
DECIDE layer is [decide-1⎢⎢decide-2⎢⎢…⎢⎢decide-n] 
EFFECTUATE layer is [effectuate-1⎢⎢effectuate-2⎢⎢…⎢⎢effectuate-n] 

{∀i∈(1..n) (vote-i = NONE ∧decision-i= NONE) } 

REQUEST 
{∀i∈(1..n) (vote-i = NONE ∧decision-i =NONE) ∧ message = VOTE_REQ} 

VOTE 
{∀i∈(1..n) ((vote-i=YES) ⇔stable-i∧(vote-i=NO)⇔ not(stable-i))} 

DECIDE 
{∀i∈(1..n) ((vote-i=YES) ⇔stable-i∧(vote-i=NO)⇔not(stable-i)) 

∧( (decision=COMMIT∧∀i(vote-i=YES)) 

∨(decision=FAIL∧∋i (vote-i=NO) ) } 

EFFECTUATE 
{ ( (decision=COMMIT∧∀i(vote-i=YES) ∨(decision=FAIL∧∋i)(vote-i=NO) ) 

∧∀i (decision-i=decision) } 
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to emphasize here are not so much the details of the specifications, but rather the na-
ture of the global assertions that reflect distributed cooperation. 

These assertions are called virtual global assertions because there might not be any 
real time at which any one of them holds. Each process reaches its own layer bounda-
ries at a different time. 

A Formal Distributed Aspect Oriented – CCL 

We can use joint points and pointcut designators to define virtual global time and vir-
tual global state. 

Let [P1⎢⎢P2⎢⎢…Pn] be a distributed program P composed of n processes P1 to Pn. 
And let BEGIN LAYER-1;LAYER-2; …; LAYER-k END be the complementary 

program composition into k layers. 
∀i∈(1..n), process Pi is BEGIN layer-i1;layer-i2; …; layer-ik END  

∀i∈(1..n),∀j∈(1..k) let time-layer-ij, be the time stamp when process(i) reaches its 
joint point layer-ij. Clearly each process reaches this point at a different time.  

∀j∈(1..k) A distributed virtual global time for the LAYER-j sub goal is defined as 
the vector: (time-layer-1j, time-layer-2j, … , time-layer-nj) This is a collection of the 
different times each process has reached its own local segment referring to the collec-
tive j sub goal. The collection is identifiable by LAYER-j pointcut designator. 

∀i∈(1..n),∀j∈(1..k) let state-layer-ij, be a snapshot of process(i) local state at time-
layer-ij. ∀j∈(1..k) A virtual global state for LAYER-j sub goal is defined as the vector: 
(state-layer-1j, state-layer-2j, …, state-layer-kj).  This is a collection of local states of 
each of the processes taken each at a different time by the advice code that runs on 
these joint points. 

∀j∈(1..k) A distributed Virtual global assertion TEAMWORK-j: is defined as an 
assertion over the virtual global state of LAYER-j.  TEAMWORK assertions depict 
the logical structure of a distributed program.   

Regarding the two phases commit protocol, the executable program is the one ob-
tained by applying the distributed composition. The program that we prove correct-
ness is one obtained by applying the sequential composition. Since under layers 
closeness the two programs are semantically equivalent the proof holds for the dis-
tributed composition as well. 

There are four classes of CCL local join points for every process(i): around re-
quest-i, around vote-i, around decide-i and around effectuate-i.  

There are four CCL distributed pointcut designators: ∀i∈(1..n) request-i, ∀i∈(1..n) 
vote-i, ∀i∈(1..n) decide-i, and ∀i∈(1..n) effectuate-i.  

Virtual global times that we would like to express are: The distributed virtual time 
when the system achieved its REQUEST sub goal, the distributed virtual time when 
the system achieved its VOTE sub goal, the distributed virtual time when the system 
achieved its DECIDE sub goal and the distributed virtual time when the system 
achieved its EFFECTUATE sub goal. 

At each distributed virtual time we have the associated virtual global state and the 
distributed virtual global assertions as given in figure C. 
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The advice code that runs at joint points takes a snapshot of the process local state 
(or just an appropriate subset of all the variables that appear in a global invariant) and 
copies it into a pool of all such snapshots. When a pool is full; all processes have 
passed their appropriate layer boundaries, the verification of the global assertion can 
be evaluated. An intelligent decision could be made based on this evaluation. 

The roles played by states, assertions and invariants in sequential programming de-
sign by contract discipline - can be played by distributed virtual global state, distrib-
uted virtual assertions and distributed virtual invariants in distributed programming 
design by contract discipline. The effectiveness of this approach increases with the 
degree of logical cooperation and the degree of communication between the proc-
esses. AOSD principles support the CCL distributed software development. CCL 
practical implementation relies on an effective handling of crosscutting concerns.  

6   Potential Applications of AOSD and CCL Synergy 

One of the principles in software development is the visibility rule: a significant con-
cern should be syntactically visible. Aspect orientation strength is mainly due to ele-
vating crosscutting concerns to be syntactically visible. CCL strength is mainly due to 
elevating the cooperative structure of distributed software to be syntactically visible. 
In the past we had mostly applications where processes, for the most part, did not in-
terfere with each other. Resources management enforced sharing. Now, we see more 
applications where there is a higher degree of processes cooperation, the processes do 
not merely share resources, but actually have common goals. Such a distributed pro-
gram common goals are significant concerns yet these concerns are not syntactically 
visible. Given a distributed program it is impossible to decompose it back to its logi-
cal structure in terms of common sub goals. These types of applications can benefit 
from an aspect orientation realization of CCL development.  
The following are examples of the benefits: 

Testing – Virtual global assertions and program’s global invariants could be tested 
during run time or just at production phase. This is important because each program 
run might produce a different sequence of events. 

Verification – Syntactic visibility of sub goals is a necessary condition for the abil-
ity to prove their correctness. Formal verification of a distributed program is a very 
complex task hence its decomposition into layers makes it more manageable. 

Intelligent decision – Evaluation of a virtual global state allows for the insertion of 
intelligence into global system behavior. A system may choose to proceed differently 
based on certain relationship among local processes states.  

Imposing layers closeness – Layer closeness is a necessary condition for the se-
mantics equivalence between the DCR and the SCR. Proving layers closeness is a 
difficult task. Since aspect orientation enables localization of layers boundaries it is 
possible to verify that two communicating parties belong to the same layer. This can 
be done at run time or during software production phase only. 

Layers Adaptability –Aspect orientation allows for aspects adaptability, aspects 
with different policy can replace one another. CCL allows for layers adaptability, lay-
ers complying with the same input/output global assertions can replace one another. 
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Performance – Overall system performance depends on all system processes pro-
ceeding at the same phase. Otherwise, a process that is legging behind might cause 
suspension in other processes. For example, if one process is executing at layer-1 and 
all the rest are already at layer-2 any cooperation with the legging process concerning 
the second sub goal need to be put on suspension  A smart scheduling can prevent this 
by always preferring a process that is executing in a lower layer over one that is exe-
cuting in a higher one. 

Real-time applications – CCL provides the virtual global time vector. The vector 
component with the highest value can be considered as the “real-time” at which a 
sub goal has been achieved. Different applications might need to eliminate execution 
of a non-crucial layer in case of time constrains. When a real-time computation can-
not be completed, at least we get an approximation by considering the latest assertion 
evaluated.  

A partial list of more applications of CCL can be found in [EBN96, E84, EK90, 
EK91, EK93, PFZ93, GS96, JZ92, JPXZ94, PZ92, SdR87, JZ93, ZHLdR95, ZJ93]  

7   Conclusion 

Two of the aspect orientation characteristics defined in [FF00, CACM] are illuminat-
ing here, the quantification and the implicit invocation. Without these the implemen-
tation of a distributed program using CCL is difficult, rich in code tangling and hence 
not attractive from practical point. Aspect orientation approach separates the CCL 
concern from the rest of the program. It enables clean integration between distributed 
program processes composition and the distributed program layers composition. The 
tyranny of distributed programs processes composition is gently replaced with co-
existence of both process composition and layers composition. Code implementing 
one composition does not tangle with code implementing the other composition.  
The roles played by states, assertions and invariants in sequential programming de-
sign by contract discipline can be played by virtual global state, virtual assertions and 
virtual invariants in distributed programming design by contract discipline The effec-
tiveness of this approach increases with the degree of logical cooperation and the de-
gree of communication between the processes. CCL practical implementation relies 
on an effective handling of crosscutting concerns.  

There is still ongoing research to use the WEAVR , a model driven engineering 
tool developed by Motorola to automate code generation from precise behavioral 
models to express layers and global assertions. [CE1, CE2, CVE1, CVE2, CVE3] 
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No i-Sums for Nissim (and Shalom)

Itamar Francez

University of Chicago

Abstract. Lappin and Francez (1994) present a theory of donkey
anaphora which, they claim, captures both their existential and their
universal readings, while maintaining a uniform representation of don-
key pronouns. This paper shows that their analysis does not in fact
assign the correct truth conditions to donkey sentences and so does not
account correctly for the distribution of readings. An alternative analysis
is proposed which retains LF’s uniform representation for donkey pro-
nouns, but abandons their analysis in terms of i-sums and the corollary
derivation of universal readings by means of a maximality constraint.
On the proposed analysis, donkey pronouns are uniformly represented
with free variables over (Skolemized) choice functions, as in Chierchia’s
(1992) E-type analysis. The quantification associated with them is in-
ferred quantification over choice functions. Universal readings arise as in
Chierchia (1992) when all possible values for the free variable in the rep-
resentation of a donkey pronoun are salient. For existential readings, a
pragmatic account in the spirit of LF’s analysis in terms of a cardinality
constraint is maintained.

Keywords: Donkey anaphora, E-type pronouns, strong and weak read-
ings, i-sums.

1 Introduction

Sentences with intrasentential donkey anaphora are known to give rise to both
universal and existential readings. These are exemplified in (1-a) and (1-b)
respectively.1

(1) a. Every farmer who has a credit card hides it in the barn.
= Every farmer who has a credit card hides every credit card she
has in the barn.

b. Every farmer who has a credit card uses it to buy a donkey.
= Every farmer who has a credit card uses some credit card she
has to buy a donkey.

Lappin and Francez (1994) (henceforth, somewhat ironically, LF) present an
analysis of donkey anaphora which assigns a uniform representation to donkey
1 Throughout, I restrict myself to donkey sentences with relative clauses. Extensions to

other kinds of donkey sentences, e.g. ones with conditional form, are left for another
occasion.
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pronouns and on which the distribution of weak and strong readings is prag-
matically determined. In this short paper, I show that this analysis does not
in fact account correctly for the distribution of readings, because it assigns the
wrong truth conditions for donkey sentences in which the subject NP involves a
downward increasing determiner, such as (2).

(2) No farmer who has a credit card uses it to buy a donkey.
a. No farmer who has a credit card uses any of her credit cards to buy

a donkey.
b. No farmer who has a credit card uses all of her credit cards to buy

a donkey.

The only reading available for (2) is the negated existential reading paraphrased
in (2-a). However, LF’s theory does not assign this reading to the sentence
(contrary to their claim), but rather assigns to it the unavailable (or strongly
dispreferred) reading in (3-b).

This is a serious flaw, and calls into question the correctness of the prag-
matic approach, which LF advocate over alternatives such as Kanazawa’s 1994
semantic theory in terms of monotonicity. I argue however that LF’s pragmatic
approach can (and should) be maintained. In particular, I argue that donkey
pronouns should be represented as free variables over Skolemized choice func-
tions as in Chierchia (1992), but that (unlike in Chierchia’s theory), they should
be uniformly so represented. It follows that donkey pronouns never have quan-
tificational force. My proposal is that the universal force in universal readings
comes from inferred quantification over choice functions. In this respect, donkey
pronouns are interpreted as free choice items, on a par with free choice indefi-
nites headed by any. Existential readings are derived as in LF’s account, from
the presence of a world knowledge based “cardinality constraint” associated with
the main predicate in the donkey sentence. In all cases, the quantification is over
choice functions rather than individuals. Thus, the theory proposed is a ver-
sion of LF’s theory in which the representation of donkey pronouns is retained,
but the analysis of quantificational force is modified to incorporate elements of
Chierchia’s analysis.

The paper is structured as follows. Section 2 describes LF’s i-sums analysis of
donkey sentences. Section 2.1 shows the problem with that analysis. Section 3
describes my alternative proposal. Section 4 summarizes.

2 Lappin and Francez’s 1994 Analysis

LF’s analysis of donkey anaphora is a version of the E-type analysis found in
Lappin (1989) and Neal (1990), i.e. one in which donkey pronouns are ana-
lyzed not as bound variables but as functions from individuals to collections of
individuals. The difference is that LF model collections of individuals as i-sums
( Link (1983), and this allows them to give a formal definition for the notion of a
maximal collection of individuals. An i-sum is a special kind of individual formed
by a summation operation ∨i on individuals in the domain of quantification E.
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Intuitively, an i-sum is simply a grouping of one or more atomic individuals. LF
introduce the following notations and definitions:

i For any one-place predicate P the denotation of which is a subset of E, LF
use the notation ∗P for a one-place predicate the denotation of which is the
set of i-sums in the closure of P under ∨.

ii For any binary relation R, ∗R is a binary relation between atomic individuals
and i-sums, such that 〈a, b〉 ∈ ∗R iff a is atomic and b is an i-sum of
individuals that stand in relation R to a.

iii If ∗R is interpreted distributively, then 〈a, b〉 ∈ ∗R iff a bears R to every
atomic part of b. If ¬∗R is interpreted distributively, then 〈a, b〉 ∈ ¬∗R iff a
doesn’t bear R to any atomic part of b.

Donkey pronouns are represented as functions from individuals to i-sums. For
example, a sentence like (1-a), repeated in (3-a), is represented as in (3-b).

(3) a. Every farmer who has a credit card hides it in the barn.
b. (Farmer ∩{x : {y :∗ has(x, y)} ∩ credit-card �= ∅}) ⊆ {z :∗

hides-in-barn(z, f(z))}
In (3-b), f is a function defined for any farmer who has at least one credit

card.2 To any such farmer, f assigns a member of the set of i-sums of credit
cards she has (i.e. a member of {y :∗ has(x, y)} ∩ credit-card}).

To get universal readings, LF assume that the functions f in the representation
of donkey pronouns are subject to a default maximality constraint. Since the
range of f is always a set of i-sums , this set has a supremum, i.e. an element of
which all other elements in the set are parts. The maximality constraint requires
f to choose the supremum element of its range. The truth conditions in (3-b)
then say that the set of credit-card owning farmers is a subset of the set of
individuals such that they hide the i-sum consisting of all credit cards they own
in the barn. This is the universal reading.

LF propose that existential readings of donkey sentences arise when the max-
imality constraint is suspended. In this case, the function f becomes a choice
function. For any individual, it chooses a (possibly non-maximal) i-sum from
the relevant set of i-sums , generating the existential reading.

In this way, a single representation generates both existential and universal
readings of donkey sentences. What determines which reading is generated is
whether the maximality constraint applies or not. This, in turn, is determined
by world knowledge. In some cases, the predicate containing the donkey pronoun
describes an eventuality which implies restrictions on the cardinality of the par-
ticipant(s) denoted by the donkey pronoun. For example, the relevant predicate
in (1-b), repeated in (4), is uses it to buy a donkey, where it is, for any farmer,
some i-sum of credit cards she has.

(4) Every farmer who has a credit card uses it to buy a donkey.

2 There is a question as to how to ensure that f is resolved to be the intended function.
I ignore this question here.
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Events of purchasing something with a credit card are normally associated with a
restriction on the number of credit cards used. Normally, only one card is used to
make a purchase. To accommodate this cardinality restriction, the maximality
constraint is suspended, so that non-maximal i-sums might be chosen. The
predicate in (1-b) on the other hand, hides it in the barn, is not associated with
any such cardinality restriction – there is no world knowledge limit on how many
credit cards one might hide in a barn. Therefore, nothing overrides the default
maximality constraint in that case, and the universal reading is preferred.

2.1 The Problem

Where this analysis goes wrong is in cases where the subject determiner is mono-
tone decreasing, such as (2) repeated in (5).

(5) No farmer who has a credit card uses it to buy a donkey.

As observed by Chierchia (1992), such sentences only receive a negated existen-
tial interpretation. Thus, (5) says that there is no credit card owned by a farmer
that was used in a donkey purchase. LF claim to capture this fact, and their
analysis proceeds as follows. (5) receives the representation in (6), where I use
$don for the relation a used b to by a donkey

(6) (Farmer ∩{x : {y :∗ has(x, y)}∩credit-card �= ∅})∩{z :∗ $don(z, f(z))} =
∅

This representation is equivalent to the one in (7).

(7) (Farmer ∩{x : {y :∗ has(x, y)}∩credit-card �= ∅}) ⊆ {z : ¬∗$don(z, f(z))}
Since there is no cardinality restriction associated with the negative predicate
in (7) (there is no limit on how many credit cards you can avoid using when
purchasing a donkey), the maximality constraint applies, yielding the universal
reading.

But this is the wrong universal reading. The required reading is a negated
existential reading. The reading in (7) is, in effect, a negated universal reading.
Both the representation in (7) and the one in (6) are true iff there is no credit
card owning farmer such that she used the maximal i-sum of credit cards she
has (i.e. the i-sum consisting of all of her credit cards) to buy a donkey.

In fact, it would seem LF’s analysis cannot generate the correct reading.
Consider again the representation in (6). Like their representation of all other
donkey sentences, this representation too gives rise to two readings. Strictly
speaking, the representation says that no credit card owning farmer used an i-
sum of cards to buy a donkey. If the maximality constraint applies, the relevant
i-sum is the maximal one consisting of, for any farmer a, all of a’s credit cards,
yielding the undesired negated universal reading. If maximality is suspended,
the relevant i-sum is, for any farmer a, some i-sum of credit cards owned by
a. This is again the wrong reading, requiring only that for every farmer, there is
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some credit card they did not use to buy a donkey. Thus, LFs analysis produces
wrong results regardless of whether maximality applies or not.

What went wrong? The problem is rooted in how universal force is derived.
The intuition about donkey sentences with monotone decreasing quantifiers is
that they give rise to negated existential readings. A negated existential is (clas-
sically) equivalent to a universal (¬∃x[P (x)] ≡ ∀x[¬P (x)]). However, the i-sums
account does not actually involve universal quantification. Instead, it imitates
universal force by allowing donkey pronouns to refer to maximal pluralities.
Maximal pluralities are scopeless, and this has the effect of “freezing” the scope
of their universal force so that they are always interpreted as if a low scope
universal quantifier was involved. But the the relevant negated existential read-
ings are equivalent to readings in which a universal has scope over negation, not
under it.

2.2 Distributivity Is Not Enough

It may seem that this problem is easily overcome within LF’s system if all re-
lations between individuals and i-sums are interpreted distributively. The def-
inition of distributivity for any such relation ∗R was given in (ii) above. For
example, consider the scope of the quantifier in (7):

(8) {z : ¬∗$don(z, f(z))}
Suppose that f(z) is the maximal i-sum of credit cards owned by z. If the relation
∗$don is read distributively, the representation in (7) becomes equivalent to (9),
which does capture the desired reading. Following LF, I use Π for the atomic
part-of relation.

(9) (Farmer ∩{x : {y :∗ has(x, y)} ∩ credit-card �= ∅}) ⊆ {z : ∀c(cΠf(z))(¬$don(z, c))}

Furthermore, it is clear that distributivity is in any case required for other
donkey sentences with universal readings, such as (1-a) above or (10), which does
not commit the speaker to the existence of any single event in which a farmer
sacrifices all of her donkey to Zeus.

(10) Every farmer who has a donkey sacrifices it to Zeus.

It might even be that singular donkey pronouns must be interpreted distribu-
tively, given the impossibility of examples like (11):

(11) #Every farmer who has a pig gathers it in the sty at night.

Unfortunately, allowing or requiring distributive readings of donkey pronouns
does not alleviate the problem. This is because the representation in (7), from
which (9) is derived, is not a representation of the relevant donkey sentence (2),
but merely a logically equivalent representation. The actual representation is the
one in (6), repeated in (12).
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(12) (Farmer ∩{x :{y :∗ has(x, y)}∩credit-card�=∅})∩{z :∗ $don(z, f(z))}=
∅

It is crucial to LF’s account that one can move from the representation in (12)
to the one in (7) as a matter of pragmatic inference. However, once donkey
pronouns are interpreted distributively, the two representations are no longer
logically equivalent. This can easily be seen by comparing (9) with a version of
(12) in which distributivity is explicitly represented. The two representations are
given in (13). (CC stands for credit card.)

(13) a. (Farmer ∩{x : {y :∗ has(x, y)} ∩ CC �= ∅}) ∩ {z : ∀c(cΠf(z))($don(z, c))} = ∅
b. (Farmer ∩{x : {y :∗ has(x, y)} ∩ CC �= ∅}) ⊆ {z : ∀c(cΠf(z))(¬$don(z, c))}

Generally, A ∩ B = ∅ is equivalent to A ⊆ C iff C = B. This is clearly not
the case in (13). The complement of the set {z : ∀c(cΠf(z))($don(z, c))} is
{z : ∃c(cΠf(z))(¬$don(z, c))}, not {z : ∀c(cΠf(z))(¬$don(z, c))}. Of course,
the representation in (13-a) is not the correct one for the relevant sentence. This
representation says that no card-owning farmer uses each of her credit cards to
buy a donkey. The sentence says no farmer uses any of her cards to do so. Thus,
even assuming distributivity, LF assign the wrong truth conditions to donkey
sentences with a monotone decreasing determiner.

3 An Alternative Analysis

I believe that the key to overcoming the problem with LF’s analysis lies in
viewing the monotone decreasing cases not as negated existentials but as uni-
versals. Recall that what is needed is for universal force to outscope negation. In
this section, I suggest that this can be done leaving LFs representation almost
unchanged, but that this requires abandoning the idea that donkey pronouns
are interpreted as i-sums, as well as the related idea that universal force comes
from a maximality constraint. Instead, I adopt Chierchia’s (1992) E-type strat-
egy, where the representation of donkey pronouns involves a free variable over
Skolemized choice functions (i.e. functions mapping sets to individuals, not to i-
sums). Universal readings involve universal quantification over choice functions.
Donkey pronouns on a universal reading are therefore interpreted like free choice
indefinites. Donkey pronouns with existential readings are interpreted as simple
indefinites. Thus, the sentences in (14)-(16) are given the paraphrases in the
(a) examples. In particular, (14) is paraphrased with any rather than the usual
every.

(14) Every farmer who has a credit card hides it in the barn.
a. Every farmer who has a credit card hides any credit card she has

in the barn.

(15) Every farmer who has a credit card used it to purchase a donkey.
a. Every farmer who has a credit card used some credit card she has

to purchase a donkey.
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(16) No farmer who has a credit card uses it to purchase a donkey.
a. No farmer who has a donkey uses any of the credit cards she has

to purchase a donkey.

These sentences then receive the representations in (17)-(19) respectively, where
the choice function variable f remains free.

(17) (Farmer ∩{x : {y : has(x, y)} ∩ CC �= ∅}) ⊆ {z : hide-in-barn(z, f(z))}
(18) (Farmer ∩{x : {y : has(x, y)} ∩ CC �= ∅}) ⊆ {z : $don(z, f(z))}
(19) (Farmer ∩{x : {y : has(x, y)} ∩ CC �= ∅}) ∩ {z : $don(z, f(z))} = ∅
Since these representations involve a free variable they cannot be associated with
a determinate meaning without the variable being either bound or else provided
with a value from context. In the simplest cases, the common ground reduces
the range of the choice functions to a singleton set, thus reducing the number of
functions that are possible values for f to just one. This would be the case with
sentences such as (20), where the only value for f is the function mapping every
individual to their nose.

(20) Every farmer who has a nose uses it to smell the freshly plowed fields
after the rain.

However, I follow much of the literature (including Heim, Chierchia, and LF)
in assuming that in the cases under consideration, no such uniqueness presup-
position is involved. Therefore, in these cases, what context needs to provide
is either a particular choice function, or else a binder. Obviously, context does
not provide a particular choice function when universal readings are involved,
and it seems that usually this is not what happens when existential readings are
involved either. For example, the speaker would usually not have a particular
way of choosing a credit card in mind when she utters (15). The question is then
how universal and existential readings arise, in the absence. An answer should,
ideally, also explain why they have the distribution they do.

My proposal is that the quantification associated with donkey pronouns is
over choice functions, not over individuals. The force of quantification is by
default universal (as in Chierchia’s and LF’s theories), with existential readings
arising pragmatically through world knowledge based inferences. The proposal
thus integrates Chierchia’s intuition about universal readings with LF’s intuition
about existential ones.

3.1 Universal readings

Chierchia (1992:160) makes the point that the standard assumption in logic is
that formulae with free variables are true iff they are true under all assignments
of values to the variables. The same principle is, according to him, at play when
donkey pronouns are interpreted as choice functions. In any donkey sentence, a
set of choice functions is made salient, such as the set of functions mapping each
farmer to one (or more) of her credit cards. Since all of these functions are equally
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salient, the sentence is interpreted as true iff it is true relative to all the functions
in this set. This is how universal readings arise. Thus, the representation in (17)
is true iff it is true for all choice functions from farmers to credit cards they have.

The monotone decreasing cases which formed the problem for LF’s account
now fall out as a simple case of a universal reading. The representation in (19) is
true iff it is true relative to all values for f . These are the correct truth conditions.
On this interpretation, the representation becomes equivalent to (21), where F
is the set of functions from farmers to credit cards they have. (21) captures the
fact that the relevant reading is a negated existential.

(21) (Farmer ∩{x : {y : has(x, y)}∩CC �= ∅})∩{z : ∃f ∈ F [$don(z, f(z))]} =
∅

An attractive feature of this analysis of universal readings is that it automatically
captures the fact that donkey sentences with universal readings are interpreted
distributively. For example, consider the traditional (22).

(22) Every farmer who owns a donkey beats it.

A speaker uttering this sentence (say, a medieval monk) is not commited to the
existence of any event in which a farmer beats all of her donkeys at the same
time. The collectivity of donkeys need not be a participant in the eventuality
described. All that the sentence commits the speaker to is the proposition that
any relevant donkey is (habitually) beaten by its owner.

3.2 Existential readings

Chierchia’s analysis does not extend to existential readings. To generate those,
he posits a second strategy of interpretation for donkey sentences involving dy-
namic binding as in Groenendijk and Stokhoff’s (1991) DPL. As LF point out,
this is an unintuitive result. How then do existential readings arise? LF explain
such readings as arising from the presence of a world knowledge based inference.
According to them, the maximality constraint that gives rise to universal read-
ings is cancelled when the main predicate in the donkey sentence is associated
with a cardinality constraint. A cardinality constraint is a world knowledge based
inference about the cardinality of the proto-patient participant of the described
eventuality. For example, consider (23).

(23) Every person who had a dime put it in the meter.

An event of putting dimes in a meter normally involves a limit on how many
dimes can be inserted at a time. In other words, in any such event, some dimes
will be inserted, others will not, and this information is, usually, in the com-
mon ground. In the current analysis, there is no maximality constraint for the
cardinality constraint to cancel. However, the same reasoning can be applied
to explain why the equal salience of all choice functions as possible values for
the free variable in the representation of a donkey pronoun is cancelled. For ex-
ample, in the case of (23), since the common ground will normally entail that
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some dimes are used and others are not, it follows that for very person, some
choice functions will choose dimes they did not put in the meter. Therefore, the
default universal quantification over choice functions is overriden and (23) has a
preferred existential reading.

Similarly for (15). This sentence describes events of using a credit card to pur-
chase a donkey. While such events are perhaps not very common, we can deduce
from other events of credit card purchases that they protoypically involve the
buyer choosing a single credit card. Thus, the common ground normally includes
the information that, if more than one choice of credit card exists for a farmer,
then some of the choices will not be made. Therefore, the context entails that it is
not the case that (18) (the representation of (15)) is true relative to all relevant
choice functions. The only plausible assertion is then that it is true relative to
some choice of a credit (though the context need not specify which one).

This contrasts with sentence (14). In order for this sentence to be true, each
relevant farmer must participate in an event or a series of events in which she
hides credit cards in the barn. But world knowledge does not tell us that there
is a limit on how many things one can hide: you can hide whatever you have.
Furthermore, if there is reason to hide one credit card, then the same reason is
probably good reason to hide all of them. So, when this sentence is uttered, the
common ground normally does not entail that there are credit cards that are
not hidden, and the sentence is evaluated relative to all relevant functions. Thus,
LF’s cardinality constraint can be maintained as the explanation for existential
readings even if their analysis of universal readings is not.

4 Summary and conclusions

This paper has demonstrated that the theory of donkey anaphora presented
in Lappin and Francez (1994) does not assign correct truth conditions to don-
key sentences with monotone decreasing quantifiers in the subject. However, I
argued that this does not jeopardize the core intuition of their analysis. In par-
ticular, donkey pronouns can still be uniformly represented with free variables
over functions, and the distribution of readings can still be viewed as arising
from pragmatically motivated overriding of defaults. What I suggested should
be abandoned is LF’s view that donkey pronouns involve functions from indi-
viduals to i-sums, as well as their derivation of universal readings by means
of a maximality constraint. Instead, I suggested following Chierchia in viewing
such readings are arising from inferred quantification over Skolemized choice
functions. In the default case, all possible values for the free variable are under
consideration, and universal readings arise. Thus, the universal force associated
with donkey pronouns is similar to the force of free choice indefinites. Existential
readings arise when, due to world knowledge about the nature of the eventual-
ity involved, the common ground entails that a universal reading is false. In this
case, the interpretation is naturally weakened to an assertion about the existence
of at least one value for the free variable.

Much more needs to be said about what kinds of predicates give rise to
cardinality constraints and about the distribution of existential and universal
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readings. In particular, since the publication of LF’s paper, several authors have
argued the relevance of various other semantic and pragmatic properties of pred-
icates and/or their arguments for determining readings. These include sentence
and lexical aspect ( Merchant and Giannakidou (1998; Geurts 2002), Yoon’s
(1996) distinction between total and partial predicates, and Geurt’s (2002) in-
triguing distinction between protoypical and marginal individuals. I find that
all of these proposals have convincing aspects. Furthermore, I did not discuss
here the semantic approach in Kanazawa (1994) (though LF provide some dis-
cussion of his approach, including some objections). Discussion of these works
goes beyond the scope of this paper, whose modest goal is only to show how an
analysis more or less in line with LF’s main ideas can be provided which does
not assign wrong truth conditions to donkey sentences with downward increasing
determiners.
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Abstract. In this paper we compare two models of pushdown automata
over infinite alphabets, one with non-deterministic reassignment and the
other with the deterministic one, and show that the former model is
stronger than the latter.

1 Introduction

The study of extension of classical models of automata to languages over infinite
alphabets that has been started in the earlier 1990s counts numerous works.
Being purely theoretical in the beginning, it soon found a number of applications.
Naturally, every time a sequence of words is considered – be it messages passing
through the network, URLs clicked by the internet surfer, or XML tags - words
are treated as atomic symbols, i.e., elements of an appropriate alphabet, and, in
absence of a bound on the length of the words, the alphabet becomes infinite.

A number of models of computation over infinite alphabets is known from
the literature, e.g., see [1,3,4,5,6,7,8,9,10,11]. A particular example of a model
of computation over infinite alphabets tightly related to this paper is context-
free grammars over infinite alphabets introduced in [3]. These grammars look
very similar to Document Type Definitions (DTDs) used for defining XML doc-
uments, see [2], even though they have been invented earlier than the latter.

Actually, this paper deals with two models of pushdown-automata over infinite
alphabets, one of which is the semantics counterpart of context-free grammars
over infinite alphabets. Both models are analogous to the classical model in that
their sets of states are finite. However, the ability to deal with infinite alphabets is
achieved by equipping the machine with a finite number of registers, in which the
automaton can store any letter from the infinite input alphabet. While reading
the topmost stack and the input symbols, the automaton compares them with
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the content of its registers and proceeds according to the results. It also has a
mechanism, called reassignment, for updating the register content.

There are (at least) two possibilities of updating the content of the automaton
registers. One possibility is to replace the content of one of the registers with the
topmost stack symbol or the currently scanned new input symbol, similarly to the
approach in [7], and the other is to replace the content of one of the registers with
any new symbol from the infinite input alphabet, independently of the current
input symbol or the topmost stack symbol, as was done in [3,8,9]. That is, in
the latter case, the automaton does not necessarily have to arrive at the symbol
in order to store it in its registers. Such ability will be referred to as a non-
deterministic reassignment. Infinite alphabet pushdown automata introduced
in [3] are a particular example of the latter (non-deterministic reassignment)
type. Thus, it is very natural to ask whether the ability of non-deterministic
reassignment is necessary for the equivalence of the automata to context-free
grammars over infinite alphabets.1 That is, whether restricting the computation
model by requiring the reassignment to be deterministic would result in the
computation model of the same power.

In this paper we show that the answer to this question is negative by present-
ing a language accepted by infinite alphabet pushdown automata with
non-deterministic reassignment (NR-IAPDA), but not accepted by their deter-
ministic counterpart – infinite alphabet pushdown automata with deterministic
reassignment (DR-IAPDA).2

Our example is based on the following idea. We observe that NR-IAPDA can
perform certain tasks, using both its stack and “guessing” (i.e., non-deterministic
reassignment) abilities, which are beyond the DR-IAPDA computation power.
Namely, we consider a computation involving an unknown future input symbol
that appears only once in the input. NR-IAPDA can perform the computation
by “guessing” the future input input and using it for comparison while reading
the preceding portion of the input word. However, DR-IAPDA seemingly would
need to use their pushdown store to perform the same task by storing there the
input word, until it reaches the “unknown” input symbols (which it is unable
to guess) and then comparing the stack symbols with that symbol by popping
them out. Now, if we add a different task that requires the use of the pushdown
stack (e.g., comparison of two subwords of the input) and has to be performed
simultaneously, both of the tasks together cannot be performed by DR-IAPDA,
but can be performed by NR-IAPDA.

This paper is organized as follows. The next section contains the basic no-
tation used throughout the paper. In Sections 3 and 4 we recall the defini-

1 Models of computation are said to be equivalent, if they accept/generate the same
class of languages.

2 One might have the impression that it is quite expected, because, over finite alpha-
bets, nondeterministic pushdown automata are more expressive than deterministic
ones. Nevertheless, there are very similar models of finite and pushdown automata
over infinite alphabets for which nondeterministic reassignment does not increase
the computation power, see [6].
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tion (from [3]) of infinite alphabet context-free languages and infinite alpha-
bet pushdown automata (with non-deterministic reassignment), respectively.
Infinite-alphabetpushdown automata with deterministic reassignment are de-
fined in Section 5. Finally, in Section 6 we prove that infinite-alphabet push-
down automata with deterministic reassignment are weaker than those with
non-deterministic one.

2 Notation

In what follows Σ is a fixed infinite alphabet. An assignment is a word u1u2 · · ·ur

over Σ such that ui �= uj for i �= j. That is, each symbol from Σ occurs in an
assignment at most ones. We denote the set of all assignments of length r by
Σr �= . Assignments correspond to the content of all registers of an automaton or
a grammar.

For a word w = w1w2 · · ·wn ∈ Σ∗, we define the content of w, denoted [w],
by [w] = {wi : i = 1, 2, . . . , n}. That is, [w] consists of all the symbols of Σ
which occur in the word w.

Throughout this paper we use the following convention.

– Words are always denoted by boldface letters, possibly indexed or primed.
– Boldface low-case Greek letters denote words over Σ.
– Symbols which occur in a word denoted by a boldface letter are always de-

noted by the same non-boldface letter with some subscript. That is, symbols
which occur in σ are denoted by σi, symbols which occur in w are denoted
by wi, symbols which occur in X are denoted by Xi, etc.

3 Infinite-Alphabet Context-Free Grammars

In this section we recall the definition of infinite-alphabet context-free grammars
which motivate infinite-alphabet pushdown automata (with non-deterministic
reassignment) defined in the next section.

Definition 1. ([3, Definition 1]) An infinite-alphabet context-free grammar is a
system G = 〈V, u, P, S〉 whose components are defined as follows.

– V is a finite set of variables disjoint from Σ.
– u = u1u2 · · ·ur ∈ Σr �= is the initial assignment.
– P ⊆ (V × {1, 2, . . . , r}) × (V ∪ {1, 2, . . . , r})∗ is a finite set of productions.

For A ∈ V , k = 1, 2, . . . , r, and a ∈ (V ∪ {1, 2, . . . , r})∗, we write the triple
(A, k, a) as (A, k) → a.

– S ∈ V is the start symbol.

For A ∈ V , w = w1w2 · · ·wr ∈ Σr �= , and X = X1X2 · · ·Xn ∈ (Σ ∪ (V ×
Σr �=))∗, we write (A, w) ⇒ X, if there exist a production (A, k) → a ∈ P ,
a = a1a2 · · · an ∈ (V ∪{1, 2, . . . , r})∗, and σ �∈ [w]\{wi} such that the condition
below is satisfied.

Let w′ ∈ Σr �= be obtained from w by replacing wk with σ. Then all for
i = 1, 2, . . . , n the following holds.
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– If ai = m ∈ {1, 2, . . . , r}, then Xi = w′
m.

– If ai = A′ ∈ V , then Xi = (A′, w′).

For two words X, Y ∈ (Σ ∪ (V × Σr �=))∗, we write X ⇒ Y , if there exist
words X1, X2, X3 ∈ (Σ ∪ (V × Σr �=))∗ and (A, w) ∈ V × Σr �= such that X =
X1(A, w)X2, Y = X1X3X2 and (A, w) ⇒ X3. As usual, the reflexive and
transitive closure of ⇒ is denoted by ⇒∗ and the language L(G) generated by
G is defined by

L(G) = {σ ∈ Σ∗ : (S, u) ⇒∗ σ}.
Example 1. Let G = 〈V, u, P, S〉, where

– V = {S, A},
– u = u1u2$, and
– P consists of

• (S, 1) → S,
• (S, 2) → A2, and
• (A, 1) → 3A1|ε.

It is not hard to verify that L(G) = L, where

L = {$|w|wδ : $ �∈ [w] and δ �∈ [w] ∪ {$}}.3 (1)

For example, the word $3σ1σ2σ3δ, where δ �∈ {σ1, σ2, σ3},4 is derived as fol-
lows.

(S, u1u2$) ⇒ (S, τu2$) ⇒ (A, τδ$)δ ⇒ $(A, σ1δ$)σ1δ

⇒ $$(A, σ2δ$)σ1σ2δ ⇒ $$$(A, σ3δ$)σ1σ2σ3δ ⇒ $$$σ1σ2σ3δ,

where τ �∈ {δ, σ1, σ2, σ3}. That is, by the production (S, 1) → S, the first register
is reset to τ , which allows G to store δ in the second register at the following
derivation step.

We conclude this section with the following closure property of context-free
languages over infinite alphabets that was somehow missed in [3].

Proposition 1. The class of context-free languages over infinite alphabets is
closed under reversing.

Proof. Let G = 〈V, u, P, S〉 be an infinite-alphabet context-free grammar. A
straightforward induction on the derivation length shows that the reversal of
the language L(G) is generated by the infinite-alphabet context-free grammar
GR = 〈V, u, PR, S〉, where

PR = {(A, k) → aR : (A, k) → a ∈ P}.
3 As we shall see in Section 6, this language is not accepted by infinite alphabet

pushdown automata with deterministic reassignment defined in Section 5.
4 Of course, σ1, σ2, σ3 are not necessarily pairwise distinct.
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4 Infinite-Alphabet Pushdown Automata with
Non-deterministic Reassignment

Here we recall the definition of infinite-alphabet pushdown automata with non-
deterministic reassignment which constitute the semantics counterpart of the
infinite-alphabet context-free grammars introduced in the previous section.

Definition 2. ([3, Definition 2]) An infinite-alphabet pushdown automaton with
non-deterministic reassignment (NR-IAPDA)5 is a system A = 〈Q, s0, u, ρ, μ〉,
whose components are defined as follows.

– Q is a finite set of states.
– s0 ∈ Q is the initial state.
– u = u1u2 · · ·ur ∈ Σr �=, is the initial assignment to the r registers of A.
– ρ : Q → {1, 2, . . . , r} is a partial function from Q to {1, 2, . . . , r} called the

reassignment. Intuitively, if A is in state q and ρ(q) is defined, then A may
non-deterministically replace the content of the ρ(q)th register with a new
symbol of Σ not occurring in any other register.

– μ is a transition function from Q × ({1, 2, . . . , r} ∪ {ε}) × {1, 2, . . . , r} to
finite subsets of Q × {1, 2, . . . , r}∗. Intuitively, if (p, j1j2 · · · j�) ∈ μ(q, ε, j),
then A, whenever it is in state q, with content of the jth register at the top
of the stack, may replace the top symbol on the stack with the content of
j1th,j2th,. . . j�th registers, enter state p (without reading the input symbol),
and pass to the next input symbol (possibly ε). Similarly, if (p, j1j2 · · · j�) ∈
μ(q, k, j), then A, whenever it is in state q, with content of the jth register
at the top of the stack, and the input symbol being equal to the content of
kth register, may replace the top symbol of the stack with the content of the
j1th,j2th,. . . ,j�th registers (in this order, read top-down), enter the state p,
and pass to the next input symbol (possibly ε).

An instantaneous description of A (on a given input word) is a member of
Q × Σr �= × Σ∗ × Σ∗. The first component of an instantaneous description is
the (current) state of the automaton, the second is the assignment consisting of
the content of its registers (in the increasing order of their indexes), the third
component is the portion of the input yet to be read, and the last component is
the content of the pushdown store read top down.

Next we define the relation 
 (yielding in one step) between two instantaneous
descriptions (p, v1v2 · · · vr, σσ, ττ ) and (q, w1w2 · · ·wr , σ, ατ ), σ ∈ Σ ∪ {ε} and
τ ∈ Σ. We write

(p, v1v2 · · · vr, σσ, ττ ) 
 (q, w1w2 · · ·wr, σ, ατ )

if and only if the following holds.

– If ρ(p) is not defined, then wk = vk, k = 1, 2, . . . , r. Otherwise, wk = vk for
k �= ρ(p), and wρ(p) ∈ Σ \ {v1, . . . , vρ(p)−1, vρ(p)+1, . . . , vr}.

5 In [3] the model is called just infinite-alphabet pushdown automata.
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– If σ = ε, then for some j = 1, . . . , r, τ = wj and there is a transition
(q, j1j2 · · · j�) ∈ μ(p, ε, j) such that α = wj1wj2 · · ·wj�

.
– If σ �= ε, then for some k, j = 1, . . . , r, σ = wk, τ = wj , and there is a

transition (q, j1j2 · · · j�) ∈ μ(p, k, j) such that α = wj1wj2 · · ·wjn .

We denote the reflexive and transitive closure of 
 by 
∗ and say that A
accepts a word σ ∈ Σ∗, if (s0, u, σ, ur) 
∗ (q, v, ε, ε), for some q ∈ Q and some
v ∈ Σr �= .6 Finally, the language L(A) accepted by A is defined by

L(A) =

{σ ∈ Σ∗ : for some q ∈ Q and some v ∈ Σr �= , (s0, u, σ, ur) 
∗ (q, v, ε, ε)}.

Example 2. Consider the NR-IAPDA A = 〈Q, s0, u, ρ, μ〉, where

– Q = {s0, s, p, q};
– u = u1u2$;
– ρ(s0) = ρ(q) = 1 and ρ(s) = 2; and
– μ is defined as follows.

(i) μ(s0, ε, 3) = {(s, 3)}
(ii) μ(s, ε, 3) = {(p, 2)}

(iii) μ(p, 3, 2) = {(p, 32)}
(iv) μ(p, 3, 3) = {(p, 33)}
(v) μ(p, ε, 2) = {(q, 2)}

(vi) μ(p, ε, 3) = {(q, 3)}
(vii) μ(q, 1, 3) = {(q, ε)}

(viii) μ(q, 2, 2) = {(q, ε)}

It is not hard to verify that L(G) = L, where L is the language from Example 1
defined by (1). The intuition lying behind the accepting run of A on an input of
the form $|w|wδ, δ �∈ [w] ∪ {$}, is as follows.

– By the transition of type (i), A resets the first register to some τ �= δ, which
allows it to store δ in the second register at the following computation step,
cf. Example 1.

– Using the transitions of type (ii), A “guesses” δ, stores it in the second
register, and replaces $ with δ at the bottom of the stack.

– Then, using the transitions of types (iii) and (iv), A pushes $ into the stack.
– After reading the last $, by the transitions of types (v) or (vi), A enters the

popping state q.
– Then, for each input symbol from w is compared with δ and, if they differ,

A pops $ out of the stack using the transition of type (vii).
– Finally, the transition of type (viii) applies to verify that the last input

symbol is indeed δ and that the number of occurrences of $ in the input is
indeed |w|.

6 Recall that the initial assignment u = u1u2 · · ·ur is of length r.



The Power of Non-deterministic Reassignment 113

For example, A accepts the word $3σ1σ2σ3δ, where δ �∈ {σ1, σ2, σ3}, by the
following sequence of computation steps.

(s0, u1u2$, $$$σ1σ2σ3δ, $) 
 (s, τu2$, $$$σ1σ2σ3δ, $) 
 (p, τδ$, $$$σ1σ2σ3δ, δ)


 (p, τδ$, $$σ1σ2δ3δ, $δ) 
 (p, τδ$, $σ1σ2σ3δ, $$δ) 
 (p, τδ$, σ1σ2σ3δ, $$$δ)


 (q, τδ$, σ1σ2σ3δ, $$$δ) 
 (q, σ1δ$, σ2σ3δ, $$δ) 
 (q, σ2δ$, σ3δ, $δ)


 (q, σ3δ$, δ, δ) 
 (q, σ3δ$, ε, ε),

where τ �∈ {δ, σ1, σ2, σ3}, cf. Example 1.

Theorem 1. ([3], see also [6, Appendix D].) A language is generated by an
infinite-alphabet context-free grammar if and only if it is accepted by an NR-
IAPDA.

5 Infinite-Alphabet Pushdown Automata with
Deterministic Reassignment

In this section we define infinite-alphabet pushdown automata with determin-
istic reassignment (DR-IAPDA). Instead of the ability to “guess” symbols for
reassignment, this model of pushdown automata over infinite alphabets is limited
to altering its registers only by replacing their content with the current input
symbol (similarly to the finite-memory automata introduced in [7]) or with the
symbol at the top of the stack.

Definition 3. An infinite-alphabet pushdown automaton with deterministic re-
assignment (DR-IAPDA) is a system A = 〈Q, s0, u, π, ρ, μ〉 whose components
are defined as follows.

– Q is a finite set of states.
– s0 ∈ Q is the initial state.
– u = u1u2 · · ·ur ∈ Σr �= is the initial assignment to the r registers of A.
– π, ρ : Q → {1, 2, . . . , r} are partial functions from Q to {1, 2, . . . , r} called

stack-based reassignment and input-based reassignment, respectively.
– μ is a transition function from Q×({1, 2, . . . , r}∪{ε})×{1, 2, . . . , r} to finite

subsets of Q × {1, 2, . . . , r}∗.
Intuitively, a computation step of the automaton A from state q is composed of
the following sequence of “primitive” actions.

– If the top stack symbol occurs in no register, the stack-based reassignment
is performed. That is, the content of the register π(q) is replaced with this
symbol. Otherwise the finite memory of A remains intact.

– After that, A may
• either perform an ε-transition, if defined, or
• proceed to the next input symbol.
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In the latter case, if the next input symbol occurs in no register, the input-
based reassignment is performed. That is, the content of the register ρ(q)
is replaced with this symbol. Otherwise the finite memory of A remains in-
tact. Then (similarly to its NR-IAPDA counterpart) A performs a transition
involving the next input symbol.

The definition of a DR-IAPDA instantaneous description is exactly like that
of NR-IAPDA, and the yielding in one step relation between two DR-IAPDA in-
stantaneous descriptions (p, v1v2 · · · vr, σσ, ττ ) and (q, w1w2 · · ·wr, σ, ατ ), σ ∈
Σ ∪ {ε} and τ ∈ Σ, is as defined below. We write

(p, v1v2 · · · vr, σσ, ττ ) 
 (q, w1w2 · · ·wr , σ, ατ ),

if and only if the following holds.
Let v′1, v′2, . . . , v′r be defined as follows. If there is a j = 1, . . . , r such that

vj = τ , then v′1v
′
2 · · · v′r = v1v2 · · · vr. Otherwise, v′π(p) = τ and v′m = vm, for

each m �= π(p).

– If σ = ε, then w1w2 · · ·wr = v′1v′2 · · · v′r, and for the j = 1, . . . , r such that
wj = τ , there is a (q, j1j2 · · · j�) ∈ μ(p, ε, j), such that α = wj1wj2 · · ·wj�

.
– If σ ∈ Σ, then

• either there is a k = 1, . . . , r such that uk = σ and w1w2 · · ·wr =
v′1v′2 · · · v′r, or wρ(p) = σ and wm = v′m, for each m �= ρ(p); and

• for the (unique) k, j = 1, . . . , r such that wk = σ and wj = τ there is a
(q, j1j2 · · · j�) ∈ μ(p, k, j) such that α = wj1wj2 · · ·wj�

.

The language accepted by DR-IAPDA A is defined by

L(A) = {σ : (s0, u, σ, ur) 
∗ (p, v, ε, ε)},
where, as usual, 
∗ is the reflexive and transitive closure of 
.

Example 3. In this example we present a DR-IAPDA A that accepts the lan-
guage

LR = {δw$|w| : $ �∈ [w] and δ �∈ [w] ∪ {$}}.
That is, LR is the reversal of the language L defined by (1) in Example 1. The
idea lying behind the definition of A is quite standard. Namely, the computation
of A on an input of the form δw$n, w = w1 · · ·wn and δ �∈ [w], is as follows.

– First A stores δ in one of its registers.
– Then, for each i = 1, . . . , n, A compares wi with δ and, if they are different,

pushes $ into the stack.
– Finally, A compares the stack content with the $-suffix of the input, by

popping the $s out of the stack while reading the suffix.

The only little technical problem with the above description of A is the register
in which δ will be stored. Namely, A cannot store it in register k, if δ = uk′ for
some k′ �= k. Therefore, A starts the computation by an ε-move, “guessing” an
appropriate register for storing δ.
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So, let A = 〈Q, s0, u, ρ, π, μ〉, where

– Q = {s0, q} ∪ {s1, p1} ∪ {s2, p2};7
– u = u1u2$;
– ρ(sk) = 3 − k and ρ(pk) = k, k = 1, 2;
– π is the empty domain function; and
– μ is defined as follows.

(i) μ(s0, ε, 3) = {(sk, 3) : k = 1, 2};
(ii) μ(sk, k, 3) = {(pk, 3)}, k = 1, 2;

(iii) μ(pk, k, 3) = {(pk, 33)}, k = 1, 2;
(iv) μ(pk, ε, 3) = {(q, ε)}, k = 1, 2; and
(v) μ(q, 3, 3) = {(q, ε)}.

Now, it is not hard to verify that, indeed, L(A) = LR. The intuition lying
behind the accepting run of A on an input of the form δw$n, w = w1 · · ·wn and
δ �∈ [w], is as follows.

– By an appropriate transition of type (i), A enters state sk such that δ �= uk,
k = 1, 2.

– Then, by the transition of type (ii), A reads δ, stores it in the register 3−k,
and enters the state pi.

– After that, for each i = 1, . . . , n, by the transition of type (iii), A compares
wi with δ and, if they are different, pushes $ into the stack. Note that, after
the entire w has been read, the stack content is $n+1.

– Next, by the transition of type (iv), A enters the popping state q. Since in
this move, the topmost $ has been popped out of the stack, the stack content
becomes $n.

– Finally, using the transition of type (v), A verifies that the number of $s in
the stack is n, by popping them out of the stack while reading the $-suffix
of the input.

For example, A accepts the word $3σ1σ2σ3δ, where δ �∈ {σ1, σ2, σ3} and δ �= u1,
by the following sequence of computation steps, cf. Example 2.

(s0, u1u2$, δσ1σ2σ3$$$, $) 
 (s, u1u2$, δσ1σ2σ3$$$, $) 
 (p1, u1δ$, σ1σ2σ3$$$, $)


 (p1, σ1δ$, σ2σ3$$$, $$) 
 (p1, σ2δ$, σ3$$$, $$$) 
 (p1, σ3δ$, $$$, $$$$)


 (q, σ3δ$, $$$, $$$) 
 (q, σ3δ$, $$, $$) 
 (q, σ3δ$, $, $) 
 (q, σ3δ$, ε, ε).

Theorem 2. For any DR-IAPDA A, L(A) �= L.

The proof of Theorem 2 is presented in the next section.

Remark 1. Since, as we show in this paper, the language L from Example 1 de-
fined by (1) is not a DR-IAPDA languages and LR is the reversal of L, the class

7 As described above, from the initial state s0, by an ε-move, A enters the state s1,
stores δ in the second register, and then proceeds to the state p1, if δ �= u1; and
enters the state s2, stores δ in the first register, and then proceeds to the state p2,
if δ �= u2.
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of the DR-IAPDA languages is not closed under reversing. Note that, by Propo-
sition 1 and Theorem 1, the class of the NR-IAPDA languages is closed under
reversing.

Next we show how DR-IAPDA can be simulated by NR-IAPDA.8 That is,
we show how deterministic reassignment can be simulated by non-deterministic
one. The idea lying behind simulation of a DR-IAPDA A by an NR-IAPDA
AN is rather simple: we just postpone the reassignment of AN to the very last
moment (in all states), and then force AN to move consulting the reassigned
register, which would correspond to the move of A after the reassignment has
been made.

Proposition 2. Every DR-IAPDA language is accepted by an NR-IAPDA.

Proof. Let A = 〈Q, s0, u, ρ, π, μ〉 be a DR-IAPDA. We shall prove that L(A) =
L(AN ), where the NR-IAPDA AN = 〈QN , sN

0 , uN , ρN , μN 〉 is defined as follows.

– QN = Q ∪ Qπ ∪ Qρ ∪ Qπρ, where

• Qπ = {qπ : q ∈ Q},
• Qρ = {qρ : q ∈ Q}, and
• Qπρ = {qπρ : q ∈ Q}.9

The intuitive meaning of the sets of states Q, Qπ, Qρ, and Qπρ is as follows,
see also the definition of ρN .
• If no stack- or input-based reassignment has been made at the next

computation step, then AN enters the corresponding state from Q.
• If only an input-based reassignment has been made at the next compu-

tation step, then AN enters a state from Qρ.
• Otherwise, AN enters a state from Qπ, in which it performs the stack-

based reassignment of A. If, in addition, A has made an input-based
reassignment, then AN , by an ε-move, proceeds to the corresponding
state from Qπρ, in which it performs the corresponding input-based
reassignment.

– sN
0 = s0.

– uN = u.
– ρN is defined by

• ρN (qπ) = π(q); and
• ρN (qρ) = ρN (qπρ) = ρ(q).

– For the definition of μN , let the functions μπ and μρ be defined by
• μπ(q, k, j) = {(pπ, j1j2 · · · j�) : (p, j1j2 · · · j�) ∈ μ(q, k, j)}; and
• μρ(q, k, j) = {(pρ, j1j2 · · · j�) : (p, j1j2 · · · j�) ∈ μ(q, k, j)}.

8 Note, that DR-IAPDA are not a special case of NR-IAPDA. This is because nonde-
terministic reassignment is made before seeing the input symbol, whereas the deter-
ministic reassignment is made after.

9 Renaming the elements of Q, if necessary, we may assume that the sets Q, Qπ, Qρ,
and Qπρ are mutually disjoint.
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Then μN is defined as follows.
• μN (q, k, j) = μ(q, k, j) ∪ μπ(q, k, j) ∪ μρ(q, k, j).
• μN (qπ , k, j) = μN (q, k, j), if j = π(q), and is empty, otherwise. That is,

according to the above intuition, after making a stack-based reassign-
ment, AN must, immediately, “use” it.

• μN (qπ , ε, j) = {(qπρ, j)}.
• μN (qρ, k, j) = μN (q, k, j), if k = ρ(q), and is empty, otherwise. Simi-

larly, to a stack-based reassignment, after making an input-based reas-
signment, AN must, immediately, “use” it.

• μN (qπρ, k, j) = μN (q, k, j), if j = π(q) and k = ρ(q), and is empty, other-
wise. Here, AN immediately moves according to both stack- and input-
based reassignments, simulating in this way the corresponding move of A.

For the proof of the inclusion L(A) ⊆ L(AN ), let

(q0, u0, σ0, τ 0) 
 · · · 

(qi, ui, σi, τ i) 
 (qi+1, ui+1, σi+1, τ i+1) (2)


 · · · 
 (qn, un, σn, τn)

be a run of A on σ. Introducing a new initial state s with an additional transition
μ(s, ε, r) = (s0, r), if necessary, we may assume that the first computation step
(q0, u0, σ0, τ 0) 
 (q1, u1, σ1, τ 1) in the above run is by an ε-move.

Let qN
i , i = 0, . . . , n, be defined as follows.

– qN
i = qi, if no stack- or input-based reassignment has been made at the

computation step (qi, ui, σi, τ i) 
 (qi+1, ui+1, σi+1, τ i+1);
– qN

i = qρ
i , if a stack-based reassignment, but no input-based reassignment,

has been made at the computation step (2); and
– qN

i = qπ
i , if an input-based reassignment, but no stack-based reassignment,

has been made at the computation step (2).

Then the computation step (2) of A is simulated by the computation step

(qN
i , ui, σi, τ i) 
 (qN

i+1, ui+1, σi+1, τ i+1)

of AN , if at least one of the stack- or input-based reassignments has not been
made at (2), and is simulated by two computation steps

(qπ
i , ui, σi, τ i) 
 (qπρ

i , ui, σi, τ i) 
 (qN
i+1, ui+1, σi+1, τ i+1)

of AN , otherwise. That is, if both the stack- and the input-based reassignment
have been made at (2).

For the proof of the converse inclusion L(AN ) ⊆ L(A), let

(qN
0 , uN

0 , σN
0 , τN

0 ) 
 · · · 

(qN

i , uN
i , σN

i , τN
i ) 
 (qN

i+1, u
N
i+1, σ

N
i+1, τ

N
i+1) (3)


 · · · 
 (qN
n , uN

n , σN
n , τN

n ),
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qN
i = qi, q

π
i , qρ

i , qπρ
i , be a run of AN on σ. We shall translate this run into a run

of A on σ as follows.

– If qN
i , qN

i+1 �∈ Qπρ, then the computation step (3) of AN is simulated by the
computation step

(qi, ui, σi, τ i) 
 (qi+1, ui+1, σi+1, τ i+1)

of A.
– If qN

i = qπρ
i , then the two consecutive computation steps

(qN
i−1, u

N
i−1, σ

N
i−1, τ

N
i−1) 
 (qN

i , uN
i , σN

i , τN
i ) 
 (qN

i+1, u
N
i+1, σ

N
i+1, τ

N
i+1)

of AN are simulated by the computation step

(qi−1, ui−1, σi−1, τ i−1) 
 (qi+1, ui+1, σi+1, τ i+1)

of A.

Correctness of all simulations above immediately follows from the definition
of AN . We omit the proof.

Combining Proposition 2 with Theorem 2 we obtain the corollary below.

Corollary 1. The class of the DR-IAPDA languages is a proper subclass of the
NR-IAPDA languages.

We conclude this section with two properties of DR-IAPDA needed for the proof
of Theorem 2.

To explain the first property we shall need the following notion. For an in-
stantaneous description id = (q, v, x, α), the set of symbols [vxα] is called the
active alphabet of id. Due to the nature of deterministic reassignment, the in-
stantaneous descriptions of DR-IAPDA possess the property of active alphabet
monotony, i.e., the active alphabet of a subsequent instantaneous description is
always a subset of the active alphabet of the preceding one.

Proposition 3. Let A be a DR-IAPDA. If (p, v, x, α) 
∗
A (q, w, y, β), then

[wyβ] ⊆ [vxα].

The proof of Proposition 3 is by a straightforward induction on the number of
computation steps and is omitted.

The following observation will also be used in the sequel.

Proposition 4. (Cf. [7, Lemma 1].) Let ι : Σ → Σ be a permutation of Σ.
Then for any DR-IAPDA A,

(p, v, x, α) 
∗
A (q, w, y, β)

if and only if
(p, ι(v), ι(x), ι(α)) 
∗

A (q, ι(w), ι(y), ι(β)).

Again, the proof is by a straightforward induction on the number of computation
steps and is omitted.
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6 Proof of Theorem 2

The idea lying behind the proof of Theorem 2 is rather simple. Since a DR-
IAPDA cannot guess δ at the beginning of the computation, it leaves it with the
only option: to store w on the stack until it arrives at δ, and then compare each
symbol of w with δ by popping them one by one out of the stack.10 The problem
is, that the stack is also needed to compare the number of $s to the length
of w, and apparently, two of these tasks cannot be performed simultaneously.
Essentially, this is the same intuition that leads us to the belief that {aibici :
i = 1, 2 . . .} is not a context-free language, and that {aibicjdj : i, j = 1, 2 . . .}
is not a linear context-free language, say. Nevertheless, usually it requires a
significant effort to formalize a clear intuition, because proving a negative result
is considerably harder than proving a positive one.

For the proof, we assume to the contrary, that there is an r-register DR-
IAPDA A = 〈Q, s0, u, π, ρ, μ〉 that accepts L. In the following section we es-
tablish various properties A would possess, if it existed, which, as we show in
Section 6.2, bring us to a contradiction, that will complete the proof.

6.1 Constraints on the Stack Content

In this section we prove a number of properties of A and introduce notation
need for the proof of Theorem 2 in Section 6.2.

Let z = $|w|wδ ∈ l be such that

– |w| > r, where r is the number of registers of A,
– none of the elements of Σ occurs w twice or more, and
– none of the symbols of w or δ occurs in the initial assignment u0 of A.

Let id0, id1, . . . , idn be an accepting run of A on z, in which each instanta-
neous description idi, i = 0, . . . , n, of A is of the form (qi, ui, zi, αi), where

– qi is the current state of A,
– ui is the current register assignment,
– zi is the remaining input (suffix of z), and
– αi is the content of the stack read top down.

In particular, id0 = (s0, u, z, ur), and zn = αn = ε.
We shall need the following notation. For each i = 0, . . . , n, such that zi �= ε,

the suffix wi of $|w|w is defined by zi = wiδ.

Lemma 1. Let idi, i = 0, . . . , n, be as above. Then for each i such that zi �= ε,
[w] ⊆ [uiziαi].

Proof. Assume to the contrary that for some i = 0, . . . , n, zi �= ε and [w] �⊆
[uiziαi], and let δ′ ∈ [w] be such that

δ′ �∈ [uiziαi].
10 This intuition is formalized by Lemma 1.
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Since zi = wiδ, where wi is a suffix of $|w|w, id0 
∗ idi implies

(s0, u0, $|w|w, ur) 
∗ (qi, ui, wi, αi). (4)

Let the permutation ι switch between δ and δ′, and fix all other symbols of
Σ. Then, applying Proposition 4 to (4), we obtain

(s0, ι(u0), ι($|w|w), ι(ur)) 
∗ (qi, ι(ui), ι(wi), ι(αi)) (5)

Since, by the definition of w, δ, δ′ �∈ [u] ∪ {$} and |ι(w)| = |w|,
(s0, ι(u0), ι($|w|w), ι(ur)) = (s0, u0, $|ι(w)|ι(w), ur). (6)

Also, by Proposition 3 (and the definitions of w, δ, and δ′),

(qi, ι(ui), ι(wi), ι(αi)) = (qi, ui, wi, αi). (7)

Thus, by (5), (6), and (7),

(s0, u0, $ι(|w|)ι(w), ur) 
∗ (qi, ui, wi, αi), (8)

where ι(w) is obtained from w by replacing δ′ with δ.
Now, appending δ to $ι(|w|)ι(w) and wi in (8) results in

(s0, u0, $|ι(w)|ι(w)δ, ur) 
∗ (qi, ui, zi, αi) = idi 
∗ idn, (9)

where idi 
∗ idn is by the definition of id0, . . . , idn. The first instantaneous
description in (9) is, in fact, the initial instantaneous description of A on the
input $|ι(w)|ι(w)δ �∈ L, and since, by definition, idn is an accepting instantaneous
description, $|ι(w)|ι(w)δ ∈ L(A), in spite of δ ∈ [ι(w)]. This contradicts the
equality L = L(A), which completes the proof.

The following series of lemmas formalizes the intuition that somewhere between
reading the first and the rth symbols of w, A enters an instantaneous description
whose bottom stack symbol remains intact until the automaton arrives at the
end of the input δ.

Let w = u′u′′, where |u′| = r, and let

i0 = max{i : zi = u′′δ}. (10)

That is, at the computation step idi0 
 idi0+1, A arrives at the (r+1)st symbol
of w.

Remark 2. Note that, by the definition of i0, wi0 is a suffix ofw and |w|−|wi0 | = r.

Lemma 2. [u′] ∩ [αi0 ] �= ∅.
Proof. Assume the contrary that [u′] ∩ [αi0 ] = ∅. Then, since [u′] ∩ [u′′] = ∅,
by Propositions 3 and Lemma 1, all symbols occurring in u′ are stored in the
automaton registers, i.e. [ui0 ] = [u′]. Since [αi0 ] ∩ [u′] = ∅, to perform the next
computation step idi0 
 idi0+1, A must make the stack-based reassignment.
Namely, it has to reassign one of the registers with the first symbol of αi0 .
However, the reassignment would cause A to “loose” a symbol of u′ stored in
one of its registers, in contradiction with Lemma 1, because |w| > r.
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Let α be the shortest suffix of αi0 that contains a symbol from [u′]. In particular,
α �= ε.

Remark 3. By definition, only one symbol from [u′] occurs in α, and this symbol
is the first symbol of the latter.

Lemma 3. αi0 = βi0α, where βi0 �= ε.

Proof. Assume to the contrary that βi0 = ε. Then the first symbol of α is
the only one from u′ occurring in αi0 . Thus, by Lemma 1, the other r − 1
symbols of u′ must be stored in r − 1 registers of A. Consequently, by the
same lemma, in the stack-based reassignment before the next computation step,
the only register that may be reassigned with the first symbol of α, or already
contains it, is the remaining register. Also, after this reassignment, the content
of the registers coincides with [u′]. Since, by the definition of i0, the computation
step idi0 
 idi0+1 is not an ε-move, one of the registers has to be reassigned
with the first symbol of u′′ in the input-based reassignment.

This register cannot be the one containing the first symbol of α, because in
this case none of the register content would be equal to the top stack symbol, and,
therefore, A would not be able to perform the computation step. Consequently,
one of the symbols of [u′] is erased from the registers, in contradiction with
Lemma 1. That is, βi0 �= ε and the proof is complete.

Lemma 4. If |w| > r + 1, then αi0+1 = βi0+1α, where βi0+1 �= ε.

Proof. By definition, αi0+1 is obtained from αi0 by replacing its first symbol
with a word that consists of symbols from [ui]. Since, by Lemma 3, αi0 = βi0α,
where βi �= ε, αi0+1 is of the form βi0+1α, and we only need to show that
βi0+1 �= ε. If |βi0 | > 1, this is immediate, because the stack hight may decrease
by at most one in one computation step. Otherwise, βi0 = α ∈ Σ and we argue
that α ∈ [u′].

To show this, assume to the contrary that α �∈ [u′]. Then there is only one
register which α may be assigned to without loss of “valuable” symbols. Applying
one more time the argument from the proof of Lemma 3, we see that this case
is impossible.

So, α ∈ [u′] and we have to show that the word βi0+1 pushed into the stack
in the computation step idi0 
 idi0+1 is not empty.

For the proof, assume to the contrary that βi0+1 = ε. Then, after the compu-
tation step idi0 
 idi0+1 is complete, r of the first r +1 symbols of w are stored
in the r registers of A (and occur only in the registers), and the other (of the
r+1 symbols, that is the first symbol of α) is at the top of the stack. Therefore,
the stack-based reassignment at the next computation step would erase a symbol
stored in the registers, in contradiction with Lemma 1 for idi+1. This is because,
by the lemma prerequisite |w| > r + 1, the (r + 2)nd symbol of w is not δ.

Lemma 5. If |w| > r + 1 and |w| − |wi| = r + 1,11 then αi = βiα, where
βi �= ε.
11 That is, idi0+1 �∗ idi by ε-moves only.
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The proof of the lemma is by induction on i. The basis, i = i0 + 1, is Lemma 4,
and the induction step is word by word repetition of the proof of Lemma 4 and
is left to the reader.

Lemma 6. If |w| − |wi| ≥ r + 2, then αi = βiα, where βi �= ε.

Proof. The proof is by induction on i. For the basis, let i be such that |w| −
|wi−1| = r +1, but |w|− |wi| = r+2. That is, the number of symbols read from
w is exactly r+2. By Lemma 1, each of these symbols occurs either in the stack
or in the registers. Namely,

1. r of the symbols are stored in the registers;
2. one symbol occurs in α, because, by Lemma 5, βi−1 �= ε, which implies that

α remains intact at this computation step; and
3. one symbol occurs in βi.

That is, βi �= ε.
The induction step is treated similarly to the basis. We just replace “r + 2”

with “at least r + 2” and replace “one” in clause 3 with “at least one”.

Let
i1 = max{i < i0 : α is not a proper suffix of αi1} + 1, (11)

where i0 is defined by (10), and let

M = max{� : (p, j1j2 . . . j�) ∈ μ(q; k, j), p, q ∈ Q and k, j, j1, . . . , j� = 1, . . . , r}.
That is, idi1−1 is the last instantaneous description before idi0 , whose stack
content does not contain α as a proper suffix and M is the maximum length of
a word pushed into the stack in one computation step.

Combining Lemmas 3, 4, 5, and 6, we obtain Lemma 7 below.

Lemma 7

1. |w| − |wi1 | ≤ r.
2. αi1 = βi1α, where 0 < |βi1 | ≤ M .
3. For each i ≥ i1 such that zj �= ε, αi = βiα, where βi �= ε.

Proof. By definition, i1 ≤ i0, and clause 1 follows from the definition of i0
according to which |w| − |wi0 | = r.

Since α is a proper suffix of αi1 , βi1 �= ε. To prove that |βi1 | ≤ M , we proceed
as follows. Let αi1−1 = αα′. Then, αi1 is obtained from αi1−1 by replacing α
with some word α′′, i.e.

αi1 = α′′α′. (12)

By the definition of M ,
|α′′| ≤ M, (13)

and, since α is not a proper suffix of αi1−1, α′ is a suffix of α. Thus, by (12),
βi1 is a proper suffix of α′′, and clause 2 of the lemma follows from (13).

Finally, clause 3 follows immediately from Lemmas 3, 4, 5, and 6, and the
definition of idi1 , according to which α is a proper suffix of all αi for i1 ≤ i < i0.
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So, by Lemma 7, we have located the instantaneous description idi1 , with α at
the bottom of the stack which remains intact until the entire w is read. The
following corollary to Lemma 7 shows that, actually, it remains intact until the
entire input z is read. Namely, let

i2 = max{i : for all i′, i0 ≤ i′ ≤ i, α is a suffix of αi′}. (14)

Corollary 2. If |w| > r + 1, then zi2 = ε.

Proof. Let i be the last computation step before reading δ. Then, by clause 3 of
Lemma 7, αi = βiα, where βi �= ε. Since at most one symbol may be removed
from the stack in one computation step, α is a suffix of αi+1. Therefore, i2 ≥ i+1,
and the corollary follows.

6.2 The Final Match

Now, to arrive at the desired contradiction and prove Theorem 2, we consider
two words, z′ = $|w

′|w′δ and z′′ = $|w
′′|w′′δ in L which satisfy the following

conditions.

1. |w′|, |w′′| > r + 1.
2. |w′| �= |w′′|.
3. None of the symbols of Σ occur in w′ or w′′ twice or more, and none of the

symbols of w′, w′′ or δ occurs in the initial assignment of A.
4. The prefixes of w′ and w′′ of length r + 1 are equal to the same word,

σ1σ2 · · ·σr+1, say. That is,

w′ = σ1σ2 · · ·σr+1v
′ (15)

and
w′′ = σ1σ2 · · ·σr+1v

′′, (16)

for the appropriate v′, v′′ ∈ Σ∗.

Let id′
0, . . . , id

′
n′ , id′

i = (q′i, u
′
i, z

′
i, α

′
i), i = 0, . . . , n′, and id′′

0 , . . . , id′′
n′′ id′′

i =
(q′′i , u′′

i , z′′
i , α′′

i ), i = 0, . . . , n′′, be accepting runs of A on z′ and z′′, respectively.
Let i′1, i′2, i′′1 , and i′′2 , be the positive integers provided by Lemma 7 and Corol-
lary 2 for w′ and w′′, respectively. That is, we use the primed and double primed
versions of the constants and parameters defined in Section 6.1.

We shall also need the following definitions and notation.

– The alphabet [u] ∪ {σ1, σ2, . . . , σr+1} ∪ {$} is denoted by Δ.
– Let # �∈ Σ. We define the function p : Σ → Δ ∪ {#} by

p(σ) =
{

σ, if σ ∈ Δ
#, otherwise ,

and, for a word v = v1 · · · vm ∈ Σ∗, we define the word p(v) ∈ (Δ ∪ {#})∗
by

p(v) = p(v1) · · ·p(vm).

That is, p(v) results from v in replacing all its symbols which are not in Δ
with #.
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– The positive integers r′ and r′′ are defined by r′ = |w′| − |w′
i′1
| and r′′ =

|w′′| − |w′′
i′1
|. That is, r′ and r′′ are the number of symbols read from w′

and w′′ up to the computation steps id′
i′1


 id′
i′1+1 and id′′

i′′1

 id′′

i′′1 +1,
respectively.
Recall that, by clause 1 of Lemma 7, r′, r′′ ≤ r.

– For a word v ∈ Σ∗, f(v) is the first symbol of v, if v = �= ε and is ε, otherwise.
That is,

f(v) =
{

v1, if v = v1 · · · vm �= ε
ε, if v = ε

.

– Finally, the tuples

tz′ , tz′′ ∈ Q × Δr × {1, . . . , r} × Δ≤M × Q × (Δ ∪ {#})r × Δ

are defined by

tz′ = (q′i′1 , u
′
i′1

, r′, β′
i′1

, q′i′2 , p(u′
i′2

), f(α′))

and
tz′′ = (q′′i′′1 , u′′

i′′1
, r′′, β′′

i′′2
, q′′i′′2 , p(u′′

i′′2
), f(α′′)).

Since the set

Q × Δr × {1, . . . , r} × Δ≤M × Q × (Δ ∪ {#})r × Δ

is finite and Σ is infinite, there are words w′ and w′′ satisfying conditions 1 – 4
in the beginning of this section such that tz′ = tz′′ . That is,

(q′i′1 , u
′
i′1

, r′, β′
i′1

, q′i′2 , p(u′
i′2

), f(α′)) = (q′′i′′1 , u′′
i′′1

, r′′, β′′
i′′2

, q′′i′′2 , p(u′′
i′′2

), f(α′′)). (17)

Let u′
i′2

= u′
i′2,1 · · ·u′

i′2,r, u′′
i′′2

= u′′
i′′2 ,1 · · ·u′′

i′2,r. and let ι be the permutation of
Σ that is defined as follows.

ι(σ) =

⎧⎪⎨
⎪⎩

σ, if σ �∈ ([u′
i′2

] ∪ [u′′
i′′2

]) \ Δ

u′′
i′′2 ,k, if σ = u′

i′2,k ∈ [u′
i′2

] \ Δ, k = 1, . . . , r

u′
i′2,k, if σ = u′′

i′′2 ,k ∈ [u′′
i′′2

] \ Δ, k = 1, . . . , r

.

That is, ι switches u′
i′2,k and u′′

i′′2 ,k, k = 1, . . . , r, if both are in ([u′
i′2

]∪ [u′′
i′′2

]) \Δ.
Since u′

i′2
, u′′

i′′2
∈ Σr �= and p(u′

i′2
) = p(u′′

i′′2
), ι is well-defined.

Let
z = $|w

′|ι(w′′)δ. (18)

Since |ι(w′′)| = |w′′| and |w′| �= |w′′|, z �∈ L. However, we shall construct an
accepting run of A on z, in contradiction with our assumption L(A) = L. To
construct this run we need one more bit of notation.

Let vi, i = 0, . . . , i′1, be defined by

z′
i = viv

′δ, (19)

where v′ is defined by (15), and let the instantaneous descriptions id
(a)
i , i =

0, . . . , i′1, id
(b)
i , i = i′′1 , . . . , i′′2 , and id

(c)
i , i = i′2, . . . , n

′ be defined as follows.
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(a) id
(a)
i = (q′i, u

′
i, viι(v′′)δ, α′

i), where vis and v′′ are defined by (19) and (16),
respectively.

(b) id
(b)
i = (q′′i , ι(u′′

i ), ι(z′′
i ), ι(β′′

i )α′).
(c) id

(c)
i = (q′i, u

′
i, ε, α

′
i).

Theorem 2 immediately follows from Lemma 8 below.

Lemma 8
(ab)︷ ︸︸ ︷ (bc)︷ ︸︸ ︷

id
(a)
0 
 · · · 
 id

(a)
i′1︸ ︷︷ ︸

(a)

= id
(b)
i′′1


 id
(b)
i′′1 +1 
 · · · 
 id

(b)
i′′2︸ ︷︷ ︸

(b)

= id
(c)
i′2


 id
(c)
i′2+1 
 · · · 
 id

(c)
n′︸ ︷︷ ︸

(c)

(20)

Indeed, by Lemma 8 (and the definition of the instantaneous descriptions in it,
of course), (20) is an accepting run of A on z. That is, z ∈ L, which contradicts
the definition of L, see (1).

Proof of Lemma 8.

Proof of part (a). By the definition of id′
is, (11), and (19),

(q′0, u
′
0, v0v

′δ, α′
0) 
 · · · 
 (q′i′1 , u

′
i′1

, vi′1v
′δ, α′

i′1
),

implying
(q′0, u

′
0, v0, α

′
0) 
 · · · 
 (q′i′1 , u

′
i′1

, vi′1 , α
′
i′1

),

which, in turn, implies

(q′0, u
′
0, v0ι(v′′)δ, α′

0) 
 · · · 
 (q′i′1 , u
′
i′1

, vi′1ι(v
′′)δ, α′

i′1
),

and part (a) of the lemma follows from the definition of id
(a)
i s.

Proof of part (ab). By definition of id
(a)
i′1

and id
(b)
i′′1

, we have to show that

(q′i′1 , u
′
i′1

, vi′1ι(v
′′)δ, α′

i′1
) = (q′′i′′1 , ι(u′′

i′′1
), ι(z′′

i′′1
), ι(β′′

i′′1
)α′).

– q′i′1 = q′′i′′1 immediately follows from (17).
– The proof of u′

i′1
= ι(u′′

i′′1
) is as follows. By Proposition 3, u′′

i′′1
∈ Δ∗. There-

fore, by the definition of ι, ι(u′′
i′′1

) = u′′
i′′1

, and again, the equality follows
from (17).

– For the proof of
vi′1ι(v

′′)δ = ι(z′′
i′′1

), (21)

we observe that, by (15),

z′
i′1

= vi′1v
′δ = σr′+1 · · ·σr+1v

′δ,
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implying vi′1 = σr′+1 · · ·σr+1. Since

z′′
i′′1

= w′′
i′′1

δ = σr′′+1 · · ·σr+1v
′′δ

and, by (17), r′ = r′′, we have

z′′
i′′1

= vi′1v
′′δ. (22)

Now, applying ι to both sides of (22) we obtain (21).
– The proof of the last equality α′

i′1
= ι(β′′

i′′1
)α′ is equally easy. Namely,

α′
i′1

= β′
i′1

α′ = β′′
i′′1

α′, (23)

where the second equality follows from (17). Since, by Proposition 3, β′′
i′′1

∈
Δ∗, by the definition of ι, ι(β′′

i′′1
) = β′′

i′′1
, which, together with (23), completes

the proof.

Proof of part (b). By the definition of id′′
i s,

(q′′i′′1 , u′′
i′′1

, z′′
i′′1

, β′′
i′′1

α′′) 
 · · · 
 (q′′i′′2 , u′′
i′′2

, z′′
i′′2

, β′′
i′′2

α′′),

implying
(q′′i′′1 , u′′

i′′1
, z′′

i′′1
, β′′

i′′1
) 
 · · · 
 (q′′i′′2 , u′′

i′′2
, z′′

i′′2
, β′′

i′′2
),

because, by clause 3 of Lemma 7 and (14), β′′
i′′ �= ε, i = i′′1 , . . . , i′′2 −1. Therefore,

by Proposition 4,

(q′′i′′1 , ι(u′′
i′′1

), ι(z′′
i′′1

), ι(β′′
i′′1

) 
 · · · 
 (q′′i′′2 , ι(u′′
i′′2

), ι(z′′
i′′2

), ι(β′′
i′′2

)),

implying

(q′′i′′1 , ι(u′′
i′′1

), ι(z′′
i′′1

), ι(β′′
i′′1

)α′) 
 · · · 
 (q′′i′′2 , ι(u′′
i′′2

), ι(z′′
i′′2

), ι(β′′
i′′2

)α′),

and part (b) of the lemma follows from the definition of id
(b)
i s.

Proof of part (bc). By the definition of id
(b)
i′′2

and id
(c)
i′2

, we have to show that

(q′′i′′2 , ι(u′′
i′′2

), z′′
i′′2

, ι(β′′
i′′2

), α′) = (q′i′2 , u
′
i′2

, ε, α′
i′2

).

– q′i′2 = q′′i′′2 immediately follows from (17).
– u′

i′2
= ι(u′′

i′′2
) immediately follows from the definition of ι.

– The equality z′′
i′′2

= ε is provided by Corollary 2.
– Finally, the equality α′ = α′

i′2
is by (14).

Proof of part (c). This part of the lemma follows immediately from the definition
of id′

is and id
(c)
i s, because, by Corollary 2, for i = i′2, . . . , n

′, z′
i = ε.
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Abstract. An extended specification for aspects, and a new verification
method based on model checking are used to establish the correctness of
strongly-invasive aspects, independently of any particular base program
to which they may be woven. Such aspects can change the underlying
base program variables to new states, and after the aspect advice has
completed, the base program code continues from states that were pre-
viously unreachable. The needed changes in the MAVEN model checker
are described, and the soundness of the verification method is proven.
An example is shown of its application to aspects that provide various
bonus points to student grading programs.

1 Introduction

Aspect-oriented programming is becoming a common approach to extend ob-
ject systems with modules that cross-cut the usual class hierarchy. Different
programming languages, such as the extension of Java, AspectJ [9], are used
to define aspect modules for modular treatment of different concerns, such as
debugging, security, fault tolerance, and many others. The treatment of such
concerns, without aspects, would have been scattered over different classes or
methods of the base system, or would have been mixed with code treating other
concerns. Every aspect consists of two parts: code for the concern treatment,
called advice, and a description of when this code should be executed, called a
pointcut. The pointcut defines the set of all the points in the execution of the
program at which the advice is applied. These points are called join-points. The
process of combining some program with an aspect (or a collection of aspects)
is called weaving, and we refer to the original program as a base system, and to
the result as a woven system.

Several works have dealt with model checking of aspect systems [4,5,6,8,10,13].
These works either treat a system with aspects woven in, or try to deal with the
aspects modularly, relative to a specification. In the later case, the motivation is
either to reduce the size of the models, or to allow convenient reuse of aspects in
a library. Such an approach requires that the aspect itself have an independent
specification that can be shown to hold. In one form or another, the specification
of an aspect describes an assumption about any base system to which the aspect
can be woven, and a guarantee about the resultant system after the aspect is

O. Grumberg et al. (Eds.): Francez Festschrift, LNCS 5533, pp. 128–147, 2009.
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woven. The aspects are shown correct relative to their specification, and not
to interfere with each other [6], and then, for each system to be constructed
with the aspects, the base system is shown to satisfy the assumptions of the
needed aspects. The construction of a model of the entire concrete woven system
(which might be considerably larger than either of those used in the modular
verification) and its direct verification do not have to be carried out at all.

So far, when aspects are treated separately from a specific weaving, it has
been necessary to add a restriction: that the aspect returns control to the base
system in a state that already existed for some computation of the base sys-
tem without the aspect woven into it. Such aspects are called weakly invasive
in [7], where the other categories of aspects mentioned in this paper are also
defined. The reasoning behind the restriction is easy to understand: the aspect’s
assumption about the base system only relates to those computation sequences
and states (known as reachable states) that can occur for some fair execution of
the base system without the aspect. When an aspect returns control to the base
system code, but in a state of the base variables that does not occur for any
computation of the base system that begins from a ”normal” initial state, there
is no restriction on the behavior of the continuation. Instructions from the base
code are executed, but with values that were never expected or tested, and with
no restriction on the outcome. Thus the overall behavior of such a system is hard
to analyze in a modular manner, separating the reasoning about the base from
the reasoning about the aspects to be woven. In such cases, modular reasoning
was thought unfeasible.

On the one hand, this restriction still allowed treating most aspects. Several
kinds of aspects, including spectative ones that merely gather information, and
regulative ones that merely restrict possible steps, are weakly invasive. Moreover,
often the category of such aspects can be identified using dataflow techniques,
as described in [7,12,14], and many commonly used aspect examples are weakly
invasive. Nevertheless, there are other aspects that definitely are strongly invasive,
and that occur in real applications, so that a more complete approach is desirable.

In this paper we show that such a restriction is unnecessary, and that a mod-
ular approach can be realized even for so-called strongly invasive aspects that do
return control to the base system in new states that were unreachable in the base
system executing alone. To do this, we take advantage of the usual organization
of model checkers for linear time systems, and of the facilities they commonly
provide. An extension of the MAVEN aspect verification system is presented,
that can treat strongly invasive aspects, and an example of a bonus aspect for
student grades is described.

The basic idea of the new approach is to add to the specification an assumption
about the base system that restricts the computation segments that may become
reachable after a strongly invasive aspect is woven. We then show once-and-for-
all that when the aspect is woven into any base system with a reachable part
that satisfies the previous type of assumption and an unreachable part that
satisfies the added one, the result of the weaving will satisfy the guarantee. For
a particular base system, we then have to show that the assumptions are true
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for both the reachable and unreachable parts (or at least the unreachable part
that may become reachable after weaving). These tasks are made feasible due to
the fact that many model checkers actually generate a state transition system
that includes the unreachable parts of the computation, as a side-effect of the
construction, and that marking the reachable states is a built-in operation.

The original MAVEN system [4], over NuSMV [1], builds a single model that
can be checked to establish the correctness of a weakly-invasive aspect relative
to its assume-guarantee specification, given in Linear Temporal Logic (LTL). (In
the examples in this paper we use only the LTL modalities G p - for “from now on,
p”, F p - for “eventually, p”, and p U q - for “p is true until q becomes true”.) The
tableau state machine of the assumption is built using a module of NuSMV, and
then the transition system of the aspect advice is woven into it, with pointcuts
defining transitions to the beginning of advice state machine fragments, and
with transitions back to the states of the base system that match the end states
of the advice segments. It is then proven that whenever this particular model
satisfies the guarantee assertion, then a woven system with any base satisfying
the assumption, and the model corresponding to the aspect woven into it, satisfies
the guarantee.

In the following section, precise definitions of the terms involved are presented,
the theory behind the verification algorithm is described, and a proof of sound-
ness is given, that extends the one given for the simpler MAVEN system. In
Section 3 algorithms are given for computing the last states of the aspect, for
determining the category of the aspect, for verifying the aspect, and for checking
the base system for the needed assumptions. In Section 4 the specification and
verification of an aspect for adding bonus points for student exercises and exams
is described, and some concluding remarks are in Section 5.

2 Verification Theory for Strongly Invasive Aspects

Definition 1. An aspect A is strongly invasive relative to a model M if a state
of M that was unreachable in M becomes reachable in the woven system M+A
and transitions of M are applied to it.

The last part of the definition is needed to ensure that the aspect advice (some-
times) finishes in a state of M that was previously unreachable, and then the
code of M is applied to the new state.

2.1 Refined Aspect Specification

The assumption of a strongly invasive aspect has to contain more information
than the assumption of a weakly invasive one: it sometimes needs to define
restrictions on the behavior of the unreachable part of the base system into
which the aspect can be woven, in order to ensure an appropriate behavior
of the woven system from the states that are made reachable by the strongly
invasive aspect.
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The specification of aspect A is now a triple: (PA, UA, RA), where, as before
(in [4]), PA is the assumption about the reachable part of the base system and RA

is the result assertion guaranteed to hold in the woven base with the aspect. The
new UA statement is an LTL formula defining the restrictions on the unreachable
part of the base system which is made reachable by completing an aspect advice
fragment. The restriction is posed on computations of the base system that start
in the states that might be reached by by completing the aspect advice, which
were previously unreachable. We now may define the correctness of an aspect
relative to such a specification, relating to a base system S = Sreach ∪ Sunreach

where Sreach represents the reachable part, and Sunreach the unreachable part.

Definition 2. An aspect A is correct with respect to its refined assume-guarantee
specification (PA, UA, RA) if, whenever it is woven (by itself) into a system S =
Sreach∪Sunreach, where Sreach satisfies PA and the part of Sunreach that might be-
come reachable after weaving satisfies UA, the result will satisfy the guarantee,RA.

The property of the unreachable part of the system is relevant only for com-
putation segments starting from a state that can be the last state of an advice
execution. The reason is that only by an advice execution can a computation
of the woven system pass from a state that was reachable in the base system
to a state which was unreachable in the base system. Thus in order to check
that the unreachable part of the base system satisfies the requirements of the
aspect, it is enough to verify a formula of the form LA → UA on it, where LA

is a state formula describing the set of all the possible last states of the advice
state machine, projected on the base system variables.

With some abuse of notation, we denote by LA the set of possible last states
of aspect A (identifying the unary predicate with the set it describes). Note
that this set consists exactly of all the states in the base system into which a
computation can arrive after finishing advice execution.

2.2 Refined Tableau Construction

Given an aspect A and its refined specification, (PA, UA, RA), we need to con-
struct a refined tableau to serve as a representation of all the base systems into
which our aspect will possibly be woven. But now in order to build the tableau
of the assumption of the aspect, it is not enough to build the tableau of PA: we
need to restrict the unreachable part of the tableau. The tableau needs to repre-
sent the systems, the reachable part of which satisfies PA, and the unreachable
part of which satisfies LA → UA, where LA is the predicate defining the set of all
the possible return states of the advice. The refined tableau, T , is constructed
in three steps:

Step 1: Automatically construct the predicate LA. The construction is shown
in Section 3.1.
Step 2: Use the ltl2smv module of the NuSMV model checker to build the
tableau T1 of the LTL formula (PA ∨ (LA ∧ UA)).
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Step 3: Take the tableau T to be the same as T1 except for the initial states
definition. To obtain the INIT predicate of T , restrict the INIT predicate of T1

to include only states that should be reachable in the base system: INIT ∧ PA.

Note that T1 is the tableau of (PA∨(LA∧UA)) and not of (PA∨(LA → UA)),
because the only way to reach the part of the base system that does not satisfy
PA is by application of an aspect advice, and this will bring the computation to
a state in which LA must hold. This intuition will be justified during the proof
of Theorem 1.

Let us denote the refined tableau constructed as above by T(PA,(UA,LA)).

Theorem 1. Let A be an aspect with the refined assume-guarantee specification
(PA, UA, RA), and let LA be a formula describing the set of all the possible last
states of A. Then A is correct with respect to (PA, UA, RA) if the result of weaving
A into T(PA,(UA,LA)) satisfies RA.

We delay the proof of the theorem until after bringing some helpful definitions
and lemmas needed for the proof. They appear below, together with the intuition
for the proof.

In order to prove the theorem we need to show that if the result of weaving
A into T(PA,(UA,LA)) satisfies RA, then for every base system M such that its
reachable part satisfies PA and the unreachable part satisfies LA → UA, the
result of weaving A into M satisfies RA. For this purpose it is enough to show
that for every infinite fair path σ in the woven system M + A there exists
a corresponding infinite fair path π in the woven tableau, T(PA,(UA,LA)) + A,
such that label(σ) |AP = label(π) |AP . (Where AP is the set of all the atomic
propositions appearing in the specification of A, a label of a state s, label(s), is
the set of all the atomic predicates that hold at the state s, and a label of a path
τ , label(τ), is defined to be the sequence of the labels of the states of τ , so that
if τ = s0, s1, s2, . . ., label(τ) = (label(s0), label(s1), label(s2), . . .)). In that case
indeed in order to prove that every path in the woven system satisfies RA, it is
enough to show that every path in the woven tableau satisfies this property.

To simplify the notation, let us denote T(PA,(UA,LA)) by T. The task of finding
a fair path in T + A that corresponds to the given fair path of M + A will be
divided into steps according to prefixes of σ, and at each step a longer prefix
will be treated. The following lemma will help to extend the treated prefixes:

Lemma 1. Let S be a system, and let s0, . . . , sk be states in S such that s0 and
sk are reachable by a fair path from some initial state of S (the paths and the
initial states for s0 and sk might be different), and for each 0 ≤ j < k, the
transition (sj , sj+1) exists in S. Then there exists a fair computation in S which
contains the sequence of states s0, . . . , sk.

Proof
A computation is fair if it visits states from the Fairness set of the system
model infinitely often. Let π0 and πk be fair computations in S in which s0 and
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sk occur, respectively. Then π0 = σ0 · s0 · . . ., and
πk = . . . · sk · σk for some σ0 and σk. Let us take
π = σ0 · s0 · s1 · . . . · sk · σk. This is obviously a path in S, and it starts from an
initial state, as did σ0. Moreover, π is a fair computation, because it has the same
infinite suffix, σk, as the fair computation πk. Q. E. D.(Lemma 1)

The following definition will be useful for identifying the “interesting” prefixes
of the path σ:

Definition 3. Any infinite path π in a transition system can be represented as
a sequence of path segments -
π = π0 · π1 · . . ., where each path segment πi is a sequence of states such that:

– If i = 0, the first state of πi is the initial state of π
– If i > 0, the first state of πi is either an initial state of an advice or a

resumption state of the base system (i.e., a state in the base system into
which the computation arrives after an advice execution is finished)

– The last state of πi is either a pointcut state or a last state of an advice
(after which the computation returns to the base system), or the last state of
the path, if π is finite

– There are no pointcut states and no last states of advice inside πi (i.e., in
the states of π that are not the first or the last state)

– π is the concatenation of the path segments of π in the order of their indices

Note that the decomposition of a path to path segments is unique, and that,
because of loops, there can be resumption states within a segment. Note also
that we could have an infinite (last) segment - in the reachable part of the base,
or in the unreachable part, or even in the aspect. In our case all the paths in
question are infinite, so the last state of each finite path segment will be either a
pointcut or a last state of an advice. A resumption state might be unreachable
in the system before weaving - in case of a strongly invasive aspect.

Now if we are given a path of M+A, σ = σ0 · σ1 · . . . where σi-s are the path
segments of σ, for each finite prefix of σ consisting of a number of path segments
we define the set of corresponding path-segment prefixes of fair paths in T+A:

Πi = {π0 · π1 · . . . · πi|
label(π0 · . . . · πi) |AP = label(σ0 · . . . · σi) |AP ,

∃π fair path in T+A such that π = π0 · . . . · πi, . . .}
Each element in Πi is a prefix of an infinite fair computation of T + A corre-
sponding to the i-th prefix of σ, thus the following lemma will show that for
every finite prefix of σ there exists a corresponding prefix of a fair computation
in T +A:

Lemma 2. Given a fair computation σ of M+A, and sets of prefixes Πi-s as
defined above, ∀i ≥ 0.Πi 
= ∅.
Proof
The proof is by induction on i.
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Base: i = 0 To show that Π0 is not empty we need to show the existence of π0

such that label(π0) |AP = label(σ0) |AP and π0 is a prefix of some fair path π in
T+A. σ0 is the first path-segment of a fair path in M+A, thus there is no advice
application before σ0 or inside it. So σ0 is also the first path segment of a fair
computation in M . According to the assumption on M , M |= PA, thus for every
fair path starting from an initial state of M there exists a corresponding fair
path in T . In particular, there exists a fair path π = t0, . . . , tk, . . . in T such that
label(σ0) |AP = label(t0, . . . , tk) |AP . Then again, as t0, . . . , tk is a beginning of a
fair path in T , and there are no pointcuts in it, except maybe for the last state, it
is also a beginning of a fair computation in T +A. So let us take π0 = s0, . . . , sk.
We are left to show that π0 is indeed a path-segment, and then it will follow
that π0 ∈ Π0, meaning that Π0 is not empty.

label(t0) = label((σ0)0), thus t0 is an initial state of T+A. There is no pointcut
inside σ0, because it is a path-segment, so the last state of σ0 cannot be a return
state of advice application, which means that it has to be a pointcut state. Due
to the agreement on labels, the last state of π0 will also be marked as a pointcut
state. For the same reason, there are no pointcut states among t0, . . . , tk−1,
which, in the same way as for σ0, implies that there are no advice return states
also. Thus both ends of π0 are legal ends of a path-segment, and there are no
pointcut states and no advice return states inside π0, which makes it, indeed, a
legal path-segment.

Induction step. Let us assume that for every 0 ≤ i < k, Πi 
= ∅. We need to
prove that Πk 
= ∅.

The induction hypothesis holds, in particular, for i = k − 1, thus there exists
some prefix π0 ·π1 · . . . ·πk−1 of a fair computation of T +A, corresponding to the
prefix σ0 · σ1 · . . . · σk−1 of M + A’s computation, σ. Let us denote by s first(i)
the first, and by s last(i) the last state of i − th path-segment of σ (σi), and
symmetrically for the states of path segments of T + A - by t first(i) the first,
and by t last(i) the last state of i− th path-segment. There are two possibilities
for s last(k-1):

1. s last(k-1) is a pointcut. Then t last(k-1) is also a pointcut, because due to
the induction hypothesis
label(s last(k-1)) |AP = label(t last(k-1)) |AP . Then in every continuation of
the computation both in M+A and in T +A the advice of the aspect will be
performed, thus the k-th path-segment will in both cases be the application
of the same advice from the same state, and the agreement on the labels
of the k-th path-segments will be trivially achieved. Moreover, for the same
reason the existence of an infinite fair path with the prefix π0 · π1 · . . . · πk−1

implies the existence of an infinite fair path with the prefix π0 · π1 · . . . · πk,
because every continuation of the first prefix had to be an advice application.
From the above it follows that in this case Πk 
= ∅.

2. s last(k-1) is a last state of the advice. This, in particular, implies that
s last(k) is a pointcut state, and no advice has been applied between
s last(k-1) and s last(k). Here are again two possibilities:
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The first case is that s last(k-1) is a reachable state in M (more precisely, the
state reachable in M is the projection of s last(k-1) on AP). As no advice
is applied between s last(k-1) and s last(k), we have that the whole path-
segment σk is in the reachable part of M . Moreover, due to Lemma 1, as
both s last(k-1) and s last(k) are reachable by some fair paths from some
initial states of M, we also have that there exists a fair computation of
M containing the sequence s last(k-1), s first(k), . . . , s last(k). All the fair
computations of the reachable part of M are represented in the tableau of PA,
which is exactly the reachable part of T. Thus, in particular, the above fair
path has a corresponding path in T , and, as there was no pointcut or advice
application inside the sequence s last(k-1), s first(k), . . . , s last(k), there are
also no pointcuts and advice applications in the corresponding sequence in
the computation of T, and thus there exists a corresponding sequence of
states in T + A, πk. The first state of πk, t last(k-1), is reachable from the
initial state of T + A by some fair path, as Πk−1 is not empty. Moreover,
all the prefixes of such fair pathes appear in Πk−1, thus at least one of
them continues to the sequence πk. So indeed we obtain that there exists a
sequence of states πk corresponding to σk in the woven tableau, for which a
fair continuation exists. We are left to see that the sequence of states, πk, is
indeed a path segment in the woven tableau computation. But this is true
due to the agreement on labels of the states, label(πk) |AP = label(σk) |AP :
the path segment σk started from a return state of an advice, ended by a
pointcut, and had no advice applications in the internal states, so the same
is true for πk and thus πk is a path segment.

The last case left is that s last(k-1) is unreachable in M. Additionally,
s last(k-1) is the last state of the advice, thus s first(k) is the return state
of the advice, and also is unreachable in M, because according to the weav-
ing algorithm label(s last(k-1)) |AP = label(s first(k)) |AP . From the fact that
s first(k) is unreachable in M, together with the assumption on the unreach-
able part of M, we have that LA → UA holds in the suffix of any path
starting from s first(k). But from the agreement on labels with s last(k-1)
we also have that s first(k) |= LA. Together we obtain that UA holds in the
suffix of any computation in M starting from s first(k), and, in particular,
for the computation σ′ containing the next path segment of σ, σk (because
there is no advice application inside σk, all its states are states of the orig-
inal system, M - either in the reachable or the unreachable part). Now let
us examine the states of the woven tableau. The tableau of LA ∧ UA is in-
cluded in the refined tableau T, thus every computation satisfying UA that
starts from a state satisfying LA is represented in T (though its initial state
might be unreachable before the aspect is woven into T). Let π′ be a com-
putation that corresponds to the suffix of σ′ that starts from s first(k). The
first state of π′ agrees on its label with s first(k), and thus with s last(k-1),
which, according to the induction hypothesis, implies agreement on labels
with t last(k-1). According to the weaving algorithm, the last state of the
advice is connected to all the states in the underlying system with which it
agrees on labels. Thus, in particular, t last(k-1) (which is the last state of
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the advice, in the same way as s last(k-1)), is connected to the first state of
π′. So we can take the first state of π′ to be the first state of πk. Let us then
take πk to be the first path-segment of π′. It is indeed a path segment of a
fair computation (due to Lemma 1), it is connected to πk−1 and agrees on
labels with σk, so we found what we needed.

Thus, indeed, the set of possible continuations, Πi, is never empty.
Q. E. D.(Lemma 2)

Theorem 1 proof: Now let us return to the proof of Theorem 1. Let us be given
an infinite fair path σ in the woven system M+A. From Lemma 2 it follows that
there exists an infinite path π in the woven tableau corresponding to the given
path σ - all the prefixes of π appear in the Πi-s above, and due to the lemma,
the Πi-s are all non-empty. So in order to complete the proof of the theorem we
need only to notice that every path constructed from the prefixes in Πi-s above is
fair, for the following reason: There are two possibilities for the infinite suffix of
π. It either has infinitely many advice applications, or there exists some infinite
suffix in which no aspect state is visited. If there are infinitely many advice
applications, some state of the advice must be visited infinitely often, and all
the states of the advice are defined as fair. If there is no advice application after
some state, then there are only a finite number of path segments of π, and the
last path segment is infinite. But, as we know, this path segment belongs to some
fair path in T + A, so this must be a fair suffix, and so the computation π is
indeed fair. This completes the proof of Theorem 1. Q. E. D.

3 Algorithms

3.1 Computing LA Automatically

Given a model of the aspect, A, in MAVEN format, we would like to automati-
cally compute the state formula defining the set of all the possible last states of
A’s advice. The algorithm we propose consists of four steps:

Step 1: Construct a formula ϕ defining the pointcut of the aspect: take ϕ to be
the disjunction of all the POINTCUT expressions in A.

Step 2: Run MAVEN on a model A′ which is the same as A except for a
change in the specification. The assumption of the aspect is replaced by ϕ, and
the guarantee of the aspect is replaced by true. The purpose of this operation
is to obtain a system in which all the possible computations of the aspect are
represented, and this goal is achieved in the following way:

– At the first step of its work, MAVEN will automatically construct the tableau
of the new assumption of the aspect, ϕ, using the ltl2smvmodule of NuSMV.
Note that in this tableau, Tϕ, only the initial states are restricted, and the
initial states are exactly all the possible join-points of the aspect.



Modular Verification of Strongly Invasive Aspects 137

– At the second step, MAVEN will perform the weaving of the aspect into
the constructed tableau. The obtained woven system, Tϕ + A, will contain
all the possible computations of the aspect, because the initial states of the
tableau are all the possible pointcut states that can occur in either reachable
or unreachable parts of the base systems into which A will be woven (as the
ranges of all the base variables as defined in the aspect model definition are
the maximal possible, and the combinations of variables values are restricted
only by the formula ϕ).

Note that if we added other restrictions on the computations of the tableau
Tϕ, we may not be able to guarantee that all the possible runs of the advice
of A will appear in the woven tableau. For example, if we demand that the
computations of the tableau should satisfy PA, then after the weaving we would
not obtain the runs of the aspect from the states that were unreachable in the
base system. Since in the unreachable part of the base system which becomes
reachable after the weaving there might be join-points of A, we have to model
the computations of the advice starting from these states. However, there are
cases when additional restrictions might be posed on the computations of the
tableau built. For example, there might be some invariant that holds both in
the reachable and the unreachable parts of the base system, and then it could
be added to ϕ. Additionally, there might exist an assertion that holds for all
the pointcut states, but is not explicitly written as part of the pointcut. Then it
would be possible to restrict the initial states of the constructed tableau by this
assertion.

Step 3: Take the woven system obtained in Step 2, Tϕ + A, and use the built
in functionality of NuSMV to compute the set of all the reachable states of this
model, (Tϕ+A)reachable. For each of the states in (Tϕ+A)reachable, check whether
it satisfies any of the RETURN conditions of the aspect. If it does, add it to the
set LA.

Step 4: Now LA is the set of all the possible last states of A. What is left is
only to construct the predicate describing this set. This is done by taking the
disjunction of all the predicates describing the states in LA.

Sometimes it might be easy to see a compact description of the possible last
states of the aspect. For this case we provide the user a possibility to supply
a manually constructed predicate L. But such a predicate should be checked
before use, because the intuition of the user might be wrong. Then we use the
above algorithm to construct the full LA predicate, and check that the supplied
predicate L is implied by LA. If indeed LA → L holds, the verification using L
will still be sound, because it just might check additional paths, but no relevant
path will be left unverified.

3.2 Determining the Aspect Category

Before applying the full verification technique it is very desirable to determine
the category of the aspect. If the aspect is of the weakly invasive category
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(or a simpler category included within the weakly invasive one), then the sim-
pler method described in [4] is applicable to it. Otherwise, the full verification
method described in Section 3.3 should be used.

Some ways of determining the category of the aspect using code analysis,
dataflow techniques and semantic definitions are described in [7,12,14,3]. If none
of them gives a positive answer, the algorithm presented below can help to de-
termine whether the aspect is uniformly strongly invasive, i.e., is always strongly
invasive for every possible base system to which it can be woven. But first some
definitions and observations are needed:

Remark 2. From Definition 1 in Section 2 it immediately follows that for any
system M in which all the states not reachable from the initial state by some fair
path have been removed, if an aspect A is strongly invasive relative to M, there
is a deadlock in the system M +A: Let s be a last state of advice execution such
that there exists no reachable state s′ in M for which label(s′) = label(s) |AP .
Then this state is a deadlock state in the woven system.

Lemma 3. Let aspect A have the specification
(PA, UA, RA), where AP is the set of all the atomic propositions appearing in
the specification and TP denotes the tableau of PA. Aspect A is strongly invasive
with respect to PA if when A is woven into TP , there exists a state s in TP +A
such that:

– s is the last state of advice execution, and
– there exists no state s′ in TP such that s′ is reachable by some computation

of TP and label(s′) = label(s) |AP

Proof
Immediate from the above remark.

Definition 4. Given a tableau T of an LTL formula φ, the tableau TP obtained
from T by removing all the states that are not reachable from the initial state of
T by any fair path (and only them) is called the pruned tableau of φ.

Note that the above defined pruned tableau is equivalent to a tableau obtained
from T by removing all the states and transitions that only lead to deadlock
states.

Lemma 4. Aspect A with the specification (PA, RA) is strongly invasive relative
to PA iff there exists a deadlock in the system TPA+A, where TPA is the pruned
tableau of PA.

Proof
The conditions of Remark 2 above hold, in particular, for M = TPA, so there
will be a deadlock state in TPA +A.

On the other hand, if there exists a deadlock in the system TPA +A, let s be
the deadlock state. Let us denote by s′ the state of TPA such that label(s′) =
label(s) |AP . There are two possibilities: If s′ is reachable in TPA, then there
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exists some infinite computation π = s′, s2, . . . from s′ in TPA, because TPA is
a pruned tableau. In particular, there exists a state s2 in TPA (the second state
of π) to which s′ is connected. However, in TPA + A the state s is no longer
connected to s2. According to the construction of TPA + A, the only reason
could be that an advice is applied at s. But if an advice was applied at s, s
would not be a deadlock state. Thus when we assumed that the projection of s
on AP is reachable in TPA we obtained a contradiction. So we conclude that s′
is unreachable in TPA.

But could s′ still be reachable in TP ? This can only be if s′ has been removed
from TP during the construction of the pruned tableau. This means that all
the paths starting from s′ led to some deadlock states, and thus s′ couldn’t be
reached by any fair computation of T. But according to Lemma 3 this exactly
means that the aspect A is strongly invasive relative to its assumption.
Q. E. D.

According to Lemma 4, the following algorithm verifies whether the given
aspect is strongly invasive relative to its assumption:

1. Construct the pruned tableau TPA from the tableau of the assumption of
A. This is done automatically, by an iterative procedure that we have added
to MAVEN. The procedure is as follows:
– Run NuSMV to detect deadlock states in the tableau.
– If a deadlock state is detected, construct a predicate describing this state,
p

– Rule out the deadlock state: Add the negation of p to the initial state
definition, and to the predicate defining possible next states of the tran-
sitions.

Repeat the procedure until there are no more deadlocks in the tableau.
2. Use MAVEN to weave the aspect into the above constructed tableau.
3. Run NuSMV to check whether there are deadlocks in the woven tableau. If

a deadlock is detected, the aspect is strongly invasive relative to its assump-
tion. Otherwise, the aspect A is weakly invasive relative to PA.

Note that the algorithm presented here gives a positive answer only if the
aspect is strongly invasive relative to the tableau of its assumption, but not
relative to a concrete base system. Thus if the algorithm gives a positive answer,
the aspect is strongly invasive relative to all the possible base systems into which
it might be woven. But if the algorithm gives a negative answer, there might exist
a base system satisfying the assumption of the aspect, with respect to which our
aspect is still strongly invasive.

Given a base system S, there is one more way for us to check whether the
given aspect, A, is strongly invasive relative to this system. Intuitively, what
we would like to do is to look at all the unreachable states of the base system,
and check whether there are last states of our aspect among these unreachable
states. For that purpose we can check satisfiability of the following formula:
ϕ = SU ∧ LA, where SU is the formula defining the set of all the unreachable
states of S, and LA is the formula defining the set of all the possible last states of
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A. ϕ can be constructed automatically: the way to construct LA automatically
is shown in Section 3.1, and the way to construct SU automatically is shown in
Section 3.4. Then the satisfiability of ϕ can be automatically checked using a
SAT solver (such as, for example, Chaff [11]). If ϕ is found unsatisfiable, it means
that there are no last states of the aspect A in the unreachable part of S, so A
is weakly invasive relative to S, and the simpler model check in [4] can be used.
If ϕ is found satisfiable, it doesn’t necessarily imply that A is strongly invasive
relative to S, because the predicate LA is an over-approximation: it contains all
the possible last states of the aspect, but maybe some of them will never occur
in the computations of the woven system S + A, and thus will not bring the
computation to states that were unreachable in S. But this over-approximation
is a safe one: if we declare some aspect as strongly invasive when it is weakly
invasive, we will just have to work harder to prove its correctness than we would
if we knew its exact category, but the verification results will be sound.

3.3 Verifying the Aspect

Given an aspect A and its refined assume-guarantee specification, (PA, UA, RA),
the verification of correctness of A with respect to (PA, UA, RA) is performed as
follows:

1. Construct the refined assumption tableau for A as shown in Section 2.2 - the
T(PA,(UA,LA)).

2. Use MAVEN to weave A into T(PA,(UA,LA)) and to run the NuSMV model
checker on the resulting system and check the RA property on it.

3.4 Base System Correctness Verification

Non-optimized solution. Given a base system S, we need to verify that it
satisfies the refined assumption of our aspect, (PA, UA):

– Verify that the reachable part of S, Sreach, satisfies PA

– Verify that all the computations starting from the unreachable part of S,
Sunreach, satisfy LA → UA.

The first verification task can be done by usual model-checking of S versus PA.
The meaning of the second task is as follows: we need to examine the model of
Sunreach and check all the fair computations that start from states satisfying LA

(note that a computation starting from a state in Sunreach might return to the
reachable part of S at some state). All these computations should satisfy UA.
The verification is performed in three steps:

1. Automatically compute the state formula SU defining the set of all the un-
reachable states of S: SU is the negation of the formula SR defining all the
reachable states of S, and in NuSMV there exists a possibility to compute
SR automatically for a given system S.
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2. In the model of the base system, S, automatically replace the initial states
definition by the formula SU ∧ LA

3. Run NuSMV on the obtained model and the formula UA. If the verification
succeeds, it means that the given base system satisfies the restriction on the
unreachable part.

Optimization. In some cases, the requirement in the second part of the verifi-
cation process can be relaxed due to the structure of UA. For example, in case
when UA is some safety property, i.e., UA has the form Gϕ, we do not have to
verify that ϕ holds all along the computations starting from resumption states
in the unreachable part of the system. We need to check only the segments be-
tween a resumption state and the next join-point or reachable state. So if we
denote by ptc the predicate defining the pointcut of the aspect, and by reach-
able - the predicate defining the reachable states of the base system, then it is
enough to verify the following formula on the unreachable part of the system:
LA → (ϕ U (reachable ∨ (pointcut ∧ ϕ))). The reason is that when the computa-
tion reaches a join-point, in the woven system the advice will be executed at that
point, so the information about the possible continuations of the computation
in the base system from that point is useless. And if a computation leaves the
unreachable part and arrives to some previously reachable state, its continuation
will behave as specified by the assumption of the aspect about the reachable part
of the base system, and all these continuations are already checked during the
reachable part verification.

As an example of the situation described above, we can take a look at an aspect
that is in charge of the scheduling policy of a semaphore-guarded resource. The
purpose of the aspect is to implement a possibility of a waiting queue for the
semaphore. As a result, the semaphore that could previously have only values 0
or 1 can now have negative values (according to the number of waiting processes).
Thus the aspect is indeed strongly invasive. But there is a part of the system
invariant that we need to extend to the unreachable part of the base system:
regardless of the semaphore value and the concrete scheduling algorithm, we
demand that no two processes hold the guarded resource at the same time. So
if the formula ψ encodes the fact that two processes hold the resource at the
same time, the assumption of the aspect about the unreachable part of the base
system should be U = G¬ψ. But when verifying the computations starting in
the unreachable part of the base system, it is enough to check that after each
possible last state of the aspect the computation satisfies ¬ψ until it arrives to
a pointcut state or to a reachable state.

4 Example

In this example we discuss an aspect that can be used in any grades-managing
system. The aspect B provides a way of giving bonus points for assignments
and/or exams (thus making it possible to have assignment/exam grades that
are more than 100), but still keeping the final grade within the 0..100 range.
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The aspect has two kinds of pointcuts, and two corresponding pieces of advice.
The first pointcut of B is the moment when an assignment or exam grade is
entered to the system. At this point the original system would accept only grades
between 0 and 100, but the aspect offers a possibility of giving a bonus on the
grade, and stores the new grade successfully even if it exceeds 100. The second
pointcut of B is the moment when the final grade calculation of the base system
is performed. Then if the calculation resulted in a grade that exceeds 100, the
aspect replaces this grade by 100 (otherwise keeping the grade unchanged).

Aspect B is strongly invasive in the systems into which it can reasonably be
woven, because its operation results in states in which some grades are more than
100, which is impossible in the base systems without bonus policies. And this ex-
ample, though simple, is still of interest to us, because the aspect here exhibits a
typical behavior we would like to treat: when it is woven into a system, the cal-
culations there are performed partly in the aspect, and partly in the base system
code, but using new inputs, that were impossible before the aspect was woven in.

The specification of B can be formalized as follows:

– The assumption on the reachable part of the base system is that all the grades
appearing in the grading system - homework assignment grades (hw i), exam
grades (exam j), final grade (f) - are between 0 and 100, and after the final
grade is ready (f ready) (i.e., all the assignments and exams that comprise the
grade have been checked, and the final grade has been calculated from them
according to the base system grading policy), the final grade is published
(f published). The result of the final grade calculation is represented by calc.

PB = [ G(f ready → ((f = calc) ∧ F f published))
G(f published → f = calc) ∧
G(0 ≤ f ≤ 100) ∧
G(∀1 ≤ i ≤ 10(0 ≤ hw i ≤ 100)) ∧
G(∀1 ≤ j ≤ 2(0 ≤ exam j ≤ 100))]

Here, for modeling purposes, we have to provide some bounds on the number
of assignments and exams, so we assume that there are no more than 10 home
assignments and no more than 2 exams in each course. We also show the
specification for the grades of a single student (because the grades of different
students are independent, and calculations involving them can be viewed as
orthogonal). When the model of the aspect is built, the ranges of all the
variables - both the aspect variables and the relevant base system ones - are
defined. Let us assume, for example, that our aspect gives bonuses in range
of 0..20 points, then all the grade variables defined in the model of B are in
the range 0..120.

– The assumption on the unreachable part of the base system is in our case a
weakening of PB. We still want the final grades to be published after they
are ready, but now the final and the intermediate grades do not have to be
bound by 100, but by 120. So we are left with the following property:
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UB = [ G(f ready → ((f = calc) ∧ F f published)) ∧
G(f published → f = calc) ∧
G(0 ≤ f ≤ 120) ∧
G(∀1 ≤ i ≤ 10(0 ≤ hw i ≤ 120) ∧
G(∀1 ≤ j ≤ 2(0 ≤ exam j ≤ 120))]

– The guarantee of the aspect now is that regardless of the existence of bonuses
on the components of the final grade, the final grade will be the one calculated
by the base system function, but rounded down to 100 if needed:

RB = [ G(f published → f = min(calc, 100))]

The guarantee of the aspect might also include a statement about the bonus
policy it enforces, saying that the aspect calculates the bonuses as desired.
But to simplify the discussion, we omit it here.

– The pointcut of the aspect can be formalized using the following predicates,
which define the moments when the grades are entered into the system:
enter hw i for homework grades, and enter exam j for exam grades.

PointcutB = [(
∨

i=1

10
(enter hw i))∨

(enter exam 1) ∨ (enter exam 2)∨
(f ready ∧ (f > 100))]

Let us follow the verification algorithm, applying it to aspect B. The first step
is the refined tableau construction. It begins with calculating the predicate LB ,
defining all the possible last states of B. In our example, we get

LB = [(f ready → ((f = 100) ∧ (calc > 100))) ∧
(¬f published) ∧
∀1 ≤ i ≤ 10(¬enter hw i) ∧
∀1 ≤ j ≤ 2(¬enter exam j) ∧
(0 ≤ f ≤ 120) ∧ (0 ≤ calc ≤ 120) ∧
∀1 ≤ i ≤ 10(0 ≤ hw i ≤ 120) ∧
∀1 ≤ j ≤ 2(0 ≤ exam j ≤ 120)]

And here is the explanation: All the combinations of exams and assignments
grades values in range 0..120 are possible at the last state of the aspect, because
all the grades of assignments and exams are independent. There is a connection
between the final grade and the other grades, but only when the final grade is
declared to be ready and still is not published. Then the final grade is equal
to the minimum between the calculated value (calc) and 100. However, as we
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do not want to restrict the calculation function of the base system, we cannot
establish this connection, and at the other states of the computation the value
of the final grade is not restricted (except by its range), so effectively we have to
enable any combination of the final grade value and the other grades. The values
of the other system variables are restricted as follows: The variables enter hw i
and enter exam j for all i-s and j-s are false, because no grade is entered by the
user at the last state of the advice. The variable f published is also false, because
the aspect does not publish the grades - even if it was called at the moment when
the final grade was calculated, it just modifies the calculated grade, but does not
publish it. Publishing the grades is done by the base system. The next variable
to discuss is f ready. If the aspect was called at the moment of grades entering,
the variable f ready is false at the join-point. The final grade is not calculated
by the aspect in this case, so the variable remains false at the last state of the
advice. However, if the aspect was called at a join-point when the final grade is
calculated, the variable f ready is true there and remains true after the advice
finishes its execution. In this case, as we said earlier, we will also have f = 100
and calc > 100.

Now after the predicate LB is constructed, the tableau of the (PB∨(LB∧UB))
formula is created, its initial states are restricted to those satisfying PB (that is,
the refined tableau T(PB,(UB ,LB)) is built), and then B is woven into the result.
The last part of the verification process is running NuSMV on the woven tableau
in order to check the RB property on it. And for the above described aspect, with
the specification given, the verification succeeds, so our algorithm shows that
indeed it is correct with respect to its refined assume-guarantee specification.
Intuitively, the reason for the success of the verification is that the base system
performs only some arithmetic operations on the grades the aspect modifies,
and thus we can expect that the result of performing old operations on the new
arguments will be as anticipated, if only there is no overflow or type declaration
problem. (By a type declaration problem we mean, for example, the case when
the type of the grades variables is defined in the base code by some typedef to
be 0..100, so that larger values cause a fatal type error.) But the assertion UB

ensures that this will not happen, because UB will not hold for the base system
in case such problems arise.

Note that the aspect does not restrict the grade calculation process of the base
system, so this aspect is highly reusable, as long as the calculation can handle
values greater than 100 (as seen in UB). Moreover, this aspect can appear in a
library of aspects providing different grading policies: different types of bonuses
for homework assignments, or factors on the exam grades. All these aspects
will have the same requirements from the base system as B does, so when some
grading system is checked for applicability of one of the aspects from this library,
it is automatically inferred that all the other aspects from the library are also
applicable to this base system. Thus the grading policy can be changed as needed
at any time, by replacing the applied aspect, without any further checks on the
base system.
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5 Conclusions

We have shown that strongly invasive aspects can be specified and shown correct
relative to their specification, independently of a particular base system. More-
over, it is reasonable to check the properties needed from the unreachable part of
the base system because the possible transitions of the base are considered bot-
tom up, independently of the initial states, thus generating the unreachable part
of the base system as a byproduct of model checking. Strongly invasive aspects
typically extend the functionality of the base system to situations not originally
covered. The examples seen in the paper, of a semaphore with negative values,
and of aspects to give bonus points beyond the normal range, are typical. Often
some invariants true in the base system alone will no longer hold after weaving
such aspects, but other invariants will continue to hold, and are essential to the
correctness of the woven system.

The verification method presented here is modular, and thus has an advantage
over a straightforward non-modular verification of a woven system: the possibility
of reuse without proof. There are two types of such reuse we see, both of which
are demonstrated by the aspect described in Section 4. One case is when one
and the same aspect is applicable to different base systems. Then the verification
of the advice versus the assume-guarantee specification is performed only once,
and in order to be able to apply the aspect to a given base system we need
only to perform the base system verification described in Section 3.4. Another
case is when a library of aspects is given, where all the aspects are built for the
same purpose (like defining some action policy) and have a common assumption
(P,U) about the base system. Then if we have a base system that satisfies the
above assumptions, we can change the policy defined in this system at any time,
by applying different aspects from the library - one at a time, of course - without
any further checks.

When model-checking is used, the size of the verified system and of the spec-
ification is very important, as it strongly affects the verification time, and some-
times, if the model verified is too large, the model-checker can even fail to provide
any answer. For the complexity analysis purpose, we denote by m the size of the
base system model, by a - the size of the aspect model (|A|), by r - the size of
all the formulas in A’s specification (assuming, without loss of generality, that
all the formulas used in verification - PA, UA, RA - are approximately of the
same size). When a formula of size k is verified on a model of size m, the space
complexity of the model checking is O(m · 2k) ( [2]). Thus the complexity of
a straightforward verification of the woven system is O(2r · (m · a)), because a
system of size m is verified against a formula of size r (the guarantee of A, in
this case). Let us find the complexity of the modular verification method. It is
the sum of the following components:

– The verification of the base system. It is of O(2r ·m) for the reachable part,
and the same for the unreachable part, so together we obtain 2 ·O(2r ·m) =
O(2r ·m)
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– Verification of the aspect. Here, first the refined assumption tableau is con-
structed, T(PA,(UA,LA)). The complexity of this step is O(22r) (Note that LA

is always a state formula, and thus does not increase the complexity.) Then
the woven tableau is built, and we obtain a system of size O(22r · a). At the
last step, the woven tableau is verified against the guarantee of A, RA, and
this requires complexity of O(2r · (22r · a))

The total complexity thus is O(2r · (22r ·a)) + O(2r ·m). But the size of the base
system model is usually very large, so m ≥ 22r, and thus the complexity of our
verification is usually not worse than that of the straightforward woven system
check. Even when this is not the case, the possibilities for reuse make the modular
approach preferable.
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Abstract. Certain services may be provided in a continuous, one-dimen-
sional, ordered range of different qualities and a customer requiring a ser-
vice of quality q can only be offered a quality superior or equal to q. Only
a discrete set of different qualities will be offered, and a service provider
will provide the same service (of fixed quality b) to all customers request-
ing qualities of service inferior or equal to b. Assuming all services (of
quality b) are priced identically, a monopolist will choose the qualities of
service and the prices that maximize profit but, under perfect competi-
tion, a service provider will choose the (inferior) quality of service that
can be priced at the lowest price. Assuming significant economies of scale,
two fundamentally different regimes are possible: either a number of dif-
ferent classes of service are offered (DC regime), or a unique class of ser-
vice offers an unbounded quality of service (UC regime). The DC regime
appears in one of two sub-regimes: one, BDC, in which a finite number of
classes is offered, the qualities of service offered are bounded and requests
for high-quality services are not met, or UDC in which an infinite number
of classes of service are offered and every request is met. The types of the
demand curve and of the economies of scale, and not the pace of techno-
logical change, determine the regime and the class boundaries. The price
structure in the DC regime obeys very general laws.

Keywords: classes of service, Internet.

1 Introduction

1.1 Background

Consider a delivery service. The quality of the service given may be measured
by the delay with which the object is delivered. A service guaranteeing same day
delivery is of higher quality than one that guarantees only next day delivery, or
delivery within three-business days. Assuming that the service can be provided
on a continuous range of qualities, it is typically unrealistic to assume that
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a service provider could provide all those different services to the customers
requiring them or bill them differentially for the qualities requested. In many
situations, the service provider will have to decide on certain discrete qualities,
i.e., classes of service, and will provide only services of those specific qualities.

The price paid by the different customers depends only on the quality of the
service they receive, not on the (inferior) quality they requested and all customers
getting the same service pay the same price. We assume that every customer has
sharp requirements concerning the quality of service he requests: he will under
no circumstances accept a quality that is inferior to his requirements, even if this
is much cheaper, and he will, as long as the price is agreeable, use the service of
the least quality that is superior or equal to his request. This assumption is not
usual, and not in line with [1] for example. Nevertheless, it is very reasonable
in connection with Internet services: there is quite a sharp boundary between
delays, jitters and latencies that allow for the streaming of video content and
those that do not.

We assume significant economies of scale to the service provider: the cost of
providing w services grows less than linearly with w, but we also assume that
services of different qualities do not aggregate to generate economies of scale:
the cost of providing two classes of service is the sum of the costs of those two
different services. This is obviously a severe assumption. In practice, a company
offering a few different qualities of service will benefit from economies of scale
across those different services: administrative services for example will be shared.
But if one considers only the cost of moving packets over the Internet and one
assumes, in no way a necessary assumption but a definite possibility (see [2]),
that separate sub-networks are affected to the different qualities of service, then
the assumption will be satisfied. In the sequel we may therefore assume that a
firm provides only a single quality of service: different firms may provide different
qualities of service. In deciding what quality or qualities of service to provide,
a firm has to avoid two pitfalls: offering a service of poor quality may cater to
a share of the market that is too small to be profitable, offering a service of
high quality may involve costs that are too high to attract enough customers.
A monopoly will set a quality of service and a price that maximize its revenues,
but, in a competitive environment, a customer will buy from the provider offering
the lowest price for a service whose quality is superior or equal to the quality
requested. This will, in general, result in a lower quality of service, a lower price
and a higher activity.

Will more than one class of service be proposed? How many? What will the
price structure of those classes be? The relation between the traffics in those dif-
ferent classes? Between the revenues gathered in giving those services of different
qualities?

Those questions may be asked in many different situations, but they are par-
ticularly relevant in connection to the Internet. The Internet delivers packets of
information from a source to a destination. The IPv4 protocol, the current pro-
tocol for the Internet, reserves three bits in each packet for specifying the quality
of service desired, but does not use those bits and treats all packets equally. End
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users rarely pay per packet and usually pay a flat rate. A number of companies
have prepared products for QoS (quality of service), i.e., for controlling an
Internet-like network in which packets are treated differentially, but the need
for such products is not yet proven. A survey of the different proposals for QoS
may be found in [3]. Since the Internet is a loose organization that is the product
of cooperation between very diverse bodies, billing for such services would also
be a major problem. Many networking experts have therefore claimed that the
current fat dumb pipe model is best and argued that it will prevail due to the
rapid decline in the cost of equipment. A discussion of the different predictions
about the evolution of the Internet may be found in [2], where a specific pro-
posal, Paris Metro Pricing (PMP) is advocated. Much interesting information
about the economics of the Internet is found at [4]. An important aspect of the
economy of the Internet is that the prices of the networking equipment are drop-
ping very rapidly. One wonders about the consequences of this rapid decline on
the price structure.

1.2 Main Results

Answers to the questions above are obtained, assuming a one-dimensional or-
dered continuum of qualities of service, significant economies of scale and a
competitive environment. Under some reasonable and quite general assumptions
about the demand curve and the cost function, and assuming that a change in
price has a similar effect on the demand for all qualities of service, it is shown
that one obtains one of two situations.

– (UC regime) If the demand for services of high-quality is strong and the
economies of scale are substantive, then a service provider may satisfy re-
quests for service of arbitrary quality: there will be only one class of service
catering for everybody’s needs; this is the fat dumb pipe model.

– (DC regime) In other cases, a number of classes of service will be proposed
and priced according to the quality of the service provided. Very high quality
services may not be provided at all.

The DC regime just described may appear in one of two sub-regimes:

– (BDC regime) A finite number of classes of service are offered and services
of very high quality are not offered at all.

– (UDC regime) An infinite number of classes and all qualities of service are
offered.

Notice that, for example, it cannot be the case that a finite number larger than
one of classes are offered and that the highest quality of service caters for un-
bounded qualities. Significant economies of scale and high demand for high-
quality services imply a UC regime, independently of the way prices influence
demand. When not in a UC regime, high sensitivity of demand to price implies a
BDC regime whereas low sensitivity implies an UDC regime. In a BDC regime,
when the basic price of the equipment drops, new classes of service will be offered
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to the high-end customers that could not be profitably catered for previously.
In the UC regime, a slowing of the decline in the price of equipment, does not
cause the appearance of multiple classes of service. In a DC regime, a change in
the price of equipment cannot cause a transition to a UC regime.

A decline in equipment prices, in a DC regime, does not change the boundaries
between the different classes of service, but new classes catering to the high-
end of the market become available when prices are low enough to make them
profitable. The prices drop for all classes, but they drop dramatically for the
newly created classes. The ratio of the prices between a class of service and
the class just below it decreases and tends to some number typically between
1.5 and 3, depending on the exact shape of the distribution of demand over
different qualities and the size of the economies of scale, when prices approach
zero. Traffic increases when equipment prices decrease. The direction in which
revenues change depends on the circumstances, but, typically, revenues go up and
then down when equipment prices decrease. The traffics in neighboring classes
of service tend to a fixed ratio when prices approach zero.

2 Previous Work

This work took its initial inspiration in the model proposed by A. Odlyzko in
the Appendix to [2]. In [2,5], the authors study the case of two different types of
customers each type requesting a specific quality of service. They show that, in
certain cases, two classes of service will be proposed. The present work assumes
a continuous distribution of types of customers. The model of [1] is more detailed
than the one presented here and addresses slightly different questions, but its
conclusions are supported by the present work.

The situation described in this paper may seem closely related to the well-
studied phenomenon of non-linear pricing [6]. A second look seems to indicate
major differences:

– here the pricing is linear: a customer given many services pays for each of
those separately and, in the end, pays the sum of the prices of the services
received,

– the cost of providing services is assumed to exhibit significant economies of
scale, whereas costs are assumed to be additively separable among customers
and qualities in most works on non-linear pricing,

– the present work deals with a competitive environment whereas many works
on non-linear pricing assume a monopoly situation.

3 Model and Assumptions

The results to be presented are very general, i.e., they hold under very mild hy-
potheses concerning the form of the cost function and the demand curve, and this
is the main reason for our interest in them. Nevertheless, describing exactly the
weakest hypotheses needed for the results to hold would lead to a paper loaded
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with mathematical details distracting the reader from the essentials. Therefore,
the conditions under which those general results hold will not be described pre-
cisely and those results will be only justified by hand waving. Precise results will
deal with two specific parameterized families of functions for cost and demand,
described in (2) and (3).

We consider a service that can be given at a continuum of different levels of
quality, e.g., the acceptable delay in delivering a packet over the Internet. In this
paper, quality is assumed to be one-dimensional (and totally ordered). This is a
severe assumption. Quality of service over the Internet is generally considered to
be described by a three-dimensional vector: delay, latency and jitter. In this work
the quality of service is characterized by a real number q ≥ 1. A service quality
of 1 is the lowest quality available. How does a service of quality q compare with
a service of quality 1? The following will serve as a quantitative definition of the
quality q of a service:

Quality. The cost of providing a service of quality q is the cost of pro-
viding q services of quality 1.

We assume significant economies of scale: the cost of providing w services of
quality 1 grows like ws for some s, 0 < s < 1: the smaller the value of s, the
larger the economies of scale. In [5] one may find a discussion of which s best
fits the Internet data: values between 1/2 and 3/4 seem reasonable. The cost of
providing w services of quality 1 is therefore:

cost = c ws

where c is some positive value that characterizes the price of the equipment. The
number c represents the level of the technology, it is a technological constant.
Many studies indicate that the price of computer and Internet equipment is
decreasing at a rapid pace, probably exponentially. The dynamics of our model
is described by a decrease in the value of c.

The cost of providing f(q) services of quality q for every q is:

cost = c

(∫ ∞

1

q f(q) dq

)s

.

As is customary, we include the profits in the costs and will describe the equilib-
rium by an equation equating costs and revenues. Note that the equation above
expresses the fact that economies of scale are obtained only among services of the
same quality and do not obtain for performing services of two different qualities.

The second half of our model consists of a demand curve describing the de-
mand for services of quality q at price p. We assume that the demand for such
services is described by a density function d(q, p). The demand for services of
quality between a and b > a is:

demand =
∫ b

a

d(q, p) dq

if the price of any such service is p. Notice that we assume that services of dif-
ferent quality are priced identically. It is very difficult to come up with justifiable
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assumptions about the form of the demand function d(q, p). One may assume
that, for any fixed q, the value of d(q, p) is decreasing in p, and even approaches
zero when p tends to infinity. The rate of this decrease is much less clear. For
a fixed p, how should d(q, p) vary with q? Equivalently, what is the distribution
of the demand over different qualities of service? This is not clear at all. Both
cases of d(q, p) increasing and decreasing in q will be considered. Fortunately,
our results are very general and need not assume much about those questions.
There are two assumptions we must make, though. They will be described and
discussed now. The first one is that the effect of price on the demand is similar
at all quality levels, or that the distribution of demand over q is the same at all
prices. We assume that the function d is the product of two functions, one that
depends only on q and one that depends only on p. In the absence of information
(difficult to obtain) on the exact form of the demand curve, this sounds like a
very reasonable first order approximation.

Decoupling d(q, p) = f(q) h(p) (1)

The function f describes the distribution of the demand over different qualities
of service. The (decreasing) function h describes the effect of price on the de-
mand. Our results depend on this Decoupling Assumption but should be stable
under small deviations from this approximation. The problem of studying sys-
tems in which this assumption does not hold is left for future work. Our second
assumption is that the function f is constant in time, i.e., does not depend on the
technological constant c. Technological progress modifies demand only through
price. Our results about the dynamics of the model rely on this assumption.

To be able to prove mathematically precise results, we shall, when needed,
assume that:

f(q) = qα (2)

for some α: the larger the value of α, the larger the relative size of the demand
for high-quality services. Is it clear whether α should be positive or negative?
Suppose e-mail packets and streaming-video packets can be sent at the same
price, would the demand for streaming-video packets be larger than that for
e-mail? Probably. It seems that a positive value for α is more realistic, but we
do not make any assumption on the sign of α. It may be the case that a more
realistic function f should, first, for q’s close to one, increase, and then decrease
for q’s above the quality required for the most demanding applications at hand.
We shall not try to discuss this case here, but the conclusions of this paper offer
many qualitative answers even for such a case.

For h, we shall always assume that h(p) ≥ 0 for every p ≥ 0, that h is decreas-
ing when p increases and that, when p approaches +∞, h(p) approaches zero.
Since h(0) characterizes the demand at price 0, we shall also assume, for proper
scaling, that h(0) = 1. The following are examples of possible forms for h:

h(p) =
1

1 + (a p)β
, for some β > 0, a > 0 (3)



154 D. Lehmann

In (3), β describes the asymptotic rate of decrease of the demand when price
increases, but a describes the transient behavior of the demand: the larger β, the
more sensitive the demand is to price. For β close to zero, the demand is little
influenced by price, i.e., the demand is incompressible. One may also consider
the following:

h(p) = e−p, (4)

h(p) = e−p2
. (5)

As explained at the start of this Section, precise mathematical results will assume
that the functions f and h are defined by (2) and (3), but the qualitative results
hold for a much larger family of functions.

4 Beginnings

4.1 Equilibrium Equation

As explained in Section 1, we assume that the service provider cannot provide
differentiated services: it has to provide the same service and to charge the same
price for every service it accepts to perform. Let us, first, assume that there is no
service available and that a service provider considers whether or not to enter the
market. In a sense, the provider is a monopolist for now. But we shall show below
that, because of possible competition, it cannot maximize its profit. It is clear
that a provider will choose a quality of service b and a price p, and offer services
of quality b at price p to any potential customer. The potential customers are
all those customers who request services of quality q ≤ b. Customers requesting
quality above b will not be served. If there are no competitors, one can hope to
attract the totality of the demand for services of quality q ≤ b at price p. The
size of the demand for service of quality q (q ≤ b) is f(q)h(p). Since we provide a
service of uniform quality b, the equivalent number of services of quality 1 that
we shall perform is:

∫ b

1

b f(q) h(p) dq = b h(p) A(1, b), (6)

where we define:

A(a, a′) =
∫ a′

a

f(q) dq.

Note that A(q, q′) is the demand for services of quality between q and q′ if the
price for those services is zero. The cost of providing the services of (6) is:

cost = c bs hs(p) As(1, b). (7)

The total demand for services is:

demand =
∫ b

1

f(q) h(p) dq = h(p) A(1, b). (8)
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Since every service pays the same price p, the revenue is:

revenue = p h(p) A(1, b). (9)

Equilibrium is characterized by:

p h(p) A(1, b) = c bs hs(p) As(1, b),

or equivalently by:
p h1−s(p) = c bs A−(1−s)(1, b). (10)

Equation (10) characterizes the price p as a function of the quality of service b.
Most of the remainder of this paper is devoted to the study of this equation.

4.2 Existence of an Equilibrium

Given b and c, we want to solve (10) in the variable p. The solutions of (10) are
obtained as the intersections of the curve representing the left hand side and
a horizontal line representing the right hand side. The left hand side is equal
to zero for p = 0 and is always non-negative. It is reasonable to assume that,
considered as a function of p, it has one of the two following forms.

– Sensitive case: ph1−s(p) increases, has a maximum and then decreases. This
seems to be the most typical case: the price has a strong influence on the
demand and therefore h is such that h1−s(p) decreases more rapidly than 1/p
when p is large. This is the case, for any s, when h has the form described
in (4) or (5). If h follows (3), it is the case iff β > 1

1−s . Fig 1 presents a
typical sensitive case: s = 2/3, β = 6 and a = 1, i.e., h(p) = 1

1+p6 .
– Insensitive case: ph1−s(p) increases always and tends to +∞ when p tends

to +∞. This is the case if the demand is relatively insensitive to the price. It
happens if h follows (3) and β < 1

1−s . The case in which ph1−s(p) increases
and approaches a finite value when p tends to +∞ is possible (β = 1

1−s)
but not generic. Fig 2 presents a typical insensitive case: s = 2/3, β = 2 and
a = 1, i.e., h(p) = 1

1+p2 .

Equation (10) behaves quite differently in those two cases. Whereas in the in-
sensitive case, (10) has a unique solution whatever the values of c and b, in the
sensitive case we must distinguish between two situations.

– If the horizontal line is high, e.g., if the technological constant c is large,
the horizontal line does not intersect the curve and there is no price p to
solve (10). In this case providing a service of quality b is unprofitable, even
in the absence of competition and no such service will be provided.

– If the horizontal line representing the right hand side intersects the curve,
for each intersection there is a price p solving (10). In this case, the provider
may consider providing a service of quality b at any such price p, but before
any more sophisticated analysis, it is clear that the price at which service of
quality b will be proposed (if proposed) is the smallest of the p’s solving (10).
If a provider proposes another solution of the equation, a competitor will
come in and propose a service of the same quality at a lower price.
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In other terms: if (10) has no solution, no service of quality b can be profitably
provided, and if (10) has at least a solution then the service may be provided at
a price that is the smallest solution of (10).

4.3 Quality of the Service Provided in a Competitive Environment

Suppose a service provider finds it is in a situation in which (10) has solutions
for some values of b. It may consider providing a service of quality q for any one
of those values. The price it will charge, the traffic and the revenue obtained
depend on the quality q chosen. To understand the choice that a provider has
to make, we need to study (10) in some more depth. Assume that c is given.
One would like to know which qualities of service can be profitably provided,
i.e., one wants to consider the set of b’s for which the Equation has a solution.
The left hand side of the Equation has been studied in Section 4.2: let us study
the right hand side. Under very general circumstances, for b → 1+, A−(1−s)(1, b)
approaches +∞. Figure 3 describes the behavior of the right hand side of (10)
as a function of b for different choices of f (i.e. α) and s. The number c is chosen
to be 1 in all cases. In the leftmost graph α = 1 and in the rightmost graph
α = −1.
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Fig. 3. Right hand side of (10)

The function bsA−(1−s)(1, b) also approaches +∞ for b approaching 1 and,
essentially, it may present any one of two possible behaviors: either it decreases
always, or it decreases until it gets to a minimum and then increases without
bounds. The case it decreases to a minimum and then increases and approaches
a finite value when b tends to +∞ is possible but not generic. These two possible
behaviors for the function bs A−(1−s)(1, b) determine two very different regimes.

Definition 1. In the first regime, the Universal Class regime (UC regime), the
right hand side of (10) is a decreasing function of b. In this regime the set of
b’s for which (10) has a solution is an interval of the form [q1, +∞[, for some
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q1 > 1. Any service of quality at least q1 may be profitably provided. In the second
regime, the Differentiated Classes regime (DC regime), the right hand side of (10)
decreases, reaches a minimum and increases. One must then distinguish between
the sensitive and the insensitive cases. In the sensitive case, the set of b’s for
which (10) has a solution is either empty or an interval of the form [q1, q2],
for some q2 ≥ q1 > 1. This regime (DC, sensitive case) will be called the BDC
(bounded DC) sub-regime. In the insensitive case, (10) has a solution for any
b in the interval [1, +∞[. This regime (DC, insensitive case) will be called the
UDC (unbounded DC) sub-regime.

Suppose a service provider finds it is in a situation in which (10) has solutions for
some interval of qualities. We know it should choose a quality q in this interval,
offer a service of quality q and propose this service at the price p that is the
smallest solution to (10). Which q should our provider choose? To each choice
for q corresponds a price pq. The number of services performed is given by

demand = h(pq) A(1, q).

Since every service performed is a service of quality q, and every such service is
equivalent to q services of quality 1, the weighted traffic is:

traffic = q h(pq) A(1, q).

The revenue is:
revenue = pq h(pq) A(1, q).

Consider, first, a case typical of the DC regime. In Figure 4 the price pq, the
traffic and the revenue are described as functions of the quality q of the service
chosen by the provider. The service can be provided only for a bounded interval
of qualities. Notice that, in this interval, the price decreases rapidly and then
increases slowly, that traffic and revenue increase and then decrease, and that the
minimum price is obtained for a quality inferior to the quality that maximizes
the revenue.

A case typical of the UC regime is described in Figure 5. By our discussion
of (10), it is clear that pq is a decreasing function of q. Notice that traffic and
revenue increase with q.

What is the quality of service most profitable? Since the revenue includes the
profits, one may assume, at first sight, that the first provider to propose such
a service will choose the quality q that maximizes its revenue. This analysis is
clearly incorrect in a competitive situation. If a provider decides to offer the
service that maximizes its revenue, a competitor provider may come in and
offer a service of lower quality at a lower price and steal the demand for the
lower quality services. Therefore, the price at which the service will be offered is
the minimum price possible: the minimum of the function pq on its interval of
definition.

Claim. The quality q of the service provided is the q for which pq is minimal.
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This remark turns out to be of fundamental importance because this quality
q, contrary to the quality that maximizes revenue, does not depend on the tech-
nological constant c or on the function h that describes the dependence of the
demand on the price charged. It depends only on the function f that describes
the distribution of the demand over the different qualities of service and on the
size of the economies of scale described by the number s. Indeed, this quality
q is the value of b that minimizes bsA−(1−s)(1, b) in the DC regime and it is
+∞ in the UC regime. There is, therefore, a sharp distinction between the two
regimes: in the DC regime a service of finite quality is provided, whereas, in
the UC regime, the quality of service provided is high enough to please every
customer, i.e., unbounded.

Law 1 (First Law). Whether or not some service is provided does not depend
on the function h that describes the way demand depends on price. It depends
on the technological constant c, the size of the economies of scale s, and on
the function f that describes the distribution of demand over different qualities
of service. If some service is provided its quality depends only on s and f , it
does not depend on c or h. In the UC regime, a single class serves requests for
services of arbitrary quality and it is given for free. In the DC regime, the service
of lowest quality has a finite quality and does not cater for high-end customers.
The prevailing regime depends on the form of the economies of scale and on the
form of the distribution of the demand over different qualities, it does not depend
on the price of the equipment or on the way prices influence demand.

In Section 5, we shall, first, mark the boundary between these two regimes. Then,
both regimes: UC and DC will be studied in turn.

5 Between the Two Regimes

In this Section, we shall assume that f has the form described in (2), for some
α, and study the exact boundaries of the UC and DC regimes. The regime is
determined by the behavior of the function:

w(b) = bs

(∫ b

1

dq

qα

)−(1−s)

,

for b ≥ 1. If w(b) has a minimum, then the regime is DC, if it always decreases,
the regime is UC. Three cases must be distinguished.

If α < −1, w(b) =
bs

(−α − 1)−(1−s)

(
1 − bα+1

)−(1−s)
.

If α = −1, w(b) = bs ln−(1−s) b,

and
if α > −1, w(b) =

bs

(α + 1)−(1−s)

(
bα+1 − 1

)−(1−s)
.
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For α < −1, we have:

w′(b) =
b−(1−s)

(
1 − bα+1

)−(2−s)

(−α − 1)−(1−s)

[
s(1 − bα+1) − (1 − s)b(−α − 1)bα

]
,

w′(b) =
b−(1−s)

(
1 − bα+1

)−(2−s)

(−α − 1)−(1−s)

[
(−(2 + α)s + α + 1) bα+1 + s

]
,

which approaches s and is therefore positive for large b’s. We conclude that for
any α < −1 the regime is DC.

For α = −1,
w′(b) = bs−1 ln−(2−s) b [s ln b − (1 − s)] ,

which is also positive for large b’s. For α = −1 the regime is DC.
For α > −1, we have:

w′(b) =
b−(1−s)

(
bα+1 − 1

)−(2−s)

(α + 1)−(1−s)

[
s(bα+1 − 1) − (1 − s)b(α + 1)bα

]

w′(b) =
b−(1−s)

(
bα+1 − 1

)−(2−s)

(α + 1)−(1−s)

[
((2 + α)s − α − 1) bα+1 − s

]

For large b’s, w′(b) has the sign of (2 + α)s − α − 1. We may now conclude our
study.
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Claim

the regime is DC iff α ≤ −1 or s >
α + 1
α + 2

,

the regime is UC iff α > −1 and s ≤ α + 1
α + 2

,

The boundary between the two regimes can be seen in Figure 6. Informally, if
the economies of scale are very substantial (small s) and if high quality services
are in big demand (f grows rapidly), the UC regime prevails. Otherwise, there
is an upper bound to the quality of profitable services. There is no profitable
way to provide for a service of arbitrary quality because its cost would deter too
many potential customers.

6 The Universal Class Regime

6.1 A paradoxical Regime

Let us study the UC regime. As discussed in Section 4.3, Figure 5 and in our
first Law, in this regime, the right hand side of (10) is as close to zero as one
wishes if one takes b to be large enough. For any value of the technological
constant c, even a very high one, it is profitable to provide a service of infinite
quality at zero price, and therefore, for any value of the technological constant
c, a unique class of service of unbounded quality is offered for free. This seems
quite a paradoxical situation. The demand (8) and the cost of providing the
service (7) are both infinite. The consideration of the revenue is interesting. The
revenue (see (9) and (10)) is infinite, but depends linearly on the technological
constant c. The revenue drops linearly with the price of the equipment.

This regime seems to fit the fat dumb pipe model of the Internet: there are
enough resources to give every request a treatment of the highest quality, there is
no need to give differentiated services and the price is very low since the demand
is very high and the economies of scale very substantive.

The dynamics of the UC regime under technological progress, i.e., a drop in
the constant c, is quite paradoxical. Such a drop does not significantly affect
the, already negligible, price of the service, but it affects adversely the (infinite)
revenues of the provider.

The First Law implies that the boundary between the UC and DC regimes
does not depend on the technological constant c, therefore the answer to the ques-
tion whether the fat dumb pipe model prevails or whether a number of classes of
service will develop depends only on the relation between the economies of scale
and the distribution of demand over different qualities, it does not depend on the
price of the equipment. Both regimes are stable under technological progress.

6.2 A More Realistic Model

The paradoxical aspects of the UC regime as described above stem from the
consideration of a demand curve that assumes significant demand for services
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Fig. 7. Evolution of price, traffic and revenue in the UC regime

of unbounded quality. It seems more realistic to assume an upper bound to the
quality requested from services. A specific example will be given now, to explain
what the UC regime may look like in practice. Assume that there is an upper
bound qm to the quality of service requested and that the distribution of demand
f over different qualities is described by:

f(q) =
{

q if 1 ≤ q ≤ qm

0 if qm ≤ q
(11)

Assume also that s = 2
3 and that h(p) = 1

1+p3 . It follows from our discussion
above that the service provided, if provided, will be of quality qm. Therefore the
equilibrium equation is:

p

(1 + p3)1/3
= 21/3 c qm

2/3
(
qm

2 − 1
)−1/3

. (12)

The left hand side of (12) has a maximum value of 1. For any c such that

c ≥ 2−1/3 qm
−2/3

(
qm

2 − 1
)1/3

there is no profitable service. For any c smaller than this value, a provider will
choose to provide a service of quality qm. The price, traffic and revenue are
functions of c and described in Figure 7.
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As soon as some service is provided, it caters for all needs. A unique class of
service will still prevail in the presence of a drop in the price of equipment, i.e.,
a decrease in c. Notice that the revenue decreases when the technology constant
drops.

7 The Differentiated Classes Regime

Let us study the DC regime now. The best approach is to take a dynamic
perspective and consider the evolution of the system under a decrease in the
technological constant c.

7.1 The BDC Sub-regime

In the first part of this discussion we study the BDC sub-regime, i.e., the sensitive
case described in Section 4.2 in which the left hand side of (10) increases to
a maximum and then decreases. We have seen that for high c’s no service is
provided. When c falls below a certain value, c0, a service of some finite quality
q0 is provided. From the First Law we know that, even in the face of further
declines in c, the quality q0 of the service provided will not change. Two main
questions arise:

– how do the price, the traffic and the revenue of the provider of a service of
quality q0 evolve under a further decrease in c?

– will services of higher quality be offered? which? when? at what price?

The first question is relatively easily disposed of. Since the right hand side of (10)
is a linear function of c, the assumption that the left hand side increases to a
maximum implies that the price drops rapidly at first (for c close to c0), and then
at a slower pace. For the functions h considered, the slope of the left hand side
is one at p = 0 and the price p drops essentially linearly with c and approaches
zero when c approaches zero. The demand (or the traffic) varies as h(p) and
therefore increases very rapidly at first and then approaches some finite value.
The revenue varies as ph(p) or ch(p)s. Typically it may exhibit, first, an increase,
for values of c at which a drop in the price of the service is over-compensated
by an increase in demand and then a decrease. For small c’s, the revenue drops
linearly with c. Figure 8 describes the evolution of price, traffic and revenue for
the lowest class of service, the first to be offered on the market.

The second question is deeper. Since a service of quality q0 will be provided
at a price we have just studied, it is clear that the only customers who could be
interested in another service are those requesting a service of quality superior to
q0. Will such a service, of quality b ≥ q0 be provided? The equilibrium equation
now becomes:

p h(p)1−s = c bs A(q0, b)−(1−s). (13)

Notice that (13) is very similar to (10). A service of quality b may be profitably
offered iff (13) has a solution. See Section 4.2 for a discussion: the situation is
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the same. There is a value c1 above which there is no solution and below which
there is a solution. Since we are in the sensitive case, the left hand side has
a maximum and the price of the service, of quality b, if provided, will be the
smallest p satisfying (13).

The discussion of which service will be provided is similar to the discussion
found in Section 4.3. The behavior of the right hand side of (13) as a function
of b is the same as that of (10). We have assumed we are in the DC regime, and
therefore there is a finite value q1 for b that minimizes bs A(q0, b)−(1−s). The
service provided will be of a quality q1.

In the case f has the form described in (2), the computation of q1 is simplified
by a change of variable q = q0 q′.

A(q0, b) =
∫ b

q0

f(q) dq =
∫ b/q0

1

f(q0q
′) q0 dq′ = qα+1

0 A(1, b/q0)

and the equation becomes:

p h(p)1−s = c′ (b/q0)
s A(1, b/q0)−(1−s), for c′ = c q

−(α+1)(1−s)+s
0 .

Notice that
−(α + 1)(1 − s) + s = (α + 2)s − (α + 1) > 0

by Claim 5 since we are in the DC regime and therefore c′ > c. Equation (13) is
the same as (10), for a larger technological constant, after our change of variable.
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This implies that the service provided will be of quality q1 with

q1/q0 = q0, i.e., q1 = q2
0 .

It will appear when

c′ = c0, i.e., c1 = c0 q
(α+1)(1−s)−s
0 .

The general dynamic picture is now clear. Different classes of service appear
as the technological constant c decreases. The n’th class (n ≥ 0) appears when
c = c0 q

n(−s+(α+1)(1−s))
0 and it is of quality q0

n. For any c > 0, only a finite
number of qualities of service are proposed and no service is provided for request
of high quality service. Since, from Section 5, we may also easily compute q0 and
see that:

if α < −1, q0 =
(

s

(2 + α)s − α − 1

) 1
α+1

,

if α = −1, q0 = e(1−s)/s,

if α > −1, q0 =
(

s

(2 + α)s − α − 1

) 1
α+1

,

the picture is complete. Figure 9 describes the price, traffic and revenue in the
second class of service as functions of the technological constant c, for the same
constants as in Figure 8. Compare with Figure 8 and see that the qualita-
tive evolution is similar in both classes. The ratio of prices in two neighbor-
ing classes is interesting to study. The ratio between the prices of service in a
class and the class just below, as a function of c, has the same behavior and
the same values (for different c’s) for all classes. Let the classes of services are
described by qualities: q0 < q1 < . . . < qi < . . . and appearing for the values of
c: c0 > c1 > . . . > ci > . . .. Let p0(c) < p1(c) < . . . < pi(c) < . . . be the prices of
the corresponding services. The behavior of p1(c)/p0(c) for c between c0 and c1

is the same as the behavior of p2(c)/p1(c) for c between c1 and c2. The price of
a newly created class (of high quality) drops (with c) more rapidly than that of
an older class of lower quality and therefore the ratio pi+1(c)/pi(c), larger than
1, decreases with c. Under the assumptions above, it approaches

(
s

(2 + α) s − α − 1

) (2+α) s−α−1
α+1

when c approaches zero. For α = −2 and s = 1/2, this gives a value of 2, the
ratio used by the Paris Metro system when it offered two classes of service, and
quite typical of other transportation systems.
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Fig. 9. Evolution of price, traffic and revenue in the BDC regime, next to lowest class
of service for α = −2.5, s = 2/3, β = 6 and a = 0.7

7.2 The UDC Sub-regime

We may now understand what happens in the insensitive case: the left hand
side of (10) grows without bound. In this case, for any c, an infinite number of
qualities: q0, q1, . . . , qi, . . . of service is offered. The qualities offered are constant,
they do not depend on c. Figures 10 and 11 show the first two classes for a generic
case.

7.3 The General Picture

Law 2 (Second Law). Under a decrease in the technological constant c, i.e.,
under technological progress and a drop in the price of equipment:

– In the UC regime, at any time, i.e., for any value of c, a unique class serves
requests for arbitrary quality.

– In the DC regime,
• in the BDC sub-regime, no service is provided at first, then a service of

finite quality is provided, later on another service of higher quality will
be proposed, and so on. For any quality q a service of quality q will be
proposed at some time (and on), but at any time there are qualities of
services that are not provided.

• in the UDC sub-regime, at any time, an infinite number of classes of
service are proposed and requests for arbitrary quality are taken care of.
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Fig. 10. Evolution of price, traffic and revenue in the UDC regime, lowest class of
service for α = −2.5, s = 2/3, β = 2 and a = 1
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This Second Law contradicts the folk wisdom that says that the Fat Dumb Pipe
(FDP) model for the Internet will collapse when prices become low enough to
enable very high quality services. It says that if the FDP model is the one that
prevails when c is high, it will continue to prevail after a decrease in c. A drop
in the price of equipment cannot cause the breakdown of a system based on a
universal class of service.

8 Further Work and Conclusions

The most intriguing challenges are a theoretical one and an experimental one.
The first one concerns the study of the case in which the Decoupling of Equa-
tion 1 does not hold, or holds only approximately. The second one is the study
of real systems, in particular the Internet, and the evaluation of the parameters
of interest for them.

The main conclusion of this work is that the parameters that determine the
type of the prevailing market are the size of the economies of scale and the
distribution of demand over the range of qualities. The sensitivity of demand to
price and the changes in the price of equipment bear a lesser influence.

This paper made two severe assumptions. It assumes perfect competition, and
it assumes that economies of scale do not aggregate over different qualities of
service. Further work should relax those assumptions.
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Abstract. We address the ontological nature of syntactic categories in categorial
grammar. Should we interpret categories as being a model of some actual gram-
matical reality, or are they merely part of an empirical model, one that attempts
to capture the range of data, but without making any ontological commitments.
This distinction, which is not often made, is important for determining the goals
of formal grammar research. We evaluate this question within the context of a
particular grammatical phenomenon, the modeling of premodifier ordering. We
compare the categorial grammar treatment of this phenomenon with empirical
statistical approaches to the same problem. We show that the whereas both mod-
els are equally empirically adequate, the statistical model is more generalizable
and learnable, and thus advantageous as a realistic model.

1 Introduction

In this paper we address the question of the ontological nature of syntactic categories.
Theories couched in the categorial grammar (CG) framework posit a certain set of syn-
tactic categories, consisting of basic types plus a recursive mechanism for constructing
more complex types from the primitive ones. How should we interpret these categories
from an ontological standpoint, are they real, or are they just conventional devices?

At first thought, doubting the independent existence of categorial grammar categories
seems counterintuitive to say the least. After all, the syntactic categories in the purer
forms of categorial grammar–such as the Lambek Calculus–are not only very natural,
but also truly minimalistic. Thus, it would seem that the nature of categories is un-
controversial. Nevertheless, in this paper we propose to raise some doubts about this
seeming certainty. Let us call the somewhat extreme view under which CG categories
are supposed to reflect actual reality, the “Realist View”. Under this view, the categories
are inherently self-existent, e.g., there really is an n category in grammar.

We can define the realist view as claiming that there is one distinguished model of
grammar. Other models, which might be empirically just as adequate, would be dis-
preferred as long as they are essentially different, and not just notational variants. For a
realist, the preferred model is one that would eventually map to the actual psychological
mechanism that implements grammar, though one can be a realist without committing
to how such a mapping would work. For instance, one can claim that grammar really
uses nouns without saying anything about how nouns are represented in the brain or
actually “implemented” within the language faculty. Similarly, the division into cate-
gories does not have to be based on external, objective criteria, but might be entirely
based on cognitive principles, as would be argued by [1].
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Admitting a type for sentences, s, and nouns, n, appears innocuous enough. CG is
minimalist in positing just two very natural basic types and a recursive mechanism for
constructing new types. The fact that languages can talk about things (type n), and make
statements (type s) is uncontroversial. Moreover, a capacity for recursive construction
in natural language is one of the core principles of the Chomskyan revolution [2]. The
exact nature of this recursion, its propensity in all natural languages, and its restriction to
natural languages within the animal kingdom is not without debate [3], but the existence
of some combinatory mechanism for constructing complex syntactic categories from
more basic ones is a prerequisite for any grammatical theory.

What about the more complex categories posited by CG, such as categories decorated
with multiple modal operators [4]? It is harder to argue for such categories being self-
existent from first principles, but they become necessary for modeling (and perhaps
explaining) some of the more complex phenomena encountered in languages. Under the
realist view, there truly exist such complex categories, and it is the goal of the grammar
researcher to discover the correct set of the grammatical categories.

While this question is applicable to any grammar formalism, it is arguably particu-
larly pertinent for CG and related systems, which impose a very close connection be-
tween syntactic and semantic categories through the Curry-Howard isomorphism. Thus,
if we assign ontological significance to syntactic categories, this would seem to imme-
diately require us to assign a similar reality to semantic categories, projecting from one
to the other, and vice versa.

A more pragmatic view of grammatical categories would relax this realist view to
claim that syntactic categories might not be independently self-existent. Instead, their
role is to provide a model for natural language phenomena that does not rule out al-
ternative models as equally viable. Thus, there is no external distinguished reality a
pragmatist would want to match. The only interest is in a theory that best explains the
empirical phenomena.

Note that we are focusing here solely on the question of whether the grammar of a
specific language should be interpreted as realistic. It is a separate question whether all
languages would have the same model—at least at some level of abstraction.

2 Desiderata for a Realistic Theory of Categories

As language researchers, the question of whether we are seeking a realistic model of
language or just a pragmatic model that can effectively cover the empirical data is philo-
sophical question of the researchers’ convictions. We can nevertheless define some min-
imal desiderata that a realistic model should satisfy.

Clearly, empirical adequacy is a necessary condition for any theory, whether prag-
matic or realistic. Empirical adequacy is of course not a sufficient condition. Given
a CG grammar, we could always “flip” categories around, yielding a grammar that is
weakly equivalent (accepting the same language), but not strongly equivalent (assigning
different derivations). For instance, standard CG models impose an asymmetry between
nouns which are basic categories of n, and verbs which are complex categories of type
s/n. We could theoretically flip this asymmetry, by viewing verbs as basic, and defin-
ing nouns as s/v. Nouns under this reconstruction would be equivalent to type-raised
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nouns, i.e., functions accepting verbs as arguments. It is unclear whether we can distin-
guish between these two models based solely on empirical adequacy.

More radically, Partee has recently raised some doubts about whether the distinction
between Montague’s two basic semantic types e and t is really necessary, and not simply
traditional [5]. Could we build a grammar based on a single type? Partee offers a prelim-
inary sketch of how such a system might work, based on one single type, p, the type of
“properties of situations,” where a situation is somewhat loosely described as covering
both entities and eventualities. Under this approach, both noun phrases and sentences
denote such properties. Although Partee’s sketch is far from constituting a worked-out
grammar, it does lend credence to the pragmatic view that alternative formulations of
grammar in the CG tradition can be equally plausible.

Note that empirical adequacy requires scalability. Much work in the formal grammar
tradition is based on introspection, and is thus limited to a “human-scale” range of
examples. For a theory to be truly empirically adequate we must verify that the same
principles can readily apply to a much broader set of examples.

The second important criterion is theoretical parsimony. While parsimony is im-
portant as good methodological practice for any theory, it is doubly important for a
realistic theory. When we start considering—even in the most informal sense (cf. [6]
for a review of more formal notions of learnability)—how a grammar might be cogni-
tively processed or learned, it is clear that a theory with a smaller set of parameters is
to be preferred. To examine these questions in more detail, we now turn to a concrete
example, that of premodifier ordering.

3 Premodifier Ordering: A Case Study

Several well-known observations point to the fact that certain adjective orderings and
adverb orderings are significantly preferable to others [7]. For instance, consider the NP
“my big fat Greek wedding,” which is acceptable, but other permutations of the same
adjective list, e.g., “*my Greek fat big wedding” would not be. A common hypothesis
is that adjectives belong to semantic classes having a characteristic order. For instance,
a size adjective must precede a shape adjective. In fact, as [8] shows, multiple factors at
different levels of linguistic analysis—from phonology to pragmatics—affect adjective
order. Moreover, there is evidence that there are cross-language regularities in these
orderings [9]. It would thus seem natural to impose a division of adjectives and adverbs
into sub-categories that reflect these classes, e.g., a category for “size adjectives,” which
is distinct from the category of “shape adjectives”.

Let us examine one such proposal in more detail. Recently, Nilsen [10] has suggested
a multimodal type-logical grammar [4] account of adverb ordering in Norwegian. On
Nilsen’s account, we can use facts about the ordering tendencies of adverbs to deter-
mine a partial order on them, though not necessarily a linear order. To give an English
example [11], “paradoxically” should precede “completely” when they co-occur, a fact
which should be reflected in the categories we assign to these adverbs. According to
Ernst, “completely” modifies events, while “paradoxically” modifies facts, and thus
they are essentially a different type of adverb. Nilsen proposes a method that induces a
division of adverbs into such sub-classes from empirical data about their typical order-
ings. The model works by collapsing two adverbs into the same class—for reasons of
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parsimony—as long as this does not violate any ordering constraints. Nilsen proceeds to
provide an implementation of this ordering within multi-modal type-logical grammar,
using the mechanism of modal operators to capture such dependencies.

For the sake of simplicity, we will not repeat the details of the multimodal account
here. They are quite typical of multimodal CG, which allows one to still view all these
different adverbs as being flavors of adverbs, but their grammatical interaction is limited
by using a set of modal operators which act as a sort of “lock-and-key” mechanism. Us-
ing these operators, Nilsen imposes the partial order constraints as part of the grammar.
While Nilsen’s solution clearly works for the range of adverbs he considers, it relies
on an implicit assumption that the adverbs can indeed be neatly organized into a partial
order. Nilsen illustrates this assumption for a handful of Norwegian adverbs, which he
orders based on introspection.

Should we interpret this division into finer adverbial categories as merely a pragmatic
solution to the problem, or as an attempt to model a more fundamental realistic model
of grammar? For instance, while a difference in semantic interpretation yields different
classes of adverbs, does the converse hold? Thus, if we examine the set of adverb classes
that we would get from Nilsen’s approach, would each distinct syntactic sub-class have
a distinct semantic interpretation?

Interestingly, empirical natural language processing has also approached the problem
of premodifier ordering from a different perspective. Several authors have attempted to
predict the right order of a list of premodifiers. Under the supervised learning paradigm,
we can collect a large set of adjective pairs, train some machine learning method to
predict their order, and then apply it to a held-out set of sequences. In particular, Mal-
ouf [12] presents some extremely simple—yet surprisingly effective—methods of pre-
dicting the order of adjective pairs. One such simple method is the following “direct
evidence” method. Given a pair of adjectives, a and b, in the test data, look up all ex-
amples in the training data consisting of both a and b in any order. If a precedes b more
often than vice versa, then it would be reasonable to predict that a should precede b for
the test case as well. Conversely, if b precedes a more often, we would predict the order
accordingly. Of course, this leaves the cases where we have not encountered the exact
pair a, b in the dataset, or we have encountered both orderings equally frequently. For
these, we just flip a coin.

Malouf tests this method on a set of more than a quarter of a million adjective pairs
collected from the BNC corpus,splitting the set of pairs into a training and a held-out
test set (of sizes 90%, 10%, respectively). This simple method achieves almost 80%
accuracy on the test set.

The remaining errors stem from the sparseness of the data; a large proportion of the
adjective pairs occur only once in the dataset, so if we encounter them in the test set,
we would not have seen them previously in the training set, in which case we do no
better than chance. Thus, the chief challenge becomes to generalize from the training
data to previously unseen adjective pairs. Malouf suggests the following even simpler
“positional probabilities” method. For each adjective in the training data, a, we record
the frequency of a appearing first in a pair, regardless of what the second adjective is.
Similarly, we find what the frequency of a appearing second is. For a newly encountered
pair, a, b, we find what is more probable, the combination of a appearing first and b
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appearing second, or of b appearing first and a appearing second. Surprisingly, this
simple method performs even better than the direct evidence method, achieving almost
90% accuracy. This method is also much more efficient, since it only requires one to
keep information about the individual adjectives and not the full set of adjective pairs.
Needless to say, Malouf’s system is evaluated solely on its prediction accuracy. Malouf
describes the role of grammar as split between a formal “competence” grammar, and an
essentially independent statistical “performance” system.

4 Comparing the Two Theories

Let us compare the two approaches according to the desiderata for a realist theory dis-
cussed above, exploring the implications to the ontological nature of grammatical cat-
egories. First, in terms of empirical adequacy, we must verify that both models explain
the data, and indeed, assuming fully observed data, Nilsen’s model readily extends to
the full range of Malouf’s set of adjective pairs. Recall that the model relies on the as-
sumption that for each pair of adjectives, a, b, we either have a mostly preceding b, b
mostly preceding a, or no preference. We can obtain these preferences directly from the
data by simply counting which ordering is more frequent. This method coincides nicely
with Malouf’s “direct evidence” baseline, and thus both models are equally empirically
adequate.

It is only when we consider theoretical parsimony for a large set of data that we
see a marked difference. While Nilsen’s model looks plausible for a handful of adverb
categories, when we consider the full range of data, it becomes clear that we would have
to divide the categories into thousands or even tens of thousands of adjective categories,
which becomes considerably less appealing.

Moreover, what of learnability? Given access to the full set of data we can easily
compile the categories, but what if we only get access to partial data? The question of
partial data becomes important when we consider how a language learner might acquire
the categories. Unless we are somehow born with the full classification of adjective sub-
categories pre-equipped with this set of sub-categories (even for adjectives that were not
invented yet), how would a language learner generalize from partially observed data to
the full range of data? Note that Nilsen’s system is quite rigid in the sense that it does not
allow gradual refinement as more adjectives are added. Thus if a learner has compiled
some set of sub-categories based on previous linguistic experience, the addition of a
new adjective might require a drastic reshuffling of the categories.

How realistic is the statistical approach as a model of adjective ordering? By our
adequacy criteria, this model is advantageous not only pragmatically, but also has when
taking into account realistic constraints of generlizability and learnability. To be sure, a
simplistic model such as positional probabilities is by no means an adequate explanatory
theory of adjective ordering. In particular, it does nothing to explain the semantic and
other regularities in adjective ordering. Judging by Wulff’s results [8], it would seem
that an explanatory model would have to take into account the combination of multiple
such factors, using some combinatory rule that would appropriately weight the relative
importance of the different factors. Of course, such a model strays even further from
the discrete CG tradition.
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Could we create a CG model that would have the capacity for such generalization?
At the very least, we require the capability of expressing ordering tendencies such as
a “tends to appear first” to some quantifiable extent. This requirement seems to be be-
yond the expressive power of CG even with multimodal operators. Furthermore, even
if such an encoding would be technically possible, it would likely be quite awkward,
especially compared to a simple single positional probability. We thus require the in-
corporation of a stochastic element within grammar, for instance as in [13]. Thus, we
are not just advocating adding a “performance” aspect on top of a discrete grammar, as
Malouf suggests but are suggesting viewing the stochastic component as fundamental
to grammar as argued previously by [14].

5 Conclusion

In conclusion, we believe that as language researchers we should ask ourselves what
problem we are trying to solve. Are we setting out to find a pragmatically viable model
that best explains the data, or are we seeking a realistic model of how grammar might
actually work. We find the example of premodifier ordering to be instructive in this
context as it highlights the tension between finding a theory that would account for the
discrete semantic generalizations as well as explain a large set of data in a compact,
generalizable, and learnable way. The latter criteria apparently require the ability to
express gradient constraints which go beyond the expressive power of CG.
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Abstract. Today’s business world revolves around the need to share data. On 
the other hand, the leakage of sensitive data is becoming one of our main secu-
rity threats. Organizations are becoming more aware of the need to control the 
information that flows out of their boundaries and must more strictly monitor 
this flow in order to comply with government regulations. This paper presents 
an SOA-based solution called Masking Gateway for Enterprises (MAGEN), 
which allows the sharing of data while safeguarding sensitive business data. 
The major novelty lies in architecting a single system that handles a wide range 
of scenarios in a centralized and unified manner.  

Keywords: Data Leakage Prevention (DLP), data masking, de-identification, 
anonymization, Service Oriented Architecture (SOA), Optical Character Rec-
ognition (OCR). 

1   Introduction 

In the modern business world, organizations often need to share and expose data. Out-
sourcing, off-shoring, servicing, partnerships, data mining, and statistical analysis—to 
name a few—are all cases where data must be shared to advance business operations. 
Moreover, in many situations, data sharing is mandatory to create a competitive edge. 
However, data cannot simply flow as-is since it may include sensitive business data, 
ranging from personal information to intellectual property and trade secrets. The issue 
of data leakage—the intentional or accidental exposure of sensitive information—is 
becoming a major security issue. A recent IDC survey [1] claims that data leakage is 
the number one threat, ranked higher than viruses, Trojan horses, and worms.  

Governments and industry-coalitions are developing sector-specific regulations to 
govern information sharing and protect sensitive business data. HIPAA in the US, 
FIPPA in Canada, the Sarbanes-Oxley Act, and the Gramm-Leach-Bliley Act are just 
a few examples. Organizations found disobeying these regulations can be fined and 
forced to establish compliance solutions. 

Organizations are therefore becoming more aware of the need to control the infor-
mation that flows out of their boundaries. This has yielded a wide range of approaches 
and solutions to address this evolving demand. A Gartner report [2] describes the 
market of Data Leakage Prevention (DLP) through tools that use content inspection 
techniques over network communications. Other reports ([3], [4]) refer to techniques 



178 S. Porat et al. 

that prevent data leakage in non-production environments. These usually apply to 
solutions that hide sensitive data in databases by changing their contents, yet keep the 
modified data testable. In addition to these two approaches, there are quite a few 
techniques that are applied to cope with removing sensitive data from text documents. 
It’s interesting to note that all the existing solutions in the market address a limited 
range of scenarios. As far as we know, there is no centralized holistic solution that 
addresses all possible scenarios that an organization may need to tackle. 

Often the sensitive data cannot be simply removed since the party receiving the 
data needs to use it. In these cases, the sensitive data has to be changed, while still 
maintaining specific characteristics. For example, let's assume a company needs to 
share data for testing purposes, but it must avoid sharing the social security numbers 
of its customers. If these numbers are used as foreign keys, the numbers may have to 
be changed to fake numbers while still maintaining referential integrity. Another ex-
ample is when sharing numbers about salaries for statistical analysis purposes. The 
exact amounts should not be exposed, but the distribution of possible values should be 
kept. In some cases, the process of changing the data assumes that it is going to be 
utilized by diverse entities; thus, different changes may need to be employed per pos-
sible utilizations. 

As Feiman notes in the Gartner report [4], there are many names to describe the 
changes used to hide sensitive entities such as data masking, data obfuscation, and 
data scrambling. We prefer the term "data masking" and use the terms "data masking" 
or "de-identification" interchangeably. The latter indicates changes to hide identifiable 
attributes. 

Data masking solutions should be designed to cope with evolving and changing 
regulations. This is usually done through rule-based mechanisms, where the rules in-
dicate what to hide, when and how. The system is then configured to apply transfor-
mations according to these pre-defined rules.  

In this paper, we present a solution called Masking Gateway for Enterprises  
(MAGEN), which falls under the network-based Gartner [2] definition for DLP, but 
goes far beyond its scope to cover a wider range of scenarios where data is shared and  
sensitive data has to be protected. MAGEN’s novelty lies in its architecture, which 
provides a single system that incorporates the capabilities of network-based DLP so-
lutions, as well as the capabilities of traditional data masking solutions such as IBM 
Optim [5], Oracle data masking [6], Camouflage [7], etc. We describe the architecture 
and the benefits of having a single, enterprise-wide, centralized solution, instead of 
several disparate solutions.  

MAGEN is an evolution of the IBM De-Identification Framework [8], also referred 
to as the Universal De-identification Platform (UDiP). While UDiP was designed to 
enable the sharing of health and medical information (similar to HIDE [9]), MAGEN 
is a general solution upon which vertical solutions for various industries can be easily 
implemented.  

The paper is organized as follows. In Section 2 we describe the landscape of data 
masking techniques and introduce MAGEN as a solution that combines all techniques 
under a single architecture. This section also provides a high-level overview of MA-
GEN through its major use cases. Section 3 describes the MAGEN SOA-based archi-
tecture and presents the underlying management platform upon which MAGEN is 
built. Section 4 presents a library of transformations that can be used to hide sensitive 
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and identifiable data and still keep the disclosed data useful for the receiving parties. 
Section 5 takes a deep dive into a special incarnation of MAGEN for masking screens 
using OCR technologies. We conclude in Section 6 with some observations and future 
directions for our work. 

2   A Single Centralized Data Masking Solution 

There are many existing techniques to control cases where data is shared internally or 
externally. In this chapter, we describe the landscape of possible techniques, each of 
which enables the sharing of data while safeguarding sensitive information. At first 
glance, the various techniques look very different, either because the mode of opera-
tion differs from one to another or because each handles unique data types. We divide 
the landscape of data masking techniques into three categories:  

 

1. Batch data masking techniques. These methods process the data and gener-
ate secured copies without the sensitive entities. Solutions in this space are 
typically applied in non-production environments so that copies being made (to 
support test and development) do not expose sensitive information. These 
methods also apply in scenarios where companies share their data with re-
search institutes for statistical or other analyses. Since these techniques do not 
involve real-time aspects, we refer to them as methods for securing data at rest. 

2. On-line (or on-the-fly) data masking techniques. These techniques focus 
on preventing leakage at the point of use, as opposed to avoiding leakage at 
the point of access. The idea is to process the data when it is used, for exam-
ple, when copying confidential data into a mail or when sending an HTML 
web page over the wire. Such techniques are usually part of transactional, 
messaging, mailing, or streaming systems. Other scenarios where these tech-
niques are applicable happen when a company outsources its operations and 
external agents run the company's applications from their remote worksta-
tions. The masking process is then done to avoid exposure of sensitive data 
to unauthorized external agents. This kind of masking does not involve copy-
ing the original store, since the transformation is done as the data flows from 
one point to another.  

3. Data redaction techniques. These techniques target unstructured data such 
as text files and scanned documents. They usually apply natural language 
processing (NLP), optical character recognition (OCR), and image process-
ing to recognize sensitive data in text and images. These are generally part of 
content and information management systems. A relatively new arena that 
involves such techniques is that of e-discovery, where digital documents and 
images are shared as relevant evidence in law suits. 

 

Although these categories seem to be very different from each other, they share some 
fundamental features. Obviously, they all apply methods to define rules (usually through 
GUI mechanisms) and thereby configure the systems to comply with certain regulations. 
Moreover, a mandatory process in all data masking solutions is that of managing, moni-
toring, auditing, and reporting on violations of rules and policies. Figure 1 illustrates the 
scope of data masking techniques and outlines their commonalities.  
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Fig. 1. Data masking landscape 

We believe that a company should strive to have one centralized management sys-
tem to control all the scenarios where data is exposed and shared, instead of having 
several different systems, each of which addresses a subset of all possible scenarios. 
Suppose the company has a solution to enable the sharing of databases for testing 
purposes, and then it decides to outsource some operations to an external call center. 
It makes no sense to have separate and disparate systems, each with its own GUI for 
defining masking rules. Moreover, each system would have to be re-configured every 
once in a while to cope with evolving regulations. The only way to enforce and con-
trol policies in a unified and accurate manner is through a centralized system. The 
challenge is to architect a single, unified system that can turn the company's policies 
into enforcement logic across all possible scenarios. 

MAGEN is an innovative solution that provides a central, policy-based, enterprise-
wide system to address all three categories described above. The system enables en-
terprises to avoid leakage of sensitive data, regardless of where the data resides, in 
what shape it comes, and where in the data flow the masking should occur. MAGEN 
can be activated in batch and on-line modes. The input data can be extracted from 
various sources, whether from stationary storages such as databases and file systems 
or from streams of data in motion, such as messages and bitmaps of application dis-
plays. The input data can be structured (e.g., relational tables), semi-structured (e.g., 
XML files, complex healthcare objects such as DICOM objects or HL7 messages), or 
unstructured data (e.g., screen images and scanned documents).  

Next, we explain the constituents of an end-to-end data masking solution. We dis-
tinguish between three phases in which users interact with the system: the design 
phase, the runtime phase, and the monitoring and reporting phase.  

The design phase aims to discover what and where the sensitive data is, decide what 
should be done with that data, and configure the system to enforce those decisions  
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during runtime. The design phase should be carried out by experts who have an in-
depth knowledge of the data, of the business processes that need to use the data, and of 
the organization’s privacy and security regulations. The first challenge is to understand 
what exactly is going to be shared; where the data is stored (e.g., centralized, distrib-
uted); how is it stored (e.g., database, files); what is its structure (e.g., tabular, XML); 
how it is going to be shared; and who can access it, how and when. The next step is to 
figure out which data elements (e.g., columns in tables, attributes in XML files) are 
sensitive and which can be safely shared. Another decision taken during this phase is 
how to hide the sensitive information. Can the data be simply removed or should the 
system generate fictional values? Can such replacement values be random or should 
they maintain specific characteristics such as format, referential integrity, correlation, 
or aggregated characteristics? And should the process be reversible or repeatable? To 
make these decisions, one must understand how the masked/de-identified data will be 
used. Finally, the most challenging step is to translate policies and regulations into a 
list of role-based masking rules that describe which roles in the organization are au-
thorized to see the data, what should be done with each sensitive entity, and in which 
situations. These rules are enforced during the run-time phase. 

The run-time phase enforces the policies and role-based masking rules. This en-
forcement has to be accurate and coherent to avoid any data corruption and data leak-
age. This phase involves acquiring the data, analyzing it to locate sensitive elements, 
and changing the contents according to the pre-defined rules. This phase can be car-
ried out either as a batch process or as a dynamic on-the-fly process, where the mask-
ing is applied while the data flows from one point to the other. In the latter case, there 
are usually end-users that operate on some system and use or view the data; therefore, 
the challenge in this case is to minimize the latency caused by the extra discovery and 
masking process.  

The monitoring and reporting phase includes mechanisms to watch user activities 
and data flows, and produce informative reports on the execution of the system. This 
helps the management team understand and track which data elements were accessed 
and by whom, and what changed in the data during the process. Full-fledged solutions 
incorporate monitoring and alerting components to protect against the violation of 
policies, and methods to help understand the level of vulnerability and verify that 
policies are correctly enforced.  

MAGEN uses a central GUI for configuring, controlling, monitoring, and auditing 
the end-to-end data masking processes. This enables a unified modeling of policies 
across all cases, and supports easy adaption to evolving and changing regulations. 

3   SOA-Based Architecture for End-to-End Data Masking 

The MAGEN design follows the principles of Service Oriented Architecture (SOA). 
It provides a comprehensive portfolio of services integrated into a single powerful 
solution, which supports the variety of tasks performed during the masking life cycle. 
Services interoperate by exchanging messages via the Service Integration Bus. MA-
GEN executes workflows, each of which defines the path that the message takes as 
the Service Integration Bus moves it between services to address specific tasks. New 
flows can be defined and existing flows can be modified to better address evolving 
business needs. 
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In addition to following the general principles of SOA, MAGEN leverages a 
unique management platform, which has already been incorporated into a variety of 
IBM content management offerings. This management platform enables users to in-
teract with the MAGEN system to carry out system configuration tasks like deploying 
new services or defining new workflows. It also enables users to continuously moni-
tor the status of the system and its health. Through a comprehensive notification sys-
tem, the management platform captures important events like service start time and 
how long a specific operation takes. It also allows users to detect failures and investi-
gate their origin, and to track performance issues. The subject interaction with the 
MAGEN system, namely the system configuration and system monitoring, is done by 
administrators with a deep knowledge of the MAGEN internals. 

One of the significant strengths of this underlying management platform is that it 
exposes a single and central point for managing all tasks—both the system manage-
ment tasks as well as the masking-related tasks. The same mechanism is applied to 
configure the system and to configure the masking process during the design phase. 
All services are configured through the same mechanism, using a single web-based 
user interface, which hides the actual system topology details. Similarly, the same 
implementation is used to monitor the system health as well as the masking activities 
(e.g., by logging which rule was applied by whom and when).  

Figure 2 illustrates the architecture and several of the MAGEN services. It shows 
sample services that communicate through the Service Integration Bus. Some of the 
services communicate with GUI components. These GUI elements are illustrated on 
the right side of the figure with the squared background.   
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Fig. 2. MAGEN SOA-based architecture 
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Some of the services are part of the underlying management platform and are illus-
trated in Figure 2 through the set of quadrates below the BUS (with the striped back-
ground). The paragraphs below describe some of these services. 

The Configuration Service encapsulates the logic for configuring MAGEN services.  
This service is used to configure the system (e.g., deploy new services) and to generate 
masking rules during the design phase. It communicates with various GUI components 
to deliver user input. The interaction is performed through the Configuration Editors to 
configure services and workflows, or through the Policy/Rule Editors to create mask-
ing rules. Services can register to listen for changes in their own configuration or for 
changes in the configuration of other services. Once the users save their changes (e.g., 
adjusting certain service configurations or creating new masking rules), the new data is 
sent to the Configuration Service, which propagates it to all services that are listening 
for these changes. An important and valuable feature of this service, named hot con-
figuration, ensures that the new settings take effect immediately.  

The Audit Service and the System Diagnostics Service are used to capture service 
notifications, analyze them, and provide detailed reports. The services are used to 
monitor the system execution, examine its health, and report on its performance. The 
same services are used in the monitoring and reporting phase to produce reports on 
data masking activities (such as which rules were modified and when, statistics about 
rule usage, etc.) and to raise alerts about violations of masking-related policies.  

The Authentication Service and the Authorization Service authenticate and author-
ize users that interact with the system. The Authentication Service interacts with the 
preferred entitlement system for authenticating the user, and when security and pri-
vacy levels need to be associated with the authenticated users. The Authorization Ser-
vice is responsible for assigning the correct privileges based on the user’s privacy 
level and the predefined policies. This mechanism allows control over the use of 
masking rules according to roles in the organization. To fully enable cross-enterprise 
information sharing, MAGEN implements the Cross Enterprise User Assertion 
(XUA) standard. The Authentication Service creates a mechanism whereby a request 
from outside the enterprise boundaries is authenticated by an entity trusted by both 
enterprises. 

Using SOA together with the unique underlying management platform described 
above provides a number of advantages:  

1. Extensive flexibility. The same system can be used to accommodate a wide 
range of masking needs, while easily configured to use only those services 
that are needed. Evolving business needs can be answered by deploying new 
services and creating new workflows.  

2. Scalability, high-availability, and load balancing. The system can be scaled 
according to specific environment needs. If the bottleneck is the service 
computations, then several instances of each service can be initiated to allow 
parallel processing. If the load is too high for a single machine, the services 
can be deployed on different machines using IBM WebSphere Network De-
ployment to balance the load and to achieve high-availability. 

3. Integration with existing systems. The flexibility of the MAGEN architecture 
eliminates situations where you are locked into working with a single vendor 
when interacting with existing third-party products. For example, for authen-
tication purposes, MAGEN can interact with any existing entitlement system, 
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such as LDAP systems [10], IBM RACF [11], or CA ACF2 [12]. Another 
important integration point is to identity resolution engines, also called 
Anonymous Global Personal Identification (AGPI) providers, such as IBM 
Entity Analytics [13] or MitemView [14]. These maintain the correlation be-
tween records across multiple data silos. (See more details on AGPI below.) 

4. Hot configuration. Hot configuration means that any changes take effect 
immediately without the need to restart the services or the system. This ca-
pability is especially important when editing masking rules after the system 
is already in use. While end-users continue working with the system, the de-
sign phase can be re-initiated to define new rules or update existing ones. 
Once completed, the modified set of rules immediately comes into effect. 

 

The next two sections detail major concepts that are implemented in MAGEN: the 
comprehensive set of data transformation mechanisms for safeguarding sensitive in-
formation and privacy, and the use of MAGEN for dynamically masking application 
displays using OCR technologies. 

4   Data Transformation and De-identification  

At the heart of the masking concept lies the conflict of sharing versus hiding data. 
Sharing is aimed at bringing value to both the data owners and the data receivers. 
Data owners need to comply with regulations and are thus interested in hiding as 
much as possible. On the other hand, the data must remain useful for the receiving 
parties so they can properly carry out their tasks (e.g., using the data for testing pur-
poses, carrying out outsourcing services, or performing statistical analysis).   

From the data owner's point of view, the de-identification process must ensure that 
no sensitive business data is leaked and that personal data is anonymized so that it 
cannot be associated with a specific individual. In contrast, the requirements from 
those that receive the data can vary and depend on the use of the data. For example, if 
the data is used for testing, one requirement is to keep the data looking similar to the 
original. This may involve keeping names with capital letters at the beginning, replac-
ing credit card numbers with legal numbers, and so forth. If medical data is used for 
research, then it is mandatory to blur personal details but still keep the data truthful; 
for example, the system should avoid changing the age of a person from 35 to 80, but 
make it more general by indicating a range from 30 to 40. If the data is used for statis-
tical analysis, it is important to maintain the statistical characteristics of the aggre-
gated data [15]. In many cases, it is compulsory to maintain the correlation between 
records that belong to an individual and preserve certain relationships between enti-
ties. Say, for example, the data contains dates that indicate when a customer opens a 
bank account, when she closes it, and when she makes deposits or withdrawals. If the 
masking process changes the dates, it should ensure that there will be no withdrawals 
or deposits from an account that does not exist. Additional requirements that should 
be supported are reversibility, which is the ability to reveal sensitive data or re-
identify the person if the need arises, and repeatability, where the same result is gen-
erated for the same input.  
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The de-identification process attempts to fulfill the requirements of the data owners 
as well as those of the data receivers. The two sets of requirements may be contradic-
tory, and the challenge is to find the right balance and suggest the proper compromise. 
MAGEN introduces a comprehensive set of powerful transformations that makes it 
possible to de-identify personal information and prevent leakage of sensitive or confi-
dential data, but still keep certain characteristics as per the requirements set by those 
that receive the data. The transformations are grouped into a library of functions. 
Some functions can be applied on single data elements, whereas others operate on a 
group of elements or on complete data stores. The library includes dozens of func-
tions that fall under several families of transformations. The following list describes 
some of these families.  

• Random scrambling: Replaces the input values with random values while 
preserving the original format, such as uppercase, lower-case, and digits. 

• Repeatable scrambling: Replaces the input values with different values that 
look similar to the original values, and guarantees to generate the same out-
put for identical input. 

• Generalization: Replaces input values with more generalized values, e.g., 
replaces date with year, concrete age with range, and truncates prefix/suffix. 

• Swapping: Performs swapping between group of values, e.g., swaps values 
of a specific column in a table. 

• K-anonymization: Changes the values in a way that each record is indistin-
guishable from at least k-1 other records, with respect to certain “identify-
ing” attributes ([16], [17], [18]). 

• Special functions for credit card, social security, and international identifi-
cation numbers. These functions can be configured to guarantee that the 
generated numbers remain valid numbers.   

 

Figure 3 illustrates the use of MAGEN transformation routines to anonymize a ta-
ble that contains private information about customers. 

1984-04-27todflint@xyz.us617-4308196Brookline82 Spruce Rd.MFlintTodd205236

1980-01-22grose@ghi.us781-6692188Waltham632 Broadway St.FRoseGabriela992404

1997-05-07adamh@def.us617-4779204Newton1892 Highland Ave.MHarveyAdam570034

1995-03-16jbolton@abc.us617-7529340Newton183 Park Ave.MBoltonJames735127

insert dateemailphone numcityaddressglast namefirst nameCust. id

1991-01-19*******@xyz.us617-3025500Brookline46 Xkedol Rd.MCrainEli910214

1995-07-21*****@ghi.us781-4116286Waltham939 Ynkiecbv St.FBelcherMonique981908

1998-10-11*****@def.us617-5111385Newton1877 Pcbmkbzt AveMNgoNellie461537

2002-12-27*******@abc.us617-3085840Newton370 Yooh Ave.MPoindexterMartin240126

insert dateemailphone numcityaddressglast namefirst nameCust. id
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Fig. 3. Anonymization example: customer table 
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Fig. 4. Anonymization example: accounts table 

Figure 4 illustrates the use of MAGEN transformation routines to remove sensitive 
data from a table with data on bank accounts. 

MAGEN can address scenarios that involve cross-enterprise information sharing. 
For example, MAGEN can be used in systems that correlate biomedical information 
coming from several clinical and medical repositories. To maintain a correlation be-
tween records that belong to the same individual, MAGEN integrates with a trusted 
Anonymous Global Personal Identification (AGPI) server. The AGPI server associ-
ates a unique ID with each individual. It resolves problems such as misspelled or in-
consistent names, missing data, or incompatible fields. For example, in the healthcare 
space, different health standards require different identification fields.  

MAGEN has a pluggable mechanism to integrate with any AGPI provider, subject 
to fulfilling the following criteria: 

1. The provider always gives the same ID to the same individual, regardless of 
the source of the record, the spelling of the individual's name, etc. 

2. The provider never gives the same ID to more than one individual. 

5   Masking Application Displays Using OCR Technology 

This section deals with real-time masking of application displays, i.e., interfering with 
the flow of data before it gets displayed, and applying masking rules (whenever ap-
propriate) to locate and transform sensitive entities. Existing technologies address the 
challenge of masking data in motion by intercepting streams of data, scanning and 
parsing them, and ultimately reconstructing secured streams that can be shared. In 
contrast, MAGEN provides a unique solution for on-the-fly masking of application 
displays, by analyzing and modifying the visual representation of the data—rather 
than the data itself. In other words, MAGEN has the capability of modifying the ren-
dered pixels that form the images to be displayed and does not need to make copies 
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of, or transform, the original data. MAGEN is therefore independent of the protocols 
used to transmit the data. 

While protocol-based streams follow well-defined schemas that describe the struc-
ture of the transmitted displays (e.g., an indication that a certain text phrase is a label or 
that a group of text phrases constitute a table), the displays themselves lack this kind of 
metadata. To be able to apply masking rules that designate sensitive entities through 
GUI-related concepts (such as masking all fields labeled with "SSN"), MAGEN has to 
reveal the structure of the transmitted screens from the unstructured bitmaps. 

MAGEN sits between the application that generates the data to be displayed and 
the end-user machine where the image is displayed. The MAGEN run-time phase 
ensures that each screen is masked according to the rules that are defined during the 
design phase. The operation on each new screen starts with OCR processing that cap-
tures the image before it is displayed, analyzes it, and recognizes the text patterns that 
appear on it. This is followed by a unique analysis process that generates a structured 
representation of this screen, including information about its layout and contents. The 
masking rules instruct the system how to find the sensitive entities in the resulting 
structured screen representation and which transformations to apply (as described in 
the previous Section). Finally, the modified screen representation is translated into a 
new image that is sent to display.   
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Fig. 5. System components diagram 

Figure 5 illustrates the components that take part in the screen masking process. 
The squares represent the operational components in the system, the ovals represent 
the persistent storage, and the diamond shapes represent the user interfaces. The ar-
rows indicate when the component is used and the other components with which it 
interfaces. 
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Although using OCR technology for masking sensitive data offers many advan-
tages, it introduces some new technical challenges. The first challenge is to ensure 
that the system is optimized and to reduce extra latency. Classical OCR techniques 
are not suitable due to their nature of probabilistic results [19]. Therefore, MAGEN 
uses a newly developed OCR engine that leverages the fact that screen text is noise 
free. The OCR engine is optimized in several ways to reduce latency to a minimum 
while guaranteeing a very high recognition rate: 

 

1. Optimized character classification when dividing text pixels into individ-
ual characters. Since characters rendered on a particular platform are always 
the same, the optimization is achieved by looking for the exact sequences of 
pixels that compose these characters in the training set.  

2. Incremental recognition ensures that text recognition is executed only on 
the modified rectangles of the screen. The results are used to incrementally 
build the entire contents of the screen.  

 

The next challenge is to translate each screen into a structured representation that 
includes enough metadata to enforce MAGEN masking rules. The outcome of the 
OCR engine may not be enough, as this recognition by itself reveals only the text 
phrases that appear on the screen, their coordinates (location and size), and colors.  

In order to understand the complexity of the screen analysis beyond the basic OCR 
analysis, we need to understand the MAGEN rule language. We distinguish between 
several types of screen masking rules. The simplest way to designate sensitive entities 
is by providing their exact locations or by referring to their special color or font size 
(if relevant). We refer to such rules as location- or font-based rules. Context-based 
rules designate sensitive elements through their appearance in GUI constructs and by 
referring to constant parts of these GUI constructs (e.g., names of columns). Content-
based rules specify sensitive entities by characterizing the set of possible values (e.g., 
specifying legal credit card numbers). The formal definition of the MAGEN rule lan-
guage is beyond the scope of this paper. In what follows, we briefly outline the major 
principles of context-based rules, as we later focus on the analysis needed to apply 
such rules. 

Each context-based rule is associated with one GUI element and refers to a list of 
screen templates to which it may be applied. It includes a string that will be used in 
the search process, and indicates where to perform the actual transformation. The 
search refers to a constant part of the GUI construct, such as the label of a labeled 
field or a column name within a table, while the transformation is performed on the 
variable part, such as the text area of a labeled field or the set of values in a column.  
In addition, the rule specifies how to search for strings, whether to look for exact 
string matching or for sub-strings, whether to use a regular expression, etc. A rule 
may also include conditions on the surrounding GUI elements. For example, a rule 
can say ‘mask the contents of the column “Telephone” in any table that also contains 
a column “Address”’ or ‘mask any labeled fields with the label “Name” that appears 
after the title “Client details"’.  

Applying location- or font-based rules is fairly straightforward, since the corre-
sponding entities can be located easily by scanning the results of the OCR engine. 
This is by no means sufficient for applying context- or content-based rules. Here, we  
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need further analysis to reveal the structure of the screen and the semantics of its enti-
ties. In this paper, we focus on the analysis needed to apply context-based rules. It 
includes two complex tasks:  

 

1. Recognizing the set of GUI constructs that appear on the screen and their 
relative positioning. MAGEN incorporates several unique analysis tech-
niques to achieve this task. The analysis searches for sets of text phrases 
whose relative positioning determines a specific GUI construct. For example, 
the analysis recognizes tables by searching for several lines that conform to 
the same partition into columns. These techniques can be further aided by 
platform- or application-specific configurations (e.g., information on size of 
fonts, separators, and color schemes). Moreover, the relative positioning of 
all the GUI constructs has to be revealed. This is induced by a containment 
relationship between constructs, or by their relative order from left to right or 
top to bottom.  

2. Recognizing screens with identical structures, yet possibly with different 
contents (e.g., screens that present a structured employee form, while each 
appearance may contain different employee details). This is used to define 
rules for one screen and apply them to all screens that adhere to the same 
structure. Since two screens that have the same structure may have different 
content, a simple comparison does not work and the comparison is done only 
on the constant parts of the screens. MAGEN again applies unique analysis 
techniques to identify the text phrases that appear in the constant parts of the 
GUI constructs such as table column headers and field labels. This summary 
information is used to calculate an ID for each processed screen. All screens 
that have the same structure are mapped to a single ID. 

 

Fig. 6. Masked green screen 
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One can define a context-based rule for screens, such as the one shown in Figure 6, 
to specify that the number that appears right after the label "Policy number" has to be 
masked. Suppose that MAGEN captures the screen shown in Figure 6. It computes 
the screen ID and thereby understands that the subject rule should be applied. It also 
recognizes all the GUI constructs that appear in this screen and, in particular, the la-
beled field with the label "Policy number". Figure 6 illustrates the result of applying 
the rule and substituting the pixels of the policy number with red pixels.  

MAGEN utilizes the OCR engine and the subsequent screen analysis during the 
design phase to simplify and automate the process of generating masking rules. In-
stead of manually editing rules, MAGEN incorporates a process that runs through a 
set of possible application displays, and allows the users (with privileges to generate 
rules) to select certain entities on screens. These selections are automatically trans-
lated into masking rules.  

A detailed description for using the MAGEN system to mask application displays 
appears in [20].  

6   Summary and Future Work  

Data masking is a required element of information management and data governance, 
enabling enterprises to effectively and efficiently reduce the risks of unauthorized 
disclosure. MAGEN suggests a flexible SOA-based platform that can handle a wide 
range of scenarios where information is shared, while keeping the configuration and 
management capabilities centralized, thus allowing for the uniform design of rules 
and the monitoring of policy violations. 

The MAGEN set of transformation routines is designed as a stand-alone library 
that can be integrated into and enrich existing data masking solutions. Indeed, it is 
shipped as part of several IBM products or solutions, including Optim, which is 
IBM’s primary privacy-protecting product [5], and DataStage, which is IBM's leading 
ETL solution [21]. 

For dynamically masking application displays, MAGEN suggests a unique ap-
proach that uses OCR technology as the basis for content acquisition and discovery. 
This has the tremendous advantage of allowing MAGEN to be platform- and proto-
col-agnostic.  

MAGEN uses a generic rule language to indicate what, when, and how to mask 
sensitive entities. The rule language is designed to make it as easy as possible for us-
ers to create rules. MAGEN follows the concept of transforming an unstructured 
document into an XML format. The latter reveals semantics and metadata of the 
original form, and the rules are translated into a discovery and transformation process 
over that XML representation. The idea is thus to apply a unified method to mask all 
unstructured and semi-structured data formats. In the future, we plan to examine inte-
gration into standard policy languages such as Platform for Privacy Preferences (P3P) 
[22] and eXtensible Access Control Markup Language (XACML) [23].  

Much research is still needed to develop verification techniques that help prove 
compliance with regulations. The challenge is to ensure that policies about protecting 
sensitive data are properly translated into practical rules that specify which data is 
sensitive and how to transform it. We plan to further develop techniques to verify that 
the result of applying such rules satisfies the regulations. 
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Abstract. The numerical syllogistic is the extension of the traditional
syllogistic with numerical quantifiers of the forms at least C and at most
C. It is known that, for the traditional syllogistic, a finite collection of
rules, similar in spirit to the classical syllogisms, constitutes a sound and
complete proof-system. The question arises as to whether such a proof
system exists for the numerical syllogistic. This paper answers that ques-
tion in the negative: no finite collection of syllogism-like rules, broadly
conceived, is sound and complete for the numerical syllogistic.

1 Introduction

The numerical syllogistic is the set of English sentences of the forms

At least C p are q At least C p are not q
At most C p are q At most C p are not q,

where p and q are common (count) nouns, and C is a (decimal) digit string
representing a natural number in the usual way. We here ignore, and henceforth
silently correct, details of English number-agreement and plural morphology,
since these matters have no bearing on the ensuing discussion. The argument

At least 13 artists are beekeepers
At most 3 beekeepers are not carpenters
At most 1 carpenter is not a dentist
At least 9 artists are dentists,

(1)

whose premises and conclusion all belong to the numerical syllogistic, is evi-
dently valid: any circumstance in which all the premises are true is one in which
the conclusion is true. For suppose the premises are true. Take any collection of
thirteen artists who are beekeepers; since at most three of these are not carpen-
ters, the remaining ten are; and since, of these ten, at most one is not a dentist,
the remaining nine are.

The numerical syllogistic generalizes the traditional syllogistic, which, for our
purposes, we may take to be the set of English sentences of the forms

Some p are q Some p are not q
All p are q No p are q.

O. Grumberg et al. (Eds.): Francez Festschrift, LNCS 5533, pp. 192–203, 2009.
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To see this, note that the sentence Some p are q may be equivalently written
At least 1 p is a q; likewise, All p are q may be equivalently (if somewhat unid-
iomatically) written At most 0 p are not q; and so on. Since the standard system
of syllogisms presented in Aristotle’s Prior Analytics can be shown—with a few
relatively minor adjustments—to license exactly the valid arguments in the tra-
ditional syllogistic [1,2,3,4], it is natural to ask whether a similar situation holds
for the numerical syllogistic.

To understand what this question means more concretely, consider the rule

At most C p are not q At least D o are p

At least E o are q
(0 ≤ E ≤ D − C),

(2)

which we interpret as licensing an inference from any instances of the sentence-
schemata above the line to the corresponding instance of the sentence schema
below the line, subject to the side-condition 0 ≤ E ≤ D − C. Clearly, this rule
is valid: it never leads from true premises to a false conclusion. For suppose the
premises are true. Take any collection of D o which are p; since at most C of
them are not q, the remaining D − C are. In fact, by chaining two instances of
Rule (2) together, we can formally demonstrate the validity of Argument (1),
thus:

At most 1 carpenter is not a dentist

At most 3 beekeepers
are not carpenters

At least 13 artists
are beekeepers

At least 10 artists are carpenters

At least 9 artists are dentists.

Rule (2) might reasonably be regarded as a “numerical syllogism”. Indeed,
the traditional syllogism Darii is simply the special case obtained by putting
C = 0 and D = E = 1:

All p are q Some o are p

Some o are q
.

Thus, we are led to ask whether there exists a finite collection of such numerical
syllogisms—broadly conceived—that licenses all (and only) the valid arguments
in the numerical syllogistic? We show in the sequel that there is not.

Despite its obviousness as a generalization of the traditional syllogistic, the
numerical syllogistic seems not to have attracted the attention of logicians before
the Nineteenth Century. The first systematic investigation known to the author
is that of de Morgan [5] (Ch. VIII), though this work was closely followed by
treatments in Boole [6] (reprinted as [7], Sec. IV) and Jevons [8], (reprinted as [9],
Part I, Sec. IV). For a historical overview of this episode in logic, see [10]. De
Morgan presented a list of what he took to be the valid numerical syllogisms.
Latterly, various other proof-systems have been proposed, also based on numer-
ical generalizations of the traditional syllogisms. Good examples are those of
Murphree [11,12], and of Hacker and Parry [13]. The negative results presented
below apply to all of these systems. These same results constitute a strengthen-
ing (and simplification) of earlier observations made by the author in [14], Sec. 5.
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At the same time, the present paper can be seen as a contribution—though per-
haps something of a negative one—to an established tradition of attempts to
provide logical calculi more or less closely modelled on aspects of natural lan-
guages. Examples of work in this tradition include Fitch’s use of combinatory
logic [15], Suppes’ use of relation algebra [16], Purdy’s ‘natural logic’ [17,18,19],
and Fyodorov et al.’s inference calculus based on monotonicity features [20].

The plan of the paper is as follows. Section 2 presents the syntax and seman-
tics of a formal language, N , which faithfully reconstructs the numerical syllo-
gistic, together with a natural extension of N , which we denote N †. Section 3
reconstructs—as liberally as possible—the notion of a numerical syllogism, and
states the main result of this paper: that neither N nor N † admit a finite system
of numerical syllogisms that licenses exactly the valid inferences. In stating this
result, we pay particular attention to indirect proof and the rule of reductio ad
absurdum. Section 4 proves the result.

2 Syntax and Semantics of N † and N
Fix a countably infinite set P. We may assume P to contain all English common
count-nouns such as man, animal etc. An atom is an element of P; a literal is an
expression of either of the forms p or p̄, where p is an atom. A literal which is
an atom is said to be positive; all other literals are said to be negative. If l = p̄ is
a negative literal, then we take l̄ to denote the positive literal p. An N †-formula
is an expression of either of the forms (≤ C)[l, m] or (> C)[l, m], where C is
a decimal string representing a non-negative integer, and l, m are literals. To
avoid cumbersome circumlocutions, we henceforth ignore the distinction between
natural numbers and the decimal strings representing them. An N -formula is
an N †-formula at least one of whose literals is positive. We denote the set of
N †-formulas by N †; and similarly for N . A subset P ⊆ P is a signature. If P
is a signature, we denote by N †(P ) the set of N †-formulas involving no atoms
other than those in P ; and similarly for N (P ).

We provide formal semantics for the language N †—and hence for N—as fol-
lows. A structure A is a pair 〈A, {pA}p∈P〉, where A is a non-empty set, and
pA ⊆ A, for every p ∈ P. The set A is called the domain of A. Given a structure
A, we extend the map p �→ pA to all literals by setting p̄A = A \ pA. We define
the truth-relation |= between structures and N †-formulas by declaring

A |= (≤ C)[l, m] iff |lA ∩ mA| ≤ C

A |= (> C)[l, m] iff |lA ∩ mA| > C.

Note that these truth-conditions are symmetric in the literals l and m. Accord-
ingly, we henceforth identify formulas differing only with respect to the order of
their literals, silently performing any transpositions required.

These semantics justify the following English glosses for N -formulas, where p
and q are English count nouns (and hence also elements of P):

(≤ C)[p, q] At most C p are q (≤ C)[p, q̄] At most C p are not q
(> C)[p, q] At least C + 1 p are q (> C)[p, q̄] At least C + 1 p are not q.
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We also provide pseudo-English glosses for N †-formulas in a similar way, except
that ‘negated’ subjects are required when both literals are negative:

(≤ C)[p̄, q̄] At most C non-p are not q
(> C)[p̄, q̄] At least C + 1 non-p are not q.

The use of ≤ and > (rather than the ≤ and ≥ employed in Section 1) simplifies
various technical details in the ensuing presentation. Nothing of substance hinges
on this decision, however; the results obtained below would not be materially
altered by expanding our languages to include formulas of the form (≥ 0)[l, m].

If Θ is a set of formulas, we write A |= Θ if, for all θ ∈ Θ, A |= θ. A formula θ
is satisfiable if there exists A such that A |= θ; a set of formulas Θ is satisfiable
if there exists A such that A |= Θ. If, for all structures A, A |= Θ implies A |= θ,
we say that Θ entails θ, and write Θ |= θ. We take it as uncontroversial that
Θ |= θ constitutes a rational reconstruction of the pre-theoretic judgment that
a conclusion θ may be validly inferred from premises Θ. For example, the valid
argument (1) corresponds to the entailment

{(> 12)[artst, bkpr] , (≤ 3)[bkpr, crpntr]

(≤ 1)[crpntr, dntst]} |= (> 8)[artst, dntst]. (3)

No formula of the form (> C)[l, l̄] is satisfiable: that is, for all A,
A �|= (> C)[l, l̄]. We refer to any such formula as an absurdity; and we use
the (possibly decorated) symbol ⊥ to denote, ambiguously, any absurdity. Note
that all absurdities are actually N -formulas.

If θ is an N †-formula, we define the N †-formula θ̄ to be the result of exchang-
ing the symbols ≤ and > in θ. That is:

θ̄ =

{
(> C)[l, m] if θ = (≤ C)[l, m]
(≤ C)[l, m] if θ = (> C)[l, m].

It is easy to see that, for any structure A, A |= θ if and only if A �|= θ̄. Moreover,
for any N †-formula θ, we have ¯̄θ = θ, and if θ is an N -formula, then so is θ̄.
Informally, we may think of θ̄ as the negation of θ. Thus, the languages N † and
N are, in essence, closed under negation.

The satisfiability problem for N † is the following problem: given a finite set of
N †-formulas Θ, determine whether Θ is satisfiable. The validity problem for N †

is the following problem: given a finite set of N †-formulas Θ and an N †-formula
θ, determine whether Θ |= θ. The satisfiability and validity problems for N
are defined analogously. Since N † and N are, in effect, closed under negation,
satisfiability and validity are dual notions in the usual sense. It is known [21,14]
that the satisfiability problems for N † and N are both NPTime-complete; hence
the corresponding validity problems are both Co-NPTime-complete.
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3 Proof Theory for N † and N
This section develops a framework for formalizing systems of syllogism-like rules
in N and N †. Because we shall be deriving negative results about such systems,
and wish these results to be as general as possible, our presentation will be
in some respects rather abstract. However, we shall never stray far from the
intuitions developed in Section 1.

We begin with some very general notions. Let L be any formal language,
understood as a set of L-formulas for which a truth-relation |= is defined. By
a derivation relation (in L), we simply mean a subset of P(L) × L, where P(L)
is the power set of L. If |∼ is a derivation relation, we write Θ |∼ θ instead
of 〈Θ, θ〉 ∈|∼. We call |∼ sound (for L) if, for all sets of L-formulas Θ and all
L-formulas θ, Θ |∼ θ implies Θ |= θ. We call |∼ complete (for L) if, for all sets
of L-formulas Θ and all L-formulas θ, Θ |= θ implies Θ |∼ θ. In this paper, we
are interested in derivation relations in N † and N generated by finite sets of
syllogism-like rules. These we now proceed to define.

A formula schema in N † is an expression of the form (Q)[l, m] where Q is
either of the symbols ≤ or >, and l and m are literals. A formula schema in N
is a formula schema in N † subject to the additional condition that at least one
of l and m is positive. A syllogistic rule in N † (in N ) is a pair (ξ, R), where, for
some k ≥ 0, ξ is a (k + 1)-tuple of formula schemata in N † (respectively, N ),
and R is a (k + 1)-ary relation over N. A substitution is a function f : P → P.
Substitutions are applied to negative literals in the expected way: f(p̄) = f(p).
An instance of the syllogistic rule

(〈(Q1)[l1, m1], . . . , (Qk)[lk, mk], (Q)[l, m]〉, R), (4)

is any (k + 1)-tuple

〈(Q1 C1)[f(l1), f(m1)], . . . , (Qk Ck)[f(lk), f(mk)], (Q C)[f(l), f(m)]〉 (5)

where f is a substitution and C1, . . . , Ck, C are integers such that
〈C1, . . . , Ck, C〉 ∈ R. It is easy to see that, if (4) is a syllogistic rule in N †

(or in N ), then the elements of (5) are N †-formulas (respectively, N -formulas).
The intuitive meaning of any instance 〈θ1, . . . , θk, θ〉 of a syllogistic rule is that θ
may be inferred from θ1, . . . , θk. Officially, no restrictions at all are placed on the
relation R. In practice, however, R will usually be defined as {〈x1, . . . , xk+1〉 ∈
N

k+1 | π(x1, . . . , xk+1)}, for some (arithmetic) expression π. In that case, we
may display the syllogistic rule (4) in a more readable way as:

(Q1 C1)[l1, m1] · · · (Qk Ck)[lk, mk]
(Q C)[l, m]

(π(C1, . . . , Ck, C)).
(6)

A syllogistic rule is valid if, for any instance 〈θ1, . . . , θk, θ〉 of that rule, we
have {θ1, . . . , θk} |= θ—that is to say, if all the inference steps it licenses are
entailments.
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Some examples will help to motivate the rather austere definitions just given.
Consider the following syllogistic rules, displayed in the style of (6):

(≤ C)[l, m̄] (≤ D)[m, n]
(≤ E)[l, n]

(E ≥ C + D)
(7)

(≤ C)[m, n̄] (> D)[l, m]
(> E)[l, n]

(0 ≤ E ≤ D − C).
(8)

These syllogistic rules are easily seen to be valid. We encountered (8), in a slightly
different guise (and with all literals positive), as Rule (2) in Section 1.

If X is a set of syllogistic rules in N †, we define the relation of direct derivation
relative to X, denoted �X, to be the smallest subset of P(N †)×N † satisfying the
following conditions:

1. if θ ∈ Θ, then Θ �X θ;
2. if 〈θ1, . . . , θk, θ〉 is an instance of some syllogistic rule in X, and Θ �X θi for

all i (1 ≤ i ≤ k), then Θ �X θ.

Instances of the relation �X can be established by derivations in the form of
finite trees in the usual way. For instance, from the premises of Argument (1),
two applications of Rule (8) yield the derivation

(≤ 1)[crpntr, dntst]
(≤ 3)[bkpr, crpntr] (> 12)[artst, bkpr]

(> 9)[artst, crpntr]
(> 8)[artst, dntst]

,

which, again, we encountered in Section (1). Thus, for any set of syllogistic rules
X containing (8), we have:

{(> 12)[artst, bkpr] , (≤ 3)[bkpr, crpntr]

(≤ 1)[crpntr, dntst]} �X (> 8)[artst, dntst]. (9)

We remark in passing that, if X contains both Rules (7) and (8), we have an
alternative derivation showing (9):

(≤ 3)[bkpr, crpntr] (≤ 1)[crpntr, dntst]

(≤ 4)[bkpr, dntst]
Rule (7)

(> 12)[artst, bkpr]
(> 8)[artst, dntst]

Rule (8).

Classical treatments of the syllogistic actually recognize a slightly more lib-
eral notion of derivation than that presented above. Suppose we have derived
⊥ from a set of premises Θ ∪ {θ}, where ⊥ is some absurdity. The rule of re-
ductio ad absurdum allows us then to infer the formula θ̄ (semantically: the
negation of θ) from Θ alone. Reductio is not a syllogistic rule, in the technical
sense employed in this paper: for one thing it decreases the set of premises in a
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derivation—something no syllogistic rule can do. Nevertheless, it evidently pre-
serves entailment: if Θ∪{θ} |= ⊥, then Θ |= θ̄. For these reasons, we might wish
to take account of this rule in our analysis of the numerical syllogistic.

We do so as follows. If X is a set of syllogistic rules in N †, we define the
relation of indirect derivation relative to X, denoted �X, to be the smallest subset
of P(N †) ×N † satisfying the following conditions:

1. if θ ∈ Θ, then Θ �X θ;
2. if Θ �X θ1, . . . , Θ �X θk, and 〈θ1, . . . , θk, θ〉 is an instance of some syllogistic

rule in X, then Θ �X θ;
3. if Θ ∪ {θ} �X ⊥, then Θ �X θ̄ (the rule of reductio ad absurdum).

Instances of the indirect derivation relation �X may be established by construct-
ing proof-trees similar to those for direct derivations, except that we need a little
more machinery to keep track of premises. This may be done as follows. Suppose
we have a derivation (direct or indirect) showing that Θ ∪ {θ} �X ⊥, for some
absurdity ⊥. Let this derivation be displayed as

Θ · · · · · · θ....
⊥.

Applying Clause 3 of the definition of �X, we have Θ �X θ̄, which we take to be
established by the derivation

Θ · · · · · · [θ]1....
⊥
θ̄

(RAA)1.

The premise θ of the original derivation no longer counts as a premise in the new
derivation. As we say, the premise in question has been discharged. In displaying
derivations, we enclose any discharged premise in brackets, and co-index it with
the application of reductio which discharges it. Two minor complications regard-
ing indirect derivations should be noted at this point. The first concerns the case
where a derivation of ⊥ involves multiple instances of some premise θ. In that
case, the rule of reductio should be understood as allowing us to discharge any
number (including zero) of those occurrences. The second complication concerns
the case where a derivation of ⊥ involves no instances of some premise θ. In
that case, the rule of reductio should be understood as still allowing us to dis-
charge (zero occurrences of) θ. Put another way: we do not have to discharge
occurrences of premises if we do not want.

If X is a set of syllogistic rules in N , we define the derivation relations �X and
�X analogously.

Thus, given a set of syllogistic rules X (in either N † or N ), we have two deriva-
tion relations of interest: �X (direct derivation) and �X (indirect derivation), with
the latter always including the former. The following are evidently equivalent:
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(i) �X is sound; (ii) �X is sound; (iii) every rule in X is valid. Moreover, if �X is
complete, then, trivially, so is �X.

The following questions now arise. Does there exist a finite set X of syllogistic
rules in N † such that the direct derivation relation �X is sound and complete?
If not, does there at least exist a finite set X of syllogistic rules in N † such that
the indirect derivation relation �X is sound and complete? And is the situation
any different for the smaller language N ? The main result of this paper is that
the answer to all of these questions is no.

We close this section with a simple observation on derivations. Suppose Θ
is a set of N †-formulas and θ an N †-formula such that Θ �X θ; and let P be
the signature of atoms occuring in Θ ∪ {θ}. Consider any (indirect) derivation
of θ from Θ (via the syllogistic rules X). If that derivation involves any atoms
not in P , we may evidently uniformly replace them by atoms in P , obtaining
another derivation of θ from Θ. The same holds for direct derivations, and also
for the language N . Thus, when considering derivations from Θ to θ, we may
limit ourselves entirely to the languages N †(P ) or N (P ).

4 Main Result

Let n be an integer (n ≥ 4), and let P (n) be a signature of cardinality n + 1—
say {p1, . . . , pn, q}. We denote by Γ (n) the following (infinite) set of N †(P (n))-
formulas, where i, j range over all distinct integers in the interval 1, . . . , n, C
ranges over all natural numbers in the intervals indicated, and o ranges over
P (n).

1. There are exactly n − 1 objects in the domain, all satisfying q:

(≤ C)[q, q] (C ≥ n − 1) (≤ C)[q̄, q̄] (C ≥ 0)
(> C)[q, q] (C ≤ n − 2).

2. Each pi is realized exactly once; and its complement is realized exactly n−2
times:

(≤ C)[pi, pi] (C ≥ 1) (≤ C)[p̄i, p̄i] (C ≥ n − 2)
(> 0)[pi, pi] (> C)[p̄i, p̄i] (C ≤ n − 3).

3. All the pi and all the non-pi are q:

(≤ C)[pi, q] (C ≥ 1) (≤ C)[pi, q̄] (C ≥ 0)
(> 0)[pi, q]
(≤ C)[p̄i, q] (C ≥ n − 2) (≤ C)[p̄i, q̄] (C ≥ 0)
(> C)[p̄i, q] (C ≤ n − 3).

4. No pi is a pj (remember that i �= j):

(≤ C)[pi, pj ] (C ≥ 0)
(≤ C)[pi, p̄j ] (C ≥ 1) (≤ C)[p̄i, p̄j ] (C ≥ n − 3)
(> 0)[pi, p̄j ] (> C)[p̄i, p̄j ] (C ≤ n − 4)
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5. The logical truths of N †(P (n)):

(≤ C)[o, ō] (C ≥ 0).

When considering derivations from Γ (n), we limit ourselves entirely to the lan-
guage P (n). Where n can be regarded as a constant, we omit it, and write Γ for
Γ (n).

Lemma 1. Γ is unsatisfiable.

Proof. The formulas (≤ n − 1)[q, q], (> 0)[pi, q] (1 ≤ i ≤ n) and (≤ 0)[pi, pj ]
(1 ≤ i < j ≤ n) together violate the pigeonhole principle.

Lemma 2. For every θ ∈ N †(P (n)), either θ ∈ Γ or θ̄ ∈ Γ .

Proof. Exhaustive check.

For all i, (1 < i ≤ n), define

γi = (≤ 0)[p1, pi] δi = (> 0)[p1, p̄i]
εi = (> 0)[p̄1, pi] ζi = (≤ n − 3)[p̄1, p̄i],

so that
γ̄i = (> 0)[p1, pi] δ̄i = (≤ 0)[p1, p̄i]
ε̄i = (≤ 0)[p̄1, pi] ζ̄i = (> n − 3)[p̄1, p̄i].

And for all i, (1 < i ≤ n), define

Θi = {γi, δi, εi, ζi} Θ̄i = {γ̄i, δ̄i, ε̄i, ζ̄i}.
Note that Θi ⊆ Γ ; indeed, all the Θi are given in Clause 4 of the definition of
Γ . (Remember: the order of literals in N †-formulas is not significant.) In the
presence of the formulas given in Clauses 1–3 of the definition of Γ , any formula
in Θi is equivalent to any other, and states that the interpretations of p1 and
pi are disjoint. Similarly, any formula in Θ̄i states that the interpretations of p1

and pi coincide. It is not hard to see that any set (Γ \ Θi) ∪ Θ̄i is satisfiable.
For let A = {2, . . . , n}, and, for all i (1 < i ≤ n), let Ai be the structure with
domain A and interpretations

qAi = A pAi
1 = {i} pAi

j = {j} (2 ≤ j ≤ n).

Thus, each Ai distributes the interpretations of p2, . . . , pn disjointly over the
universe {2, . . . , n}, and makes the interpretations of p1 and pi coincide.

Lemma 3. For all i (1 < i ≤ n), Ai |= (Γ \ Θi) ∪ Θ̄i.

Proof. Routine check.

For all i, j, (1 < i < j ≤ n), define

Δ
(n)
i,j = Γ (n) \ (Θi ∪ Θj).
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Again, for clarity, the superscript (n) is omitted where n can be regarded as a
constant. Thus, Δi,j removes from Γ the formulas stating that the interpretation
of p1 is disjoint from those of both pi and pj .

Lemma 4. Let θ be a formula of N †(P (n)), and let 1 < i < j ≤ n. If Δi,j |= θ,
then θ ∈ Δi,j .

Proof. From Lemma 2, either θ ∈ Γ or θ̄ ∈ Γ . Hence, if θ �∈ Δi,j , then one of
the following possibilities holds: (i) θ ∈ Θi; (ii) θ ∈ Θj ; (iii) θ̄ ∈ Δi,j ∪Θi; or (iv)
θ̄ ∈ Δi,j ∪ Θj . From Lemma 3, we see that, in cases (i) and (iv), the fact that
Ai |= Δi,j ∪ Θ̄i ∪ Θj contradicts Δi,j |= θ, and that, in cases (ii) and (iii), the
fact that Aj |= Δi,j ∪ Θ̄j ∪ Θi contradicts Δi,j |= θ.

Lemma 5. Let X be a finite set of valid syllogistic rules in N †, and let r be the
maximum number of antecedents in any syllogistic rule of X. If θ ∈ N †(P (n)),
and Γ (n) �X θ, where n ≥ r + 3, then θ ∈ Γ (n).

Proof. We proceed by induction on the lengths of (direct) derivations. If a deriva-
tion of θ from Γ (n) employs no syllogistic rules, then, trivially, θ ∈ Γ (n). For the
inductive step, consider the last rule-instance 〈θ1, . . . , θk, θ〉 in the derivation. By
inductive hypothesis, {θ1, . . . , θk} ⊆ Γ (n). But because k ≤ r ≤ n− 3, we in fact
have, for some i, j (1 < i < j ≤ n), {θ1, . . . , θk} ⊆ Δ

(n)
i,j . Since every rule in X is

valid, Δ
(n)
i,j |= θ. By Lemma 4, θ ∈ Δ

(n)
i,j ⊆ Γ (n). This completes the induction.

Note that, from Lemma 5, we see immediately that there is no finite set X of
syllogistic rules for N † such that the direct derivation relation �X is sound and
complete. For suppose r is the maximum number of antecedents in any of the
syllogistic rules in X, and let n ≥ r + 3. If ⊥ = (> 0)[l, l̄] is any absurdity, we
have Γ (n) |= ⊥, by Lemma 1. But, by inspection, ⊥ �∈ Γ (n). Of course, Lemma 5
does not by itself establish the incompleteness of the indirect system �X, which
includes the rule of reductio. However, Lemma 2 ensures that reductio actually
does no useful work in the present case, as we now proceed to show.

Theorem 1. There is no finite set X of syllogistic rules in N † such that �X is
sound and complete for N †.

Proof. We assume otherwise and derive a contradiction. Suppose X is a finite set
of syllogistic rules for the numerical syllogistic with �X sound and complete. Let
r be the maximum number of antecedents in any of the syllogistic rules in X, and
let n ≥ r +3. For any absurdity ⊥ = (> 0)[l, l̄], we have Γ (n) |= ⊥, by Lemma 1.
By the (assumed) completeness of �X, we have Γ (n) �X ⊥. Let k be the smallest
integer with the property that there is a derivation of some absurdity in �X

from Γ (n) employing at most k applications of the rule of reductio. Since Γ (n)

contains no absurdities at all, it follows from Lemma 5 that k > 0. Now take
any such derivation employing the minimal number k of applications of reductio,
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and consider the last such application, which, we may suppose, discharges (more
than zero occurrences of) a premise θ as a result of deriving some absurdity
(> 0)[m, m̄]:

Γ · · · · · · [θ]1....
(> 0)[m, m̄]

θ̄
(RAA)1 · · · · · · Γ....

(> 0)[l, l̄].

By Lemma 2, either θ ∈ Γ (n) or θ̄ ∈ Γ (n). But then either one of the smaller
derivations

Γ · · · · · · θ....
(> 0)[m, m̄]

θ̄ · · · · · · Γ....
(> 0)[l, l̄]

is a derivation of an absurdity from Γ (n) involving fewer than k applications of
reductio, which is impossible.

By restricting all formulas in the above proof to be N -formulas, we obtain, by
identical reasoning:

Theorem 2. There is no finite set X of syllogistic rules in N such that �X is
sound and complete for N .

The details are left to the reader.
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Abstract. We propose to model the development of language by a series
of formal grammars, accounting for the linguistic capacity of children
at the very early stages of mastering language. This approach provides
a testbed for evaluating theories of language acquisition, in particular
with respect to the extent to which innate, language-specific mechanisms
must be assumed. Specifically, we focus on a single child learning English
and use the CHILDES corpus for actual performance data. We describe
a set of grammars which account for this child’s utterances between
the ages 1;8.02 and 2;0.30. The coverage of the grammars is carefully
evaluated by extracting grammatical relations from induced structures
and comparing them with manually annotated labels.

1 Introduction

1.1 Language Acquisition

Two competing theories of language acquisition dominate the linguistic and
psycho-linguistic communities [59, pp. 257-258]. One, the nativist approach, orig-
inating in [14,15,16] and popularized by [47], claims that the linguistic capacity is
innate, expressed as dedicated “language organs” in our brains; therefore, certain
linguistic universals are given to language learners for free, requiring only the
tuning of a set parameters in order for language to be fully acquired. The other,
emergentist explanation [2,56,37,38,40,41,59], claims that language emerges as
a result of various competing constraints which are all consistent with general
cognitive abilities, and hence no dedicated provisions for universal grammar are
required. Consequently,

“[linguistic universals] do not consist of specific linguistic categories or
constructions; they consist of general communicative functions such as
reference and predication, or cognitive abilities such as the tendency to
conceptualize objects and events categorically, or information-processing
skills such as those involved with rapid vocal sequences.” [58, p. 101].

Furthermore, language is first acquired in an item-based pattern:

O. Grumberg et al. (Eds.): Francez Festschrift, LNCS 5533, pp. 204–227, 2009.
c© Springer-Verlag Berlin Heidelberg 2009
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“[young children] do not operate on the basis of any linguistic abstrac-
tions, innate or otherwise. Fairly quickly, however, they find some pat-
terns in the way concrete nouns are used and form something like a
category of a noun, but schematization across larger constructions goes
more slowly... The process of how children find patterns in the ambient
language and then construct categories and schemas from them is not
well understood at this point.” [58, pp. 106-107].

Our ultimate goal in this work is to provide a formal environment in which these
two hypotheses can be rigorously evaluated.

Children learn language gradually and inductively, rather than abruptly and
deductively [37]. Still, it is possible to isolate “snapshots” of language develop-
ment which are qualitatively distinct from previous snapshots, e.g., by moving
from one word utterances to two words, exhibiting a new possibility for word or-
der, introducing embedded clauses, etc. It should therefore be possible to con-
struct grammars for each of these snapshots of language development in isola-
tion, and then inspect the differences among those grammars. The underlying as-
sumption of this work is that such snapshot grammars exhibit a gradual, smooth
development which can be captured formally and accounted for mathematically.

As an example of “snapshots” of language acquisition, consider the first five
stages defined by [11], namely:

1. Acquisition of semantic roles (e.g., agent, patient, instrument etc.) in simple
sentences expressed by linear order and syntactic relations;

2. Acquisition of semantic modulations such as number, specificity, tense, etc.,
expressed morphologically or lexically;

3. Modalities of the simple sentences, e.g., interrogative, negative and impera-
tive sentences;

4. Embedding, as in relative clauses or VP objects;
5. Coordination of full sentences or partial phrases with deletion.

[11] shows that these five stages correspond nicely to measures of grammar de-
velopment, in particular mean length of utterance (MLU). However, there is
nothing sacred in this number of stages and a finer granularity of representa-
tion is certainly possible. There is also evidence that in some languages (e.g.,
Hungarian) the order of the stages may be somewhat different [36]. A similar
definition of “a phase-based model of language acquisition” is offered by [4], al-
though the five stages she delineates are not identical to those of [11]. We will
focus in this work only on the first 3–4 phases of [4], again dividing them up to
a finer resolution.

In order to investigate the development of child language, corpora which
document linguistic interactions involving children are needed. The CHILDES
database [39], containing transcripts of spoken interactions between children at
various stages of language development with their parents, provides vast amounts
of useful data for linguistic, psychological, and sociological studies of child lan-
guage development. Two developments make CHILDES an attractive experi-
mental setup for investigating language acquisition. First, similar databases of
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child-adult linguistic interactions are constantly being collected and developed
for a variety of languages. Furthermore, many of the corpora are morphologi-
cally analyzed and annotated in a compatible manner, which makes it possible
to compare language development across different languages. Second, the En-
glish CHILDES database has recently been annotated with grammatical rela-
tions [51]. This is useful for various practical applications (e.g., assessing the
syntactic development of children, as in [52]), but is particularly attractive as it
provides a way for automatically evaluating the coverage and, to some extent,
the correctness of formal grammars which attempt to generate child language
(see, e.g., [7]).

This paper presents some preliminary results. Following a discussion of related
work below, we describe in section 3 a set of formal grammars accounting for the
early utterances of one English speaking child, Seth [44,45], as reflected in the
CHILDES database [39]. Faithful to the item-based model of language acqui-
sition, the grammars that we develop are highly lexicalized (typed) unification
grammars [13], inspired by Head-Driven Phrase Structure Grammar (HPSG,
[48]). Such grammars provide means for expressing deep linguistic structures in
an integrated way. We use LKB [19] to implement the grammars and apply them
to the data in the corpus, producing deep linguistic structures which describe
the syntax, but also some aspects of the morphology and the semantics, of child
utterances. In particular, we convert the structural descriptions produced by
the grammars to the functional annotation of [51]. This facilitates an automatic
evaluation of the coverage of the grammars (section 4). On our development set,
the error rate is lower than 10%.

1.2 Formal Grammars

Formal grammars are mathematical systems for describing the structure of lan-
guages, both formal and natural. In this work we employ unification grammars
[65,66] and in particular unification grammars that are based on typed feature
structures [13]. Such grammars underly linguistic theories such as Lexical Func-
tional Grammar [28] and Head-Driven Phrase-Structure Grammars (HPSG) [48].

Typed unification grammars are based on a signature consisting of a partial
order of types, along with an appropriateness specification which lists the fea-
tures which are appropriate for each type and the types of their values. The
signature facilitates the specification of an ontology of linguistic entities, from
basic signs to rules and grammars. The building blocks of unification grammars
are feature structures, which are nested data structures licensed by the signa-
ture. Grammar rules can then refer to and manipulate various pieces of the data
encoded in feature structures, providing the linguist with powerful means for
expressing linguistic theories in various strata: phonology, morphology, syntax,
semantics and information structure. Unification grammars, and in particular
HPSG grammars, have been used successfully for describing the structure of a
variety of natural languages [3,26,29].

Typed unification grammars are attractive as a grammatical formalism, and
in particular as an environment for investigating language acquisition, for several
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reasons. First, grammars are multi-stratal, allowing for the expression of various
types of linguistic information and interactions thereof in the same sort of object.
Second, grammar rules are basically constraints which limit the domain of gram-
matical utterances rather than procedures for generating linguistic structures.
Third, such grammars are highly lexical: most of the information is encoded in
the lexicon and rules tend to be few and very general. This goes hand in hand
with item-basd theories of language acquisition. Finally, the unification opera-
tion which is so essential to the formalism provides a natural implementation of
unifying the effect of various competing constraints, although it currently does
not clearly support the kind of violable constraints that are known in, e.g., opti-
mality theory [49]. While unification grammars, as a constraint-based formalism,
are adequate for characterizing structure, they may not be ideal for character-
izing processes ; as will be made clear in section 2, we focus in this work on the
formal representation of linguistic knowledge, rather than on the processes which
lead to its acquisition. Unification grammars, therefore, are a natural formalism
to use for this task.

One task that unification grammars may fail in is the truthful modeling of
competition among different, incompatible constraints. This seems to be one of
the core mechanisms in language acquisition, and is probably best modeled with
some kind of statistical or probabilistic framework. We conjecture that stochastic
unification grammars [1,27] may be adequate for this, but we leave this direction
for future research.

1.3 Formal Approaches to Language Acquisition

Many existing theories of language acquisition focus on exploring how language
develops, applying computational learning theory to the problem of language
acquisition [62,5]. They assume a class of formal languages and an algorithm for
inducing a grammar from examples, and differ in the criterion of success (e.g.,
identification in the limit [22] vs. PAC learning [60]), the class of algorithms
the learner is assumed to apply (accounting for memory limitations, smoothness
etc.) and the class of formal languages that can be learned.

A different kind of formal approaches to language acquisition utilizes computer
simulations; this line of research is sometimes called computational approaches
to language acquisition [10]. For a discussion of such approaches and their inter-
relations with behavioral, experimental methods, see [9]. Of particular interest
is the What and why vs. how dichotomy that [9] introduces: much of the re-
search conducted under the computational framework seems to be interested in
explaining how language (in any case, certain aspects of language) is acquired.
In this work we are interested in how linguistic knowledge is organized and how
this organization develops as the child matures; in the terminology of [9], this is
a what question, which we nevertheless address formally.

The dominant nativist approach to language acquisition attempts to place it in
the context of principles and parameters theories of language [14,17]. Assuming
some form of Universal Grammar with a set of parameters that have to be finely
tuned as a particular language is acquired, [21] propose a triggering learning
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algorithm (TLA) which is aimed at setting the parameters correctly given pos-
itive examples. Some shortcomings of this algorithm were pointed out, e.g., by
[43], who propose a model with fewer assumptions and better convergence per-
formance.

In the main stream of generative approaches to syntax, a representative work
on language acquisition is [31], which attempts to answer the question “What
is the best way to structure a grammar?” and in particular to investigate “the
relation between the sequence of grammars that the child adopts, and the basic
formation of the grammar.” One of the answers of [31] is very similar to our
approach here; namely, that “the grammar is arranged along the lines of sub-
grammars... so that the child passes from one to the next.” However, [31] suffers
from two major shortcomings. First, this work is not informed by actual data: the
grammar fragments it provides are supposed to account for competence rather
than performance. In this respect, it is interesting to quote [11, p. 56–58], who
says:

“not many people know how much can be milked from mere performance
in the case of small children... [This work] is about knowledge; knowledge
concerning grammar and the meanings coded by grammar. Knowledge
inferred, of course, from performance...”

Second, [31] is, to use the terminology of [56, p. 136], “described in linguistically
specific terms such that it is very difficult to relate them to cognition in other
psychological domains”; in other words, this work is only accessible to experts
in contemporary generative approaches to syntax.

These two issues are remedied in [61]. Here, the Universal Grammar is imple-
mented as a Unification-Based Generalised Categorial Grammar, embedded in
a default inheritance network of lexical types. The learning algorithm receives
input from a corpus of spontaneous child-directed transcribed speech, annotated
with logical forms, and sets the parameters based on this input. This framework
is used as a basis for investigating several aspects of language acquisition from
data, focusing on the acquisition of subcategorization frames and word order in-
formation. However, this work is still embedded in the principles and parameters
framework, assuming a (very elaborate) universal grammar which is expressed in
unification-based categorial grammar and a large set of parameters, including 89
categorial parameters, 18 word order parameters etc. As the work focuses on the
acquisition of verb arguments, only 1517 carefully selected sentences were se-
lected and annotated (out of a much larger corpus). Most importantly, this work
concentrates on the “how” of language acquisition, discussing an architecture for
learning the lexicon and the parameters of a grammar. The focus of our work, in
contrast, is exactly on the component which [61] assumes given, namely the inter-
nal representation of the grammar, and how this grammar changes as language
develops. Our work is not committed to the full details of Government-Binding
theory (or any other linguistic theory, for that matter); rather, we expect child
grammars to naturally emerge from actual data rather than comply with pre-
defined principles. For a detailed, well-argued criticism of the nativist approach
see [54].
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Building on the work of [61], but assuming very limited innate linguistic
mechanisms (e.g., the ability to recognize objects, segment words or combine
constituents), and not subscribing to the principles and parameters discipline,
[12] proposes a computational model for first language acquisition. The model,
which infers linguistic structure from data, is statistical and can cope with noisy
input. The model is shown to outperform TLA on simple learning tasks. Again,
this works focuses on the “how” rather than the “what”.

Surprisingly, very few works address the issue of accounting for child language
data by means of formal grammars. It is worth mentioning that [11] himself
developed formal grammars for describing the utterances in his corpus. He says
(p. 56):

“...the requirement to be fully explicit and develop rules that will really
derive the sentences you have obtained forces a kind of intense examina-
tion and continuing re-examination of the data, and so is a good way to
get to know it very well....”

We do not stop at writing the grammars, and do not limit ourselves to the
goal of getting to know the data. Rather, we investigate the possible changes in
grammar as it develops and the constraints imposed on such changes. Perhaps
the closest approach to the one we propose here is [25], which sketches

“...a solution to the string-to-structure problem in first language acqui-
sition within a set of emergentist assumptions that minimizes the need
to assume innate linguistic knowledge, minimizes demands for linguistic
analysis by the language learner, and exploits the projection of lexical
properties of words. These conceptual constraints minimize the number,
complexity, and diversity of principles that have to develop in learning
a grammar.”

[25] sketches, very briefly, some milestones in language acquisition, and models
them by means of an HPSG grammar which is gradually being developed to
account for more data. The two most important principles for [25] are assuming
no innate linguistic knowledge (rather, she assumes general cognitive capabilities
such as “the ability to discriminate kinds of things”, “the capacity to add to a
store of propositional knowledge”, or “the ability to identify what is missing
when something is missing”); and proposing a monotonic theory of grammar
development, although exactly what is meant by monotonicity is not explicitly
defined.

[25] advocates the use of HPSG as the framework in which to model language
acquisition. HPSG is chosen to demonstrate the emergentist theory mainly be-
cause of its underlying architecture, in particular the use of a type signature
and, separately, a set of well-defined formal principles. The signature provides
an ontology of entities (e.g., linguistic signs), and the principles constrain and re-
strict those entities. [25] shows that it is possible to account for several stages in
child language development by means of a single mechanism: “incremental and
largely monotonic changes to a type hierarchy that constitutes an increasingly
less skeletal constraint-based grammar”.
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The main drawbacks of this work are two. First, while [25] lists several frag-
ments of the proposed HPSG grammar, those fragments are never tested and
their predictive power is never contrasted with actual corpora recording child
language use. Second, the possible changes that grammars may undergo in the
process of language development are never spelled out. Two of our goals in this
work are to remedy these problems, by providing actual grammars that can
(and are) tested against the CHILDES database corpora; and by formally defin-
ing a grammar refinement operator that will account for the possible changes in
grammar development.

2 Research Objectives

This work can be divided into two main sub-tasks: developing grammars for
representative stages of child language data; and developing grammar refine-
ment operators that will explain the possible changes in grammars as language
develops.

2.1 Grammar Development

Our departure point is the item-based, functional, emergentist theory of gram-
mar acquisition; our grammars are therefore highly lexicalized, and assume few
innate components. However, we do expect certain universal patterns to emerge
from the multilingual data that we explore, and these patterns indeed inform
and guide the development of the grammars. Faithful to the item-based model
of language acquisition, the grammars that we develop are highly lexicalized
(typed) unification grammars. As pointed out above, such grammars provide
means for expressing deep linguistic structures in an integrated way. We use the
LKB system [19] as our grammar development environment.

In the first phase we manually developed a few grammars for some represen-
tative corpora, focusing on the Eve corpus [11,39] and the Seth corpus [44,45].
In the next phase we will extend the coverage of the grammars to more corpora,
longitudinally accounting for a small number of individuals along the first few
years of language acquisition. We will consequently extend the coverage of the
grammars to cover also data in other languages, for similar language develop-
ment stages.

The grammars are all applied to the data in the corpus, producing deep lin-
guistic structures describing the syntax, but also some aspects of the morphology
and the semantics, of the utterances observed in the data. In particular, it is pos-
sible to automatically and deterministically convert the structural descriptions
produced by the grammars to the functional annotation of [51].

2.2 Grammar Refinement

A major research question that we leave for future research involves the possible
changes that a grammar can undergo as language develops; we use the term
grammar refinement to refer in general to any of several operators which may



Formal Grammars of Early Language 211

convert one grammar, accounting for some layer of language command, to a
subsequent grammar, accounting for more developed linguistic capacity. Gram-
mar refinement must have access to all the components of a grammar, and in
particular to the type signature on which a grammar is based and to the lexicon.

Current work in unification grammars focuses on issues of grammar engineer-
ing. In a recent work, [18] define the concept of signature modules for unification
grammars and show how several modules can combine through a merge op-
eration. They introduce the concept of partially specified signature (PSSs) to
abstract away from specific type- and feature-names in grammars. This work is
extended in [55], where PSSs are extended to modules, facilitating the combina-
tion of grammar fragments, which interact via an abstract interface, and which
can be combined as needed to form full grammars. While this work is prelimi-
nary, it sets the stage for several possible developments in collaborative grammar
engineering. It is also a very promising starting point for defining “core” gram-
mars which embody universal principles, and which can then be combined with
more language specific and parochial modules and constraints.

We believe that these results can provide the infra-structure for defining gram-
mar refinement operators. Operations such as splitting an existing type to several
subtypes (reflecting the child’s ability to make finer distinctions), or adding ap-
propriate features to types (reflecting a more complex representation of a given
sign), are easily definable with PSSs. Lexical acquisition can be accounted for
by means of grammar union [63,64]. Acquisition and refinement of constructions
can also be defined as changes to the type signature, following the encoding of
constructions advocated by, e.g., [50]. In sum, unification grammars in general
and those that are based on typed feature structures in particular provide suit-
able means for modeling language development; we hope to make significant
contributions to such modeling in future extensions of this work.

3 Formal Grammars of Children’s Language

In the preparation of the successive series of grammars for a single child’s lan-
guage, we are constrained by three requirements. First, we are bound to be faith-
ful to the data: the grammars must adequately account for the kind of utterances
observed in the CHILDES data that drive this research, and the structures they
induce on utterances must be compatible with the existing syntactic annotation
of [51] (henceforth, GRASP annotation). Second, our grammars must be consis-
tent with existing psycholinguistic theories which ground the formal description
in well-founded experimental and theoretical results. Formally speaking, it is al-
ways possible to provide infinitely many different grammars for any given finite
language; it is the predictions of the grammar and their theoretical adequacy
which distinguish a good grammar from a better one. Finally, the rules that
we stipulate must be learnable: one can imagine a postulated rule that is gen-
eratively adequate and psycholinguistically plausible, but unlearnable. We will
therefore strive to define grammar refinement operators that are compatible with
existing theories of learnability.
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The forces that drive grammar development are manifold; a good grammar
must simultaneously account for and generate phonological, intonational, mor-
phological, syntactic, semantic and pragmatic structures. Since this work is pre-
liminary, we are unable to provide such wealth of information, although the
framework in which we work certainly facilitates it. Two examples suffice to
delineate the types of linguistic structure that our grammars abstract over.

It is clear that intonation plays a major part in (some) children’s first utter-
ances [44]. The early speech of some children is interspersed with fillers, and
“One function underlying production of these early fillers seems to be preser-
vation of the number of syllables in and/or the prosodic rhythm of the target”
[46, p. 234]. Along the same lines, [20] proposes that “much of the null and
variable occurrence of functional categories in early speech can be more accu-
rately explained by appealing to phonological rather than syntactic aspects of
children’s developing grammars”. However, since a formal theory of phonological
and intonational structures and their interaction with other components of the
grammar, even in adult language, is still unavailable, we suppress a discussion
of these aspects in the sequel.

Similarly, [42] demonstrate that the very first utterances of children are better
understood from a functional (i.e., pragmatic) point of view: “children’s earliest
words express specific communicative function” that a focus on syntax and se-
mantics fails to analyze correctly. We believe that information structure, speech-
act and pragmatics in general are essential to understanding child language, but
our current grammars do not specify such information, which is not sufficiently
well understood to be formalized.

3.1 Preliminaries

LKB grammars consist of three main components: a signature, specifying the
type hierarchy along with constraints on types; grammar rules, which specify
phrase structure combinatorics; and a lexicon, associating feature structures with
words. The examples below use the LKB syntax, which is described in detail in
[19].

We begin with an inventory of general-purpose types, such as lists and dif-
ference lists (figure 1). These are needed mostly for technical reasons at this
preliminary stage of the grammar, so we only mention them in passing.

Next, we associate words with part of speech (POS) categories. It is clear
that children can distinguish among some different POS categories from a very
early age [30]. Several works address the question of the acquisition of POS
categories, and the psychological, neurological and computational underpinnings
of this process have been extensively investigated and described [33,34,35]. A
classification of POS categories is manifested in our grammar as in figure 2; co
is a communicator, e.g., hi, bye, okay, please, and fil is a filler, e.g., uh.

Similarly, we assume a set of grammatical relations (GRs) of the same inven-
tory that is used by GRASP [51] to annotate the corpora. In this early stage of
the grammar, we cannot assume that the child had learned any of those, so we
resort to the general specification:
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string := *top*.

*list* := *top*.

*ne-list* := *list* & [ FIRST *top*, REST *list* ].

*null* := *list*.

*diff-list* := *top* & [ LIST *list*, LAST *list* ].

*empty-diff-list* := *diff-list* & [ LIST #list, LAST #list ].

Fig. 1. General purpose types

cat := *top*.

adj := cat.

adv := cat.

co := cat.

fil := cat.

nominal := cat.

n := nominal.

prop := nominal.

prep := cat.

v := cat.

Fig. 2. Parts of speech

gr := *top*.

Furthermore, we define a structure for dependency relations. A dependency is a
triple consisting of a type, which is a GR, and a head and a dependent, which
are lexical structures:

dep := *top* &
[ GRTYPE gr,
GRDEP lex,
GRHEAD lex ].

Lexical structures consist of a string, representing the standard orthography
of the lexical item, and a GR. The string is merely a convenient abstraction
over the actual phonological structure of the word, which should be properly
modeled as an extension of the present work. The reason for the GR is that
oftentimes it is the lexical item which determines the grammatical relation of
some construction; we return to this below.

lex := *top* &
[ ORTH string,
DEP gr ].

Syntactic structures consist of a part of speech category; a sub-category,
which we take to be a list of complements; and a list of specifiers, as in HPSG.
The spr list will be used by non-heads to specify the heads they modify; it will
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either have a single element or be empty. In contrast, subcat lists are used by
heads to specify their complements and may have zero or more elements.

syn := *top* &
[ CAT cat,
SPR *list*,
SUBCAT *list* ].

Finally, we define constructions. A construction [23,24,57] is a collection of
linguistic information pertaining to the form, combinatorics and meaning of an
utterance, similarly to HPSG’s signs. In our grammars, we roughly approximate
constructions by specifying the lexical and syntactic information structures of
words and phrases, as well as a list of grammatical relations grs in lieu of seman-
tics. Additionally, the feature string lists the surface form of the construction,
as in figure 3.

construction := *top* &

[ LEX lex,

SYN syn,

GRS *diff-list*,

STRING *diff-list* ].

Fig. 3. Constructions

Of course, figure 3 only lists the very basic constructions, and sub-types of
the type construction are defined and refined as the grammar develops. For our
first grammar we can assume that two sub-types are defined, namely lexeme and
phrase; the former is associated with lexical items, whereas the latter has internal
structure, expressed via (at least) the feature dtr1, standing for ‘daughter 1’,
as in figure 4.

lexeme := construction &

[ LEX #lex,

GRS *empty-diff-list*,

STRING [ LIST [ FIRST #lex , REST #last ], LAST #last ] ].

phrase := construction &

[ DTR1 construction ].

Fig. 4. Lexemes and phrases

3.2 Earliest Language

The first grammar reflects the very first utterances recorded in the corpus; these
are usually one-word utterances and holophrases [59, p. 261]. We constructed a
lexicon of all such items which occur in the corpus; each item is associated with a
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Julie := [ LEX [ ORTH "Julie" ] ] & lex_prop .

back := [ LEX [ ORTH "back" ] ] & lex_adv .

byebye := [ LEX [ ORTH "byebye" ] ] & lex_co .

cake := [ LEX [ ORTH "cake" ] ] & lex_n .

came := [ LEX [ ORTH "came" ] ] & lex_v .

Fig. 5. Some lexical items

lex_adj := lexeme & [ SYN [ CAT adj ] ].

lex_adv := lexeme & [ SYN [ CAT adv ], LEX [ DEP jct-rel ] ].

lex_co := lexeme & [ SYN [ CAT co ] ].

lex_fil := lexeme & [ SYN [ CAT fil ] ].

lex_n := lexeme & [ SYN [ CAT n ] ].

lex_prop := lexeme & [ SYN [ CAT prop ] ].

lex_prep := lexeme & [ SYN [ CAT prep ] ].

lex_v := lexeme & [ SYN [ CAT v ] ].

Fig. 6. Sub-types of lexeme

feature structure of type lexeme, reflecting at least its orthography and syntactic
(POS) category. Some examples are listed in figure 5. The types lex prop, lex adv
etc. are defined as in figure 6.

These definitions are sufficient for handling the one-word utterances that are
observed in the first files of the Seth corpus.

3.3 The Emergence of Constructions

The next stage of language development allows for combinations of words and
holophrases. For example, the first multi-word utterances in the Seth corpus are
came in; come in; had cake; had chocolate; orange juice; and right back. We
view the latter two as holophrases, but the first four, which are augmented in
subsequent data by utterances such as Dabee toast and swing high, justify the
introduction of item-based constructions to the grammar.

Exactly how constructions are learned by children remains largely unknown
[32], and we do not attempt to address this question directly here. However,
at least three types of constructions must be supported by a formal account of
grammar development. First, basic items can be concatenated, yielding “succes-
sive single-word utterances” [6]; according to [8], these are the first indications of
syntax in speech. Second, pivot-schemas allow the combination of one highly fre-
quent “event-word” (e.g., more, It’s, I) with a variety of items. Third, item-based
constructions allow more complex and more abstract combination, in which the
construction itself adds, for the first time, to the semantics of the full utterance
[59, pp. 263-264].

Let us focus first on utterances such as came in; come in and had cake; had
chocolate. By the end of the language learning process we may want to say that
such utterances reflect verb–adjunct and verb–object relations, respectively. This
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is indeed how these utterances are annotated in the corpus. Therefore, during the
learning process the child must somehow acquire these constructions. A possible
way of stepping through this process is outlined below.

First, the grammar must allow binary combinations of words; this is captured
by the type binary-phrase, which is a sub-type of phrase. A binary-phrase has
two daughters, dtr1 and dtr2. Furthermore, the list of grs of the mother is ob-
tained by concatenating the same lists in the two daughters, and the same holds
for string. In order to distinguish between the two daughters, we introduce
the type headed-phrase, in which an additional feature, head-dtr, reflects (and
is reentrant with) the head daughter, which can be either dtr1 or dtr2. The
head daughter shares its lex structure and its main category, but not neces-
sarily its subcategory, with its mother. We next define a binary-headed-phrase,
a sub-type of both binary-phrase and headed-phrase, with an additional feature,
non-head-dtr. These definitions are given in figure 7.

binary-phrase := phrase &

[ DTR1 [ GRS [ LIST #first, LAST #middle ],

STRING [ LIST #str1, LAST #str3 ] ],

DTR2 [ GRS [ LIST #middle, LAST #last ],

STRING [ LIST #str3, LAST #str2 ] ],

GRS [ LIST [ FIRST dep, REST #first ], LAST #last ],

STRING [ LIST #str1, LAST #str2 ] ].

headed-phrase := phrase &

[ LEX #lex,

SYN [ CAT #cat ],

HEAD-DTR construction & [ LEX #lex, SYN [ CAT #cat ] ] ].

binary-headed-phrase := headed-phrase & binary-phrase &

[ NON-HEAD-DTR construction ].

Fig. 7. Binary phrases

In both verb–adjunct and verb-object constructions, the head is the first
daughter; furthermore, in both the second daughter is a dependent of the first.
We therefore define two sub-types of binary-phrase, namely head-first and dep-
second, which reflect these observations. A major difference between adjuncts
and objects is that the latter are subcategorized for by the head verb; we
define two subtypes of binary-phrase which account to this distinction: in subcat-
unchanged, the subcategorization of the mother and the head daughter are
identical, whereas in subcat1 constructions the head daughter specifies its object
argument, which is removed from the subcategorization list that is propa-
gated to the mother. With these definitions in place, obj-construction and jct-
construction are defined as in figure 8.

The only grammar rules that are needed for this elementary stage are two:
one for each type of constructions. These rules are depicted in figure 9. While the
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head-first := binary-headed-phrase &

[ HEAD-DTR #head-dtr,

DTR1 #head-dtr,

NON-HEAD-DTR #non-head-dtr,

DTR2 #non-head-dtr ].

dep-second := binary-phrase &

[ GRS [ LIST [ FIRST [ GRHEAD #dep1, GRDEP #dep2 ] ] ],

DTR1 [ LEX #dep1 ],

DTR2 [ LEX #dep2 ] ].

subcat-unchanged := binary-headed-phrase &

[ SYN [ SUBCAT #subcat, SPR #spr ],

HEAD-DTR [ SYN [ SUBCAT #subcat, SPR #spr ] ] ].

subcat1 := binary-headed-phrase &

[ SYN [ SUBCAT #rest, SPR #spr ],

HEAD-DTR [ SYN [ SPR #spr ] ],

DTR2 #head-dtr,

DTR1 [ SYN [ SUBCAT [ FIRST #head-dtr, REST #rest ] ] ] ].

obj-construction := head-first & dep-second & subcat1 &

[ GRS.LIST.FIRST.GRTYPE obj-rel ].

jct-construction := head-first & dep-second & subcat-unchanged &

[ GRS.LIST.FIRST.GRTYPE jct-rel ].

Fig. 8. Types of binary phrases

rules induce isomorphic trees on the utterances had cake and come in (figure 10),
the feature structures induces by the grammar on the two strings are significantly
different (figure 11). In fact, words such as in are categorized as adverbs for
convenience only. We do not claim that the child had acquired the category of
adverbs yet; rather, it is clear that he uses some verbs with some adjuncts, as in
come in or swing high. It is also clear that these constructions are different from,
say, had cake or had chocolate. We therefore classify “words which can follow
verbs” as adjuncts, and “nouns which can follow the verb have” as objects. Also,
the rule which allows objects to combine with verbs is general: it can apply to
any verb. It is well known that only few verbs are used in early language, and
that argument structure is acquired in an item-based fashion [24]. The rule could
therefore have been stated in terms of a particular verb, by specifically referring
to the lex feature of the verb, or to a group of verbs, by specifying a sub-type
of verb.

The first utterance in the Seth corpus which is clearly not an instance of ei-
ther the verb–object or the verb-adjunct constructions is Dabee toast (Dabee
is the child’s grandmother). We treat such utterances as vocative constructions:
the first word of the construction is a proper name, and the second is uncon-
strained. Few additions to the grammar are required in order to account for such
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vp_v_np_rule := obj-construction &

[ SYN [ CAT v ],

DTR2 [ SYN np ] ] .

vp_v_advp_rule := jct-construction &

[ SYN [ CAT v ],

DTR2 [ SYN [ CAT adv ] ] ] .

Fig. 9. Two phrase-structure rules

Fig. 10. Two trees

utterances. In a vocative construction, the head is the second daughter, and the
first word is a dependent of the second; we therefore add the types head-second
and dep-first, analogously to head-first and dep-second. Also, the resulting phrase
is saturated, as no further modification is allowed. We subsequently add a sub-
cat0 construction which specifies that the subcategorization list of the mother
is empty. A voc-construction is a sub-type of both. One rule is added, too, as
shown in figure 12.

3.4 Towards Full Syntax

The infra-structure set up above facilitates a formal account of the various types
of constructions learned at this early stage. In the first files of the Seth corpus
different kinds of multi-word utterances are observed, including Dabee toast;
swing high; Uncle Bob; bird outside; I bet; kiss it; come see me; put shoes on;
take a bite and who loves you. These phrases represent various grammatical
relations, and while some of them are pivot-based or item-based, others may be
the beginning of the emerging syntax. We describe below the extensions to the
grammar which are required to account for these new data.

Let us first account for the emergence of subjects, as in I bet. We add a
sub-type of nominal, called pronoun, of which I is an instance. We also add a
sub-type of gr, namely subj-gr. A subject construction is a special case of the
newly introduced specifier–head construction, in which the first daughter is the
specifier of the head of the second daughter, and subcat is empty and shared
between the mother and the head daughter. Also, the first constituent depends
on the second, hence the type specification and grammar rule listed in figure 13.
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Fig. 11. Feature structures of two two-word utterances

head-second := binary-headed-phrase &

[ HEAD-DTR #head-dtr,

DTR2 #head-dtr,

NON-HEAD-DTR #non-head-dtr,

DTR1 #non-head-dtr ].

dep-first := binary-phrase &

[ GRS [ LIST [ FIRST [ GRHEAD #dep2, GRDEP #dep1 ] ] ],

DTR1 [ LEX #dep1 ],

DTR2 [ LEX #dep2 ] ].

subcat0 := binary-phrase &

[ SYN [ SUBCAT *null*, SPR *null* ] ].

voc-construction := dep-first & subcat0 & subcat1 &

[ GRS.LIST.FIRST.GRTYPE voc-rel ].

vocative_rule := voc-construction &

[ DTR1 [ SYN [ CAT prop ] ] ] .

Fig. 12. Accounting for vocative constructions

We now move on to the emergence of determiners, as in take a bite. We need
an additional sub-type of cat, namely determiner, and an additional sub-type
of gr, namely det-rel. Like subjects, determiner are specifiers of their heads, but
unlike subjects they specify the category of their heads in their lexical types, as
shown in figure 14.
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spr-head := binary-headed-phrase & dep-first &

[ SYN [ SUBCAT #subcat & *null*, SPR *null* ],

HEAD-DTR #head-dtr & [ SYN [ SUBCAT #subcat ] ],

DTR1 #spr-dtr,

DTR2 #head-dtr & [ SYN [ SPR [ FIRST #spr-dtr ] ] ] ].

subj-construction := spr-head & [ GRS.LIST.FIRST.GRTYPE subj-rel ].

s_np_vp_rule := subj-construction &

[ SYN clause,

DTR1 [ SYN np ],

DTR2 [ SYN [ CAT v ] ] ] .

Fig. 13. Accounting for subject constructions

det-construction := spr-head & [ GRS.LIST.FIRST.GRTYPE det-rel ].

lex_det := lexeme &

[ SYN [ CAT det, SPR [ FIRST [ SYN np ], REST *null* ] ] ].

np_det_n_rule := det-construction &

[ SYN np,

DTR1 lex_det,

DTR2 lex_n ] .

Fig. 14. Accounting for determiner constructions

The trees induced by the grammar on I bet and take a bite are depicted in
figure 15. Of course, with the available constructions the grammar can generate
more complex structures, such as I take a bite, which are not observed in the data
at this early stage. We take this to be a performance constraint on grammatical
competence, which is better realized by limiting, e.g., the length of the utterances
or the degree of tree nesting.

Immediately after the appearance of determiners, quantifiers are observed in
the data in very similar constructions: some toast, some juice. In addition to
the introduction of the types qn (a sub-type of cat) and quant-rel (a sub-type
of gr), no additional construction type is needed. Rather, we specify quantifiers
lexically analogously to determiners, and add a designated rule which is almost
identical to the determiner rule, see figure 16.

Another construction that is observed in this early stage involves communica-
tors : words such as hi, oh, please or yes, followed by some other short utterance,
as in oh good or please Daddy. These are accounted for by the introduction of a
new sub-type of gr, namely com-rel ; a new construction type, com-construction;
and an additional rule, depicted in figure 17.

At a very early age children begin to develop more complex syntactic struc-
tures. Seth, for example, produces an interrogative construction at the age of
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Fig. 15. Two more trees

lex_qn := lexeme &

[ SYN [ CAT qn, SPR [ FIRST [ SYN np ], REST *null* ] ] ].

np_qn_n_rule := det-construction &

[ SYN np,

DTR1 lex_qn,

DTR2 lex_n ] .

Fig. 16. Accounting for quantifiers

com-construction := head-second & dep-first & subcat1 &

[ GRS.LIST.FIRST.GRTYPE com-rel ].

communicator_rule := com-construction &

[ DTR1 lex_co

] .

Fig. 17. Accounting for communicator constructions

twenty months. It is what geese say, whose meaning can be interpreted from the
following utterance in the corpus: his father repeating what do the geese say? In
what follows we provide an account of such constructions, inspired by the HPSG
treatment of “movement”, or transformations, using slash categories.

First, we split the type pronoun into two sub-types, pers-pro and wh-pro,
distinguishing between personal and interrogative pronouns, respectively. We
similarly split lex-pro into lex-pers-pro and lex-wh-pro. Also, in order to limit
the extraction of the object in utterances like what geese say to transitive verbs
only, we define the type lex-trans, which is a sub-type of lex-v which has a single,
noun phrase element on its subcat list.

Next, we augment the type construction by adding a feature slash, whose
value is a list. We expect at most one element on slash lists, an instance of the
type slash:
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slash := *top* &
[ CONST construction,
SLASH-DEP dep ].

When an expected argument is “moved”, as in the case of the object of say in the
running example, it is removed from the subcat list of its mother and stored
in the slash list. This is accounted for by gap constructions. Such elements
are expected to be realized higher up the tree as wh-pronouns; they are then
matched against the stored element in the slash list of the second daughter,
through the filler construction. These two constructions, along with some ad-
ditional supporting types, are depicted in figure 18 (some additional, minor
modifications are required in the grammar in order to propagate the value
of the slash feature along the derivation). The resulting tree is depicted in
figure 19.

4 Evaluation

In order to evaluate the plausibility of the grammars, we extracted from the
structures that they induce on child utterances the sequence of grammatical
relations, and compared them to the manual GRASP annotations. We briefly
describe the methodology and discuss the results of the evaluation in this
section.

unary-phrase := phrase &

[ DTR1 [ GRS #grs, STRING #str ],

GRS #grs,

STRING #str ].

unary-headed-phrase := headed-phrase & unary-phrase &

[ HEAD-DTR #dtr,

DTR1 #dtr ].

gap := unary-headed-phrase &

[ SYN [ SUBCAT #rest, SPR #spr ],

SLASH [ FIRST [ CONST #missing-dtr,

SLASH-DEP [ GRTYPE obj-rel ] ] ],

DTR1 [ SYN [ SUBCAT [ FIRST #missing-dtr, REST #rest ], SPR #spr ] ] ].

filler := head-second & dep-first &

[ DTR2 [ SYN #syn, SLASH [ FIRST [ CONST #dtr,

SLASH-DEP [ GRTYPE #grtype ] ] ] ],

DTR1 #dtr & [ SYN [ CAT wh-pro ] ],

SYN #syn,

GRS.LIST.FIRST.GRTYPE #grtype ].

Fig. 18. Gaps and fillers
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Fig. 19. Filler-gap constructions

First, we manually annotated a subset of the Seth corpus, focusing only on
child utterances and ignoring any adult ones, using the GRASP scheme. We
then extracted from this subset only those utterances that are well-formed, i.e.,
include only words which occur in the lexicon (as opposed to filler syllables, un-
recognized sounds etc.) These 516 utterances constitute our development corpus.
We then parsed the utterances with the set of grammars described above. From
the resulting feature structures we extracted the values of the grs feature, and
converted them to GRASP format.

Table 1 lists the number of errors of the parser, in terms of unlabeled and
labeled dependencies, with respect to the manually annotated corpus. Since the
corpus contains many repetitions we present both the number of utterance tokens
(total) and the number of utterance types (unique occurrences).

Table 1. Evaluation results, development set

# utterances # of GRs Grammar Errors
File unlabeled labeled

# % # %
0a tokens 107 234 48 21 48 21
0a types 38 82 6 7 6 7
1a tokens 108 223 3 1 7 3
1a types 38 79 3 4 5 6
2a tokens 115 247 16 6 18 7
2a types 45 105 13 12 15 14
2b tokens 68 142 12 8 12 8
2b types 30 64 6 9 6 9
3a tokens 118 240 0 0 0 0
3a types 34 72 0 0 0 0
Total tokens 516 1086 79 7.9 85 7.8
Total types 185 402 28 6.9 32 7.9
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5 Conclusion

We presented a sequence of grammars which adequately cover the first stages of
the emergence of syntax in the language of one child. The structures produced
by the grammars were evaluated against a manually annotated corpus, revealing
a low error rate (below 10%). These are preliminary results, and the evaluation
is very basic, but we believe that the results are promising.

Space considerations prevent us from listing the complete grammars. However,
we note that the changes introduced in each grammar, compared to the previous
one, consist only of two operations: adding types, by splitting a single type to two
or more sub-types; and adding constraints on types, in the form of additional
features or reentrancy constraints. This is an encouraging outcome: in a very
well-founded, mathematical sense, our grammars are monotonically increasing.

This preliminary work will be continued in three main tracks. First, we intend
to continue the development of the grammars, accounting for more constructions
and evaluating the accuracy on the entire Seth corpus, as well as on other man-
ually annotated child language corpora. Second, we will develop mechanisms of
grammar engineering that will facilitate both the definition of refinement oper-
ators and the modular development of sequences of grammars. Finally, we will
account for competition among constraints, setting the stage for a theory which
could also explain how these grammars can be learned from data.
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Abstract. We present a new hybrid BDD and SAT-based algorithm
for model checking. Our algorithm is based on backward search, where
each pre-image computation consists of an efficient All-SAT procedure.
The All-SAT procedure exploits a graph representation of the model to
dynamically prune the search space, thus preventing unnecessary search
in large sub-spaces, and for identifying independent sub-problems. Apart
from the SAT mechanisms, BDD structures are used for storing the input
to, and output of the pre-image computation. In this way, our hybrid
approach enjoys the benefits of both worlds: on the one hand, basing
the pre-image computation on SAT technology avoids expensive BDD
quantification operations and the corresponding state space blow up. On
the other hand, our model checking framework still enjoys the advantages
of symbolic space reduction in holding intermediate images. Furthermore,
our All-SAT analyzes the model and avoids redundant exploration of sub-
spaces that are completely full with solutions, paying in these cases for
the instantiation of a single assignment only.

We implemented our algorithm using the zChaff SAT solver and the
CUDD BDD library. Experimental results show a potential for substan-
tial improvement over existing model checking schemes.

1 Introduction

This work presents a hybrid, symbolic model checking algorithm for temporal
safety properties, composed of both BDD and All-SAT procedures. This algo-
rithm exploits the strengths of both BDD-based and SAT-based approaches,
while trying to avoid their respective drawbacks. In addition to the common
representation of the model being checked as a CNF formula or as a BDD struc-
ture, we also make use of a graph representation, which we use to prune the
search space and improve performance in several ways.

We first suggest an efficient implementation of the pre-image computation
using the All-SAT procedure. We then use the pre-image computation in a
backward search algorithm to perform full model checking of temporal safety
properties. The resulting algorithm uses BDDs for all operations, except for the
pre-image computation, where the All-SAT method is used instead.

SAT-based methods for image and pre-image computation [1,2,3] are based on
All-SAT engines, which return the set of all the solutions to a given formula (all
satisfying assignments). The All-SAT engine for pre-image computation receives
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as input a propositional formula describing the application of a transition relation
T to a set of “next-states” S′. The resulting set of solutions represents the pre-
image of S′, which is the set of all predecessors for states in S′, also referred to
as “current-states”.

Most modern SAT solvers implement the DPLL [4] backtrack search. These
solvers learn and add conflict clauses to the formula in order to block searching
in subspaces that are known to contain no solution. SAT solvers also implement
efficient Boolean propagation procedures, as in [5]. However, when used for model
checking, these algorithms do not make use of available knowledge about the
structure of the model which is being checked. Thus, SAT-based model checking
still suffers from the exponential complexity of search procedures that explore
too many potential assignments.

In this paper we propose an All-SAT algorithm that makes use of two repre-
sentations of the model’s transition relation T : a propositional CNF formula and
a graph of the hardware gates. We exploit the two representations for efficient
search in the pre-image computation: the CNF representation is used for the
usual backtrack search of SAT algorithms, whereas the graph representation is
used to extract information about the structure of the design. We dynamically
modify the graph representation according to the currently searched sub-space,
thus exploiting more information than by static analysis of the model.

Our algorithm uses the information extracted from the structure of the model
to do the following:

i Process whole sets of next states instead of processing them one by one,
unlike other All-SAT based image/pre-image algorithms [1,2,6,3].

ii Each set of next-states is represented by a partial assignment to the next-
state variables. The values of these variables are determined by only a sub-
set of the current- state variables in the CNF representation of the model.
In every iteration of the model checking, when pre-image computation is
performed, our algorithm assigns values only to this significant subset of
variables. This Dynamic Transition Relation is obtained by our algorithm
without computational overhead.

iii Similar to [2,7,8,9,10,11], our algorithm uses the graph representation of the
model to find partial assignments to the current state variables, instead of
complete ones, thus saving time and space. However, unlike other works, the
required analysis of the graph transition relation is carried on-the-fly, costing
O(1) operations for the branching procedure.

iv Detect independent sub-spaces and solve them independently.
v Detect sub-spaces where solving SAT instead of All-SAT problem is sufficient.

Built on top of a SAT algorithm, our All-SAT algorithm benefits from the
mechanisms incorporated in the original SAT algorithm for learning conflict
clauses. Moreover, when used for pre-image computation, our All-SAT algorithm
is capable of learning conflict clauses incrementally. Thus, in each iteration of
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the backward search model checking, the algorithm exploits the knowledge that
was gained in earlier iterations.

The set of states S′ is given to the All-SAT engine in the form of a BDD.
Similar to [12], our All-SAT algorithm stores the negation of the solutions which
were already found in a BDD structure. Consequently, both S′ and S, the input
and the output of our All-SAT algorithm, consist of BDD structures only. This
allows us to easily use the All-SAT algorithm in the BDD based model checking
algorithm.

The rest of the paper is organized as follows: In Section 2 we describe our
hybrid All-SAT algorithm for pre-image computation. In Section 3 we show how
to employ it for full model checking. In section 4 we present our experimental
results, and in Section 5 we discuss related work.

2 Hybrid BDD and All-SAT Method for Pre-image
Computation

In this section we describe our algorithm for an All-SAT-based pre-image com-
putation. This algorithm is based on the DPLL backtrack search [4] and uses
conflict clause learning. Apart from the CNF description of the problem, the
algorithm uses a graph representation of the model’s transition relation. The
added information about the structure of the model is used to speed up the
search by reducing the number of solutions which are instantiated.

2.1 Pre-image Computation

In Section 3 we describe the model checking algorithm. In order to implement it
using SAT methods, we have to build an All-SAT engine which will perform the
pre-image computation. This engine should find all the assignments to x which
are solutions to the formula

ϕ(x) = ∃x′∃I[T (x, I, x′) ∧ S′(x′) ∧ ¬S∗(x)] (2.1.1)

T is the transition relation, defined over the current-state variables x, the inputs
I, and the next-state variables x′. S′ is the given set of next-states, and S∗ is
the set of previously found states. Each solution for this formula represents a
current-state x, which is not in S∗, and is a predecessor of some state in S′. The
fact that x is not in S∗ implies that the algorithm finds only states which were
not found before. In our model checking algorithm, S′ and S∗ are given to the
All-SAT algorithm as BDDs, and T is given both in CNF and as a graph (see
below). The set of solutions S(x) is returned as a BDD.

2.2 Justification of Assignments

The input to our All-SAT algorithm is a transition relation of a hardware
model which is given in some hardware design language. This transition relation
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describes the values of the next-state variables x′, and is given as a partitioned
transition relation [13]. That is, T is a set of functions fi, such that, x′

i = fi(x̃i, ˜Ii)
for some x̃i ⊆ x and ˜Ii ⊆ I. For x′

i ∈ x′, the cone of influence of x′
i, Cx′

i
, is

Cx′
i
= x̃i ∪ ˜Ii.

A partial assignment b′ to C′
x′

i
⊆ Cx′

i
justifies an assignment a to x′

i if for every
extension b of b′ over all the variables in Cx′

i
it holds that, a(x′

i) = fi(b(Cx′
i
)).

b′ represents all the assignments to Cx′
i

that agree with b′ on the assignment to
C′

x′
i
. We say that a partial assignment b′ maximally justifies a if b′ justifies a,

and for any variable which is assigned by b′, removing it from b′ will make b′ not
justify a anymore. Note that such an assignment is not unique.

Recall that we are looking for all the assignments to x which can be extended
to a solution (satisfying assignment) of the formula T (x, I, x′)∧ S′(x′)∧¬S∗(x)
(see Equation 2.1.1). Therefore, we are actually looking for all the assignments
to x for which there is an assignment to I such that they justify some assignment
to x′ ∈ S′. The assignments to x should also not conflict with ¬S∗. We discuss
the last constraint later.

We find these assignments to x by finding all the justifying assignments for
all the assignments in S′ that differ on the assignment to x. First we describe
a SAT based algorithm for finding a single maximally justifying assignment to
x∪I, for a given assignment in S′. We then describe an All-SAT based algorithm
which finds all the maximally justifying assignments to x ∪ I that differ on the
assignment to x, for a single assignment in S′. Last, we extend it to find all the
maximally justifying assignments to x ∪ I that differ on their assignment to x,
for all of the assignments in S′.

2.3 Transition Relation Graph

The transition relation T (x, I, x′) can be presented as a DAG, where the roots
are the next-state variables x′, and the terminal nodes are the current-state and
input variables x and I. Each internal node in the graph is associated with an
auxiliary variable and a Boolean operator. It corresponds to a subexpression
of the function that defines the transition relation. The value of a node is the
result of applying it’s corresponding operation on its successors. Such a graph
is equivalent to the RTL description of the hardware model. We refer to this
graph as Transition Relation Graph (TRG), and to a node in it by its variable.
The graph in Figure 1(a) corresponds to the partitioned transition relation:
x′

1 = (x1 ∧ (x2 ∧ i3)) ∨ ((x2 ∧ i3) ∨ i2) and x′
2 = i3 ∨ i1.

The CNF representation of the transition relation is constructed from its
hardware design language, in a manner similar to the TRG [14]. For each node
in the TRG, the CNF representation has a corresponding variable, and clauses
which describe the node’s Boolean operation. Thus, we have two representations
for the transition relations, which are closely related and therefore it is easy to
switch between them.
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Figure 1. Transition Relation Graph. (a) A TRG. x = {x1, x2}, I = {i1, i2, i3}, x′ =
{x′

1, x
′
2}. v1, v2 and v3 are auxiliary variables representing the sub-expressions of the

transition relation. (b,c) Two maximally justifying assignments that differ only in the
assignments to I.

2.4 Maximally Justifying a Given Assignment to x′

In this section we describe a SAT based algorithm which uses the TRG for
pruning the search space for a SAT engine, such that it finds a single maximally
justifying assignment to x ∪ I, for a given assignment to x′. The assignment to
x′ is given as an initial partial assignment to the SAT solver before the search
begins.

We introduce a new branching procedure into a SAT solver. This procedure
uses the TRG to decide which variable to assign next as part of the regular
DPLL. The branching procedure also detects that a solution is found. The rest
of the search algorithm is not changed, and uses the CNF representation of
the problem. In particular, deduction of conflict clauses and detection of empty
subspaces are performed as in [3], and the efficient bcp() procedure of the original
SAT solver is used. Throughout the rest of this paper, we use the term backtrack
to refer to the backtrack of the SAT algorithm in the search tree, as opposed to
the operations performed on the TRG.

We generalize the notion of cone of influence of a node v in TRG by setting
Cv to be the set of all descendants of v.

Our new branching procedure is a variation of [15]. It performs a traversal of
the TRG, assigning the variables with values in a pre-order manner. Each x′ ∈ x′
is a root in the TRG. For a given root, our branching procedure only assigns
values to the root’s descendants that are needed in order to justify its value,
leaving the other descendants unassigned. Each branch justifies the previous one
until a maximally justifying assignment is found. The next branches are made
such that they justify the next root and so on.

More specifically, assume that the branching level i gives a value to a node v
in the TRG. In branching level i + 1, the branching procedure assigns a value
to one of its successors v1, such that it justifies the value of v, and removes the
edges to the other successors from the graph. For example, if v is associated with
the “AND” operator and its value is 0, we assign 0 to one of its successors and
disconnect the others. When a new branch is required at level i+2, we continue
the traversal of the TRG over the connected successors only, trying to justify
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v1. When backtracking in the SAT search space, we also go backwards in the
traversal of the TRG. If we backtrack to branching level i + 1, we change the
value of v1 as in regular DPLL. The next branch, at level i + 1, will assign a
value to v2, another successor of v, which justifies the value of v. In this manner,
we can justify all the roots of the TRG.

We conclude that a justifying assignment was found when we complete the
traversal of the connected components of the TRG, starting from each of the roots.
This is opposed to satisfying all the clauses of the CNF formula, or assigning val-
ues to all of the variables, as in regular SAT procedures. The returned result is
the partial assignment to x ∪ I, obtained at the termination of the algorithm.

Consider a partial assignment to x∪I returned by the algorithm. The branch-
ing procedure only traverses the parts of the TRG that are required to justify the
assignment to x′. Therefore, each value in the partial assignment takes part in
the justification, and removing it would make the partial assignment not justify-
ing the assignment to x′ anymore. Therefore, this partial assignment maximally
justifies the assignment to x′, and thus we have found the required result.

2.5 All Justifications for a Given Assignment to x′

Let a solution for a given assignment a′ to x′ be an assignment to x, for which
there is some assignment to I, such that they justify a′. In this section we describe
an algorithm for finding all the solutions for a given a′.

Note that any extension of a maximally justifying assignment in which all the
variables in x have a value, is a solution for a′. Thus, a maximally justifying
assignment actually represents a set of solutions to a′.

We build an All-SAT algorithm on top of the SAT algorithm presented in the
previous section, in order to find all the maximally justifying assignments to x,
and thus find all the solutions to our problem. This algorithm uses a blocking
BDD Snot(x), as in [12]. When a solution is found by the SAT algorithm, we
consider its projection a over x. The conjunction of the literals in a are negated
and conjuncted with Snot(x). The SAT algorithm backtracks one level, and
the search is resumed. We use the procedure BDD agree(Snot(x)) [12] in order
to check the solutions during their creation, making sure that they agree with
Snot, meaning that they were not produced before. Thus, this procedure blocks
the solver from finding the same partial assignment to x again. The algorithm
terminates when no new solution is found.

Next we explain the reason for using only the projections of the solutions over
x in the blocking BDD. Each maximally justifying assignment which is found
by the algorithm is a partial assignment to x ∪ I. However, multiple maximally
justifying assignments might give the same assignments to the variables in x, and
differ in the assignment to variables in I only. This is demonstrated in Figure
1(b,c). Moreover, we might reach the same maximally justifying assignment by
choosing different values to the internal nodes in the TRG. However, we are
only interested in all the maximally justifying assignments which differ on their
assignment to x. Therefore, we use only the assignments to variable in x for
blocking future solutions.
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Note that Snot is defined over x, which typically constitute about 10%
of the total number of variables [16]. This reduces the overhead of using
BDD agree(Snot). Note, also, that by constructing Snot, we actually get for
free the BDD S(x) of the solutions to the problem. This is because S = ¬Snot,
which is obtained by an O(1) operation. Thus, the algorithm results in S(x), as
required.

2.6 Justifying All the Assignments to x′

In the previous section we showed how to find all the solutions for a given
assignment to the next-state variables. In this section we find all the solutions
to all of the partial assignments represented by a given BDD S′(x′). The All-
SAT algorithm then returns all the maximally satisfying assignments of all the
assignments in S′, which is the solution to our problem.

We exploit the fact that S′(x′) is given as a BDD. The assignments to x′
are represented by paths from the root of the BDD to the terminal node ’1’. In
Figure 2(a,b) we show a BDD and its corresponding assignments. For a path π
in S′(x′), v(π), the set of variables in π, is a subset of x′. We can refer to π as
an assignment to v(π). Note that the branching procedure presented in previous
sections is applicable also to partial assignments to x′.

We now show how to introduce all the possible π in S′ into the All-SAT solver.
If we reverse the direction of the edges in S′, and traverse it in a DFS-like man-
ner, starting from the terminal node ’1’, we will get all the paths from the root
of S′ to the terminal node ’1’ in reverse order. The value of a node on the path is
’1’ if we reached it from its ’right’ successor, and ’0’ otherwise. A straightforward
approach for finding the maximally justifying assignments for the paths in the
BDD is to apply the algorithm given in the previous section for each π found in
the DFS. However, this may cause unnecessary duplicated work. For example,
consider two assignments to x′, π1 = {x′

1, x
′
2, x

′
3} and π2 = {x′

1, x
′
2,¬x′

4}. Ap-
plying this approach over these assignment would require justifying x′

1 and x′
2

twice, once for each assignment to x′.
In order to avoid the repetition, we integrate the DFS of the BDD into the

All-SAT branching procedure. At branching level i + 1, if the branch in level
i is not justified yet, the branching procedure uses the TRG for choosing an
assignment to a variable that will justify the branch at level i. This is done as
described in the Section 2.4. Otherwise, if there is no unjustified branch, then
a value for one of the (unassigned yet) roots of the TRG is chosen, based on
the DFS over the BDD. When backtracking in the All-SAT procedure, we also
backtrack in the DFS over the BDD of S′ respectively. We demonstrate this
procedure in Figure 2(c,d).

By integrating the DFS with the branching procedure, the All-SAT algorithm
assigns x′ with all possible assignments corresponding to some π in S′, and
them only. Since π corresponds to a partial assignment, some of the TRG roots
will not be assigned and therefore will not have to be justified. As a result,
only the parts of the TRG which are reachable from the assigned roots are
traversed, and work is saved. This is similar to using dynamic transition relation,
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π1 : ¬x4¬x2, x1

a1,1 : ¬x4,¬x3,¬x2, x1

a1,2 : ¬x4, x3,¬x2, x1

π2 : ¬x4,¬x3,¬x1

a2,1 : ¬x4,¬x3,¬x2,¬x1

a2,2 : ¬x4,¬x3, x2,¬x1

(b)
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F
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IG
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x4=0 x3=0 x2 x1=0

(d)

Figure 2. (a) A BDD representing S′(x′). Solid lines represent the ’right’ successor of
a node, while dashed lines represent the ’left’ successor of a node. (b) The assignments
corresponding to the paths from the root to the terminal node ’1’. (c) A,B...F are the
branching sequence of the All-SAT. Branches A,C, and E are imposed on the All-SAT
engine by the DFS over the BDD. B,D and F represent the branches which are made
for justifying A,C and E respectively. (d) After we backtrack, branch G corresponds to
the DFS search, followed by branching sequences H,I and J. The justification of x4 is
performed only once.

as explained in the next section. Altogether, the All-SAT algorithm receives
partial assignments, representing sets of next-states (from S′) and returns partial
assignments, representing sets of current-states.

2.7 Optimizations

The incorporation of the TRG into the All-SAT solver allows us to apply ad-
ditional optimizations on the search. In this section we describe how the infor-
mation extracted from the TRG is used in order to detect independent sub-
problems, and to reduce All-SAT sub-problems to SAT problems.

Independent Roots
For a node v in the TRG, and for G, a sub-graph of the TRG, we say that v is
the root of G if G consists of exactly v and all of its descendants. We say that v
is an Independent Root of G if v is the root of G, and all the paths from outside
of G into G pass through v. That is, For every v1, an ancestor of a vertex v2 ∈ G,
v1 is either a descendant of v, or v is on all the paths v1 � v2. This property can
be decided statically before starting the All-SAT solving process. However, when
using the TRG for branching during the search, we detach nodes that are not
required for justifying the current assignment. When backtracking in the All-
SAT procedure, we reattach these nodes. Therefore, independent roots should
also be detected dynamically during the solving process. Terminal nodes in the
TRG are, by their definition, independent roots. We call a maximally justifying
assignment to the terminal nodes in G, for an assignment to v, a solution in G.
In Figure 3(a), only the terminal nodes are independent roots.

For a node v which is an independent root of a subgraph G, all the nodes
in Cv are in the cone of influence of no other node outside of G. Therefore, the
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assignment to these nodes have no effect outside of G that is not expressed in
the value of v. For a given assignment to v, finding all the justification for it
is independent of the rest of the nodes in the TRG. Therefore, when we reach
an independent root, we can solve the All-SAT problem of its corresponding
sub-graph independently of the rest of the TRG. The solutions of the complete
problem are the product of the partial solutions. In Figure 3(b), the edge from x′

2

to i3 is detached, and v3 becomes an independent root. Thus, for any assignment
to v3, i3 and x2 should be assigned so that they justify it, regardless of the
assignments to other variables.

A node which is found to be an independent root by the static analysis of the
TRG, is always an independent root, regardless of the current assignment. On the
other hand, a node which was dynamically found to be an independent root, is
only independent in the context of the current assignment. This is demonstrated
in Figure 3(a,b).

We now describe an algorithm for statically determining if a node v0, a root
of a subgraph G, is an independent root. The algorithm performs a DFS over
G, starting form v0. For each node v ∈ G, the algorithm counts the number of
edges into v which are reachable from v0.

The score of a node v is the number of edges into v or into all of its descendants,
which are not on a path from v0. Thus, the score of v0 is the sum of all the
edges into G which are not reachable from v0. If the score of v0 is 0, then v0

is an independent node. For complete static analysis, we have to perform this
algorithm on each node in the TRG separately. This is an O(|TRG|2) operation,
which has to be done once, prior to the solving process.

In order to dynamically find independent roots, we use the score which was
calculated in the static analysis. During the solving process, edges are removed
from the TRG, or added to it, in correspondence to the current assignment.
When an edge into a node v is removed, or put back, we decrease/increase the
score of v respectively, and notify all the predecessors of v. Each notified node
updates its score, and notifies its predecessors, until all the ancestors of v are
notified. A node updates its score no more than once for each change in the
graph, even if it is notified of it by more than one decedent. This operation
involves all the ancestors of the v.

Note that there is a tradeoff between the time spent on dynamically detecting
independent roots and the time saved on solving subproblems independently.

Non-important Roots
We call a node v in the TRG is a non-important root if it is an independent root
of a sub-graph G, where all the terminal nodes are in I. As with independent
roots, this property can be decided statically or dynamically. In Figure 3(a), only
the terminal nodes of the input variables are non-important roots. In Figure 3(b),
v3 is a non-important root.

For a node v which is a non-important root of a subgraph G, v is, by its
definition, an independent root. Therefore we can solve the All-SAT problem of
G independently on the rest of the TRG. Moreover, recall that we search for
partial assignments to x for which there is some assignment to I such that they
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justify the current assignment to x′. Since all terminal nodes in G are in I, we
only have to find a single assignment to these nodes which justifies the current
value of v. Consequently, it is enough to solve the SAT problem once for G, with
the current value of v.

A node v that is found to be a non-important root of a sub-graph G by the
static analysis of the TRG, is always a non-important root, regardless of the
current assignment to the rest of the variables. Therefore, we can solve the SAT
problem for G to justify the values ’true’ and ’false’ for v only once, on the first
time that they are required, store the result, and reuse it when v is reached
again.

The static detection of non-important roots is straightforward. For each v in
the TRG, we perform a DFS from v, counting v.scope, the number of current-
state variables reachable from v. If v is an independent root, and v.scope = 0,
then v is a non-important root. This is an O(|TRG|2) operation, which has to
be performed once, at the beginning of the checking process.

For a node v we use v.scope, calculated in the static analysis, for dynamic
detection of non-important roots. During the solving process, if a current-state
variable is given an assignment, we notify all its ancestors to decrease their
scope, as with the independent roots. When the All-SAT algorithm backtracks
and nullifies an assignment to a current-state variable, we notify its ancestors
to increase their scope. At any given moment, an independent root v for which
v.scope = 0 is a non-important root. This operation involves all the ancestors
of the current-state variable, and yields an under approximation of the non-
important nodes in the TRG. As with independent roots, there is a tradeoff
between the time spent on dynamically detecting non-important roots and the
time saved on solving SAT instead of All-SAT subproblems.

It is important to note that SAT and All-SAT subproblems that originate
from independent and non-important roots can be solved within the same SAT
solver without the need to duplicate the formula or parts of it. This is because
our algorithm does not identify a solution when all clauses are satisfied. Instead,
it identifies it when all its branches were justified and no additional branches are
required.

3 Model Checking Using Hybrid Pre-image Computation

3.1 Model Checking

The algorithm presented in Figure 4 describes a backward search for model
checking a formula of the form AGp. When this algorithm is implemented with
BDDs, its bottleneck is the pre-image computation performed on line 7. This
is because intermediate results of this operation might be one or two orders of
magnitude larger than the initial and resulting BDDs. In order to avoid this
problem we use our hybrid approach. S0,¬P, S∗ and new are represented as
BDDs. The operations in lines 3, 4 and 6 of the algorithm are performed directly
on their BDD representation. The pre-image operation, on the other hand, is
performed with the hybrid All-SAT algorithm, which solves Equation 2.1.1, in
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Figure 3. Independent and Non-Important Roots. (a) Only the terminal nodes are
independent roots. The terminal nodes of input variables are the only non-important
roots (b) After the assignment to x′

2 and i1, x′
1 and v3 are also independent roots. v3

is also a non-important root.

Pre-image computation
(line 7) is performed only
for the newly found states,
in order not to find the
predecessors of a state
more than once.
The algorithm returns
’TRUE’ if M |= ϕ, and
’FALSE’ otherwise.

ModelCheck(S0, T,¬P )
1) S∗ ← φ
2) new← ¬p
3) while (new �= φ) {
4) if new ∩ S0 �= φ
5) return FALSE
6) S∗ ← S∗ ∪ new
7) new ← pre-image(new) \ S∗

8) }
9) return TRUE

Figure 4. Model Checking Algorithm for AGp

which S′ is replaced with new. We describe two optimizations which originate
from our approach.

3.2 Dynamic Transition Relation

Given a set S′(x′), in order to apply a pre-image to S′, only a subset of formulae
of the partitioned transition relation Ti ⊆ T should be involved in the compu-
tation. This subset includes those functions that define the next value for some
variables in the support of S′. The reduced transition relation is called dynamic
transition relation, since it is defined dynamically for each S′. Dynamic transition
relations are used as an optimization in BDD computation of pre-image.

We further enhance this method by using the TRG and the BDD of S′ for
branching in the All-SAT process. For each path π in the BDD of S′, our branch-
ing procedure considers only the subset of T which is necessary for justifying the
assignment induced by π. Thus, we actually use different parts of the transition
relation for different subsets of states in S′. This is achieved without computa-
tional overhead.



Hybrid BDD and All-SAT Method for Model Checking 239

3.3 Incremental Learning

For pre-image computation, we apply our All-SAT algorithm on T, S′ (where
S′ = new) and S∗. Only T is given to the algorithm as a CNF formula. Therefore,
the formulae given to the SAT solver in different iterations are identical. As
a result, conflict clauses that are learned from the transition relation in one
iteration can be used in subsequent ones, thus contributing to the speedup of
the SAT solver.

4 Experimental Results and Conclusions

We implemented our algorithm on top of zChaff SAT solver [5], and CUDD
BDD library [17]. zChaff is a state of the art SAT solver, known to be one of the
fastest solvers available. CUDD is a BDD library, common in many BDD based
applications. Both zChaff and CUDD are open source tools, which allowed us to
interface them with the graph representation of the transition relation.

There are many optimizations common in model checking that are not incor-
porated in our prototype implementation. Thus, for the sake of a fair comparison,
we also implemented a model checking framework that is based on BDD back-
ward search. This framework uses partitioned transition relation, and computes
the cone of influence for the properties that are checked.

For experiments we used ISCAS89 and ISCAS99 benchmarks, which are large
”real-life” problems. We checked each model against a set of properties of the
form AGp, using the hybrid and the BDD based tools. All experiments use
dedicated computers with 1.7Ghz Intel Xeon CPU, and 1GB RAM, running
Linux operating system.

The results of our experiments are presented in Table 1 and Table 2. In or-
der to mask initialization effects, we omit the results for the smaller models
which take only a few seconds to solve. For each model and property, the tables
show the number of iterations of the backward search which were completed by
each tool, until either the checking is completed, timeout is reached, or memory
out is reached. The tables also show the computation time for each completed
check, the memory usage, and the percentage of the run time that was spent on
quantification.

While the hybrid tool does not consistently outperform the BDD model
checker, in half of the models it does better than the BDD tool for almost
all the properties checked. In some cases where checking is not completed, the
hybrid tool is able to perform the same number of pre-image iterations faster, or
even perform more pre-image iterations. In most of the cases where none of the
algorithms outperformed the other, the hybrid algorithm required less memory
than the BDD algorithm.

For many of the models, the BDD tool suffers memory exhaustion while the
hybrid tool continues until timeout, and even succeeds to complete additional
iterations. This demonstrates the inherent space problem of BDDs that is dis-
cussed in Section 3.1: when performing quantification, intermediate results of a
single pre-image computation commonly blow up to an order of magnitude larger
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Table 1. A Comparison of Model Checking Run Times. #FF is the number of state
variables, #It is the number of pre-image steps completed, Quant is the percentage of
time spent on quantification, and Mem is the size of the memory used by the tool in
MB. Time out is set to 24hr, and Memory limit is 1GB.

           BDD Hybrid

No Op Op 1           Op1 + Op2

Model # FF Result # It Time (s) Mem Quant # It Time (s) Quant # It Time (s) Quant # It Time (s) Mem Quant

fail 8 527 31 60 8 500 50 8 436 43 8 423 29 41

fail 2 143 15 13 2 183 40 2 187 41 2 193 18 43

fail 3 10 5 20 3 0 10 3 0 5 3 0 3 5

S1269 37 fail 8 T.O. 60 99 9 6544 56 9 5791 50 9 5702 49 50

pass 9 8064 64 99 9 6264 60 9 5580 55 9 5373 52 53

- 10 M.O. > 1GB 46 10 T.O. 77 10 T.O. 71 10 T.O. 617 75

fail 30 253 43 43 30 300 52 30 290 50 30 286 60 50

pass 38 24 11 52 38 50 51 38 47 48 38 47 20 48

S1512 57 pass 2 0 < 1MB 10 2 10 10 2 10 10 2 10 < 1MB 10

- 30 M.O. > 1GB 99 102 T.O. 80 102 T.O. 73 102 T.O. 243 63

- 9 T.O. 422 95 3 T.O. 96 3 T.O. 95 3 T.O. 510 95

- 11 T.O. 418 94 11 T.O. 93 11 T.O. 91 11 T.O. 541 90

fail 9 10106 266 48 9 13812 51 9 13790 51 9 13054 242 48

S1423 74 fail 6 4300 312 70 6 4532 62 6 4504 62 6 4483 302 62

fail 4 4150 247 50 4 8113 74 4 7949 73 4 8045 394 74

- 11 T.O. 517 92 8 T.O. 99 8 T.O. 99 9 T.O. 412 99

- 10 T.O. 498 93 7 T.O. 99 7 T.O. 99 7 T.O. 387 99

pass 258 8322 261 95 258 7741 87 258 5710 82 258 5337 194 81

S9234 228 pass 3 1284 12 83 3 527 49 3 495 46 3 487 6 45

fail 123 40 4 99 123 10 34 123 10 34 123 10 4 34

- 7 T.O. 691 92 9 T.O. 75 9 T.O. 72 9 T.O. 483 69

- 5 T.O. 721 94 6 T.O. 71 6 T.O. 70 6 T.O. 522 67

pass 4 12284 426 65 4 27331 72 4 24053 68 4 23125 510 67

pass 3 7630 551 73 3 8121 76 3 7930 75 3 8043 643 77

pass 3 3961 743 88 3 5403 92 3 5320 92 3 5394 861 90

S15850 597 pass 2 0 3 17 2 0 24 2 0 0 2 0 5 0

- 6 T.O. 640 87 6 T.O. 42 6 T.O. 41 6 T.O. 543 41

- 4 T.O. 746 87 4 T.O. 99 4 T.O. 99 4 T.O. 674 99

- 12 T.O. 432 86 12 T.O. 82 12 T.O. 85 12 T.O. 462 86

- 8 T.O. 843 76 8 T.O. 69 8 T.O. 65 8 T.O. 684 60

S13207 669 - 6 T.O. 630 99 5 T.O. 84 5 T.O. 87 5 T.O. 690 86

- 8 T.O. 455 82 8 T.O. 86 8 T.O. 85 8 T.O. 489 86

- 5 T.O. 924 91 5 T.O. 90 5 T.O. 89 5 T.O. 751 87

pass 1 2791 439 99 1 1023 99 1 914 99 1 849 210 99

S38584 1452 - 7 T.O. 792 94 7 T.O. 96 7 T.O. 96 7 T.O. 750 95

- 8 T.O. 564 95 8 T.O. 96 8 T.O. 95 8 T.O. 498 95

  T.O.: Time Out Hybrid method outperforms the BDD method
  M.O: Memory Out BDD method outperforms the hybrid method
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Table 2. A Comparison of Model Checking Run Times. #FF is the number of state
variables, #It is the number of pre-image steps completed, Quant is the percentage of
time spent on quantification, and Mem is the size of the memory used by the tool in
MB. Time out is set to 24hr, and Memory limit is 1GB.

   BDD      Hybrid

No Op  Op 1 Op1+Op2

Model # FF Result # It Time (s) Mem Quant # It Time (s) Quant # It Time (s) Quant # It Time (s) Mem Quant

fail 214 16924 54 54 214 18302 65 214 17860 64 214 17808 49 64

B12 121 - 21 T.O. 98 64 17 T.O. 64 17 T.O. 65 18 T.O. 102 66

- 32 T.O. 109 61 30 T.O. 72 30 T.O. 70 30 T.O. 133 71

- 143 T.O. 45 27 131 T.O. 56 131 T.O. 50 131 T.O. 51 50

pass 260 10943 150 60 260 12139 65 260 12130 65 260 11941 130 64

fail 45 790 144 56 45 2166 66 45 2166 83 45 2166 312 83

B14_1 245 fail 32 22611 625 86 28 T.O. 84 28 T.O. 85 28 T.O. 483 82

- 91 T.O. 124 66 84 T.O. 82 84 T.O. 80 84 T.O. 412 78

- 6 T.O. 741 91 6 T.O. 88 6 T.O. 81 6 T.O. 720 77

pass 13 4532 134 73 13 6234 75 13 5794 73 13 5730 120 73

B15_1 449 fail 9 6190 771 86 9 6906 79 9 6882 79 9 6649 674 78

pass 17 8980 378 83 17 1037 79 17 868 75 17 532 400 59

- 7 T.O. 683 90 6 T.O. 84 6 T.O. 84 6 T.O. 664 83

- 19 M.O. > 1GB 99 19 T.O. 87 19 T.O. 84 19 T.O. 798 82

fail 45 3104 250 64 45 1756 48 45 1700 46 45 1940 194 53

B21_1 490 - 6 T.O. 774 97 8 T.O. 78 8 T.O. 69 8 T.O. 527 67

- 6 M.O. > 1GB 99 6 T.O. 76 6 T.O. 74 6 T.O. 618 70

- 9 M.O. > 1GB 99 13 T.O. 82 13 T.O. 77 13 T.O. 437 74

fail 37 9437 418 72 37 11030 64 37 11002 64 37 12106 491 67

B20_1 490 fail 19 8204 728 98 19 6310 94 19 5629 93 19 5283 534 93

- 5 M.O. > 1GB 99 7 T.O. 95 7 T.O. 89 7 T.O. 559 87

- 12 T.O. 681 96 15 T.O. 95 15 T.O. 90 15 T.O. 573 87

pass 9 21045 826 97 9 13349 90 9 12174 89 9 10631 613 87

B22_1 735 - 6 T.O. 324 91 7 T.O. 90 7 T.O. 87 7 T.O. 271 85

- 6 M.O. > 1GB 98 7 T.O. 96 7 T.O. 95 7 T.O. 685 95

- 8 T.O. 442 99 8 T.O. 99 8 T.O. 99 8 T.O. 420 99

pass 6 39702 620 91 6 43005 84 6 42930 84 6 42882 607 84

B17_1 1415 - 2 T.O. 714 90 1 T.O. 99 1 T.O. 99 1 T.O. 681 99

- 3 T.O. 661 95 3 T.O. 95 3 T.O. 98 3 T.O. 494 98

fail 18 5277 97 96 18 3700 94 18 2892 92 18 2431 76 91

B18_1 3320 - 1 T.O. 862 94 1 M.O. 99 1 M.O. 99 1 M.O. > 1GB 99

- - T.O. 637 99 1 T.O. 95 1 T.O. 90 1 T.O. 729 89

fail 3 7546 340 87 3 10184 80 3 10041 80 3 11032 560 82

B19_1 6642 - 3 M.O. > 1GB 99 4 T.O. 92 4 T.O. 90 4 T.O. 674 88

- 4 M.O. > 1GB 99 4 T.O. 99 4 T.O. 99 4 T.O. 639 99

  T.O.: Time Out Hybrid method outperforms the BDD method
  M.O: Memory Out BDD method outperforms the hybrid method
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than the eventual BDD size [18]. In contrast, the hybrid tool uses the All-SAT
engine for quantification, and thus memory blowup does not become an issue,
except for one model.

The table shows a strong correlation between the models for which the hybrid
algorithm performed better, and the models for which it required less memory
than the BDD algorithm. It is also shown that in these problems the BDD
algorithm usually spent a higher percentage of the solving time on quantification
than in other problems.

From the experimental results we conclude that there are models for which
the hybrid method requires less memory, and achieves shorter run times. Further
analysis of the models is required, and may result in characterization of a wider
set of problems for which our hybrid approach is efficient.

In some of the problems where the hybrid algorithm uses more memory than
the BDD algorithm, we observe that the time which was spent by the hybrid
algorithm on quantification is relatively low. This means that the Boolean op-
erations on the BDDs, other than the pre-image, required a larger part of the
computation time. We believe that this is the result of the BDD order that we
impose on the All-SAT solver during the quantification, which may not be op-
timal. Further research should be conducted on adapting our method to other
data structures, possibly not canonical, in order to avoid this problem.

5 Related Work

All-SAT engines that are built on top of modern SAT solvers tend to block
solutions that were already found by adding their negation to the formula during
the search [1,2,6,19]. In [3] a specific order of the search prevents the solver
from instantiating the same solution more than once, without adding clauses.
In our work, as in [12], the negation of the solutions is kept in a BDD. When
performing pre-image computation, the set of next-states is also given to our All-
SAT algorithm as a BDD, which decreases the size of the problem substantially
relative to clausal representation of the states. The size of the problem is also
addressed in the following works: In [20], a ZBDD is used to store solutions found
by an All-SAT solver. In [21], a method for managing ZBDDs is suggested. In [22],
solutions are stored by using an or-inverter graph. We believe that additional
research should be done in order to adapt our new hybrid algorithm and BDD
based branching heuristic, described in Section 2.6, to other data structures.

When using All-SAT for image and pre-image computation in [2,7,8,9,10,11],
after a solution is found, it is analyzed in order to generalize it to represent a set
of solutions. In our algorithm, the branching procedure instantiates maximally
justifying assignments, which represent sets of solutions, without actually instan-
tiating assignments to all the variables, and without the overhead of generalizing
them.

Hybrid SAT and non-clausal procedures were presented in [23,24,25,26,27]. In
these methods, the non clausal representation of the problem is used to guide
the search, learning over the non-clausal representation is performed, and some
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pruning of empty subspaces is done. However, these branching heuristics are
aimed at finding a single solution to the formula, and do not perform best when
looking for all of the solutions. In addition, pruning empty subspaces using these
procedures implies a significant computational overhead.
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